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High Frequency Resolvent Estimates and
Energy Decay of Solutions to the Wave
Equation

Fernando Cardoso and Georgi Vodev

Abstract. 'We prove an uniform Holder continuity of the resolvent of the Laplace-Beltrami operator
on the real axis for a class of asymptotically Euclidean Riemannian manifolds. As an application we
extend a result of Burq on the behaviour of the local energy of solutions to the wave equation.

1 Introduction and Statement of Results

Let (M, g) be an n-dimensional unbounded, connected Riemannian manifold with
a Riemannian metric g of class C>°(M) and a compact C*°-smooth boundary OM
(which may be empty), of the form M = X, U X, where X is a compact, connected
Riemannian manifold with a metric g, of class C >°(X,) with a compact boundary
0Xo = OM U 0X, OM N 0X = &, X = [rg,+00) X S, ry > 1, with metric gx :=
dr? + o(r). Here (S,0(r)) is an n — 1 dimensional compact Riemannian manifold
without boundary equipped with a family of Riemannian metrics o(r) depending
smoothly on r which can be written in any local coordinates § € S in the form

o(r) = gj(r,0)do;do;, g; e C™(X).
i7j
Denote X, = [r, +00) X S. Clearly, 90X, can be identified with the Riemannian mani-
fold (S, o(r)) with the Laplace-Beltrami operator Apy, written as follows

Nox, = —p~" > 94, (pg" ),
i
where (g'7) is the inverse matrix to (g;;) and p = (det(g;;))"/? = (det(g'/)) /2. Let
A, denote the Laplace-Beltrami operator on (M, g). We have

r

/
Ay i= Dglx = —p~'0,(pd,) + Doy, = —0* — %a + Aox,,

where p’ = dp/0r. We have the identity

(1.1) A% = p' PAxpT V2 = —3 + A, + q(r, 0),
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where -
- Z 89,‘ (gljaaj)v
ij

and q is an effective potential given by
q(r.0) = 2p)~ (8 ) Z IP i 1271 pAx(p~h).
’ 09; 89
We make the following assumptions:
(1.2) 24, o) <crth, k=01
. 8rk ) — ) ) )

with constants C, § > 0. Set gij := r’¢"/ and denote
W(r0,6) =Y g (&g, (0.6 € T*S.
irj

We suppose that

(1.3) (r 0 5)‘ <CrlThR(r6,€), V(0,8) € TS,

5

with constants C, §y > 0.
Denote by G the selfadjoint realization of A, on the Hilbert space

H = L*(M, dVol,)

with Dirichlet or Neumann boundary conditions on M. Given a real s > 1/2,
choose a real-valued function x; € C*°(M), xs = 1on M \ X;,4+1, Xs = r~° on X 42.
Also, given a > ro choose a real-valued positive function 7, € C*°(M), 1, = 0 on
M\ X, m, = 1 0on Xy

It was proved in [3] (in a more general situation) that (forz > Cy, 0 < € < 1, and
the constant a > r; big enough) the following estimates hold true

N 1/2
(1.4) Ixs(G =z ie) x|l o < €47,
(1.5) [7aXs(G — z £ i) " Xsnall ey < C'27 Y2,

with some constants Cy, C,C’ > 0 independent of z and €. One of the purposes of
the present paper is to prove the following

Theorem 1.1 Under the assumptions (1.2) and (1.3), for every s > 1/2, there exist
constants a > ry and Cy, C,C’' > 0 so that for z > Cy, the limit

Rsi(z) = Eli_)n& xs(G—z+ie) 'x;:H—-H
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exists and satisfies the estimates, for Co < z;1 < z,Cy <z < z,
1/2
(1.6) [RE(22) — RE(2) || oy < Cllza — zi[e

1/2
(L7)  |1naRS (22)n0 — 1R (2)nall ey < Cllza — 21 +C'|za — ¥,
where 0 < 1 < 1 is a constant depending only on s and d.

We will use this theorem to extend a result by Burq [1] on the behaviour of the
local energy of the solutions of the mixed problem for the wave equation

(OF + Apul(t,x) =0 inR x M,
(1.8) Bu(t,x) =0 onR x OM,
u(0,x) = fi(x), Ou(0,x) = fo(x), forxe M,

where B denotes either Dirichlet or Neumann boundary conditions. Recall that the
solutions to (1.8) can be expressed by the formula
sin (t\/é)

(1.9) u:cos(t\/a)fl+7f2.

Our main result is the following:

Theorem 1.2 Under the assumptions (1.2) and (1.3), for every s > 1/2, and m > 0,
the following estimates hold for t > 1:

(1.10)  [lxscos (1VG) H(G(G+ D™ len < Cusllogn) ™,

1) xsin (VG) 9(GHG + D™l < Cosllogt) ™,

with a constant C,,; > 0, where 1) denotes the characteristic function of the interval
[C§, +00) and C§ > Cy is arbitrary and fixed.

Remark 1 1t follows easily by an interpolation argument that we have analogues of
(1.10) and (1.11) for 0 < s < 1/2 as well, but with Of((logt)_m(zs)zﬂ) ,0<ek 1,
in place of (log#)™".

Remark 2 Clearly, the above results still hold true for the selfadjoint realization of
A, + V(x), where V is a real-valued potential, V(x) > 0, provided the assumption
(1.2) is satisfied with g replaced by g + V|x.

Remark3 When OM = @ and the metric g is nontrapping (that is, every geodesic
reaches the region X;, Vr > 1, in a finite time), one can easily show by the meth-
ods of [3] (see also [4] where a similar bound is proved in a semi-classical setting)
that (1.4) holds with O(z~'/?) in place of the exponential term. As a consequence,
our proof of the above theorems gives that in this case one can improve (1.6) and
(1.7) replacing the exponential terms by constants, and have (1.10) and (1.11) with
O (t=vm/(m+2)) in the right-hand side, where 0 < v < 1 is independent of m but
depending on s.
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Remark 4 We can take 1 = 1 in Theorem 1.2 if the resolvent satisfies the following
estimates:

[AREN) || e < C,
<

IDaREMD) = MREOD |2 < Clda = M
forall 0 < X\, A, Ay < +/Cy, with some constants C, ;x> 0, where Cj is as in
Theorem 1.1.

It is easy to see that a long-range perturbation of the Euclidean metric on R",
n > 2, provides an example of a manifold of the kind described above and satisfying
the assumptions (1.2) and (1.3), and hence to which our results apply. More precisely,
let O C R” be a bounded domain with a C*°-smooth boundary and a connected
complement 2 = R" \ O. Let g be a Riemannian metric in  of the form

g= ) gidudx;, g;kx) € Co(Q),

ij=1
satisfying the estimates
(1.12) 105 (gij () = 8i)| < Calx)07 1,

for every multi-index «, with constants C,, vy > 0, where (x) := (1 + |x|?)"/? and
0;; denotes the Kronecker symbol. It is easy to see that (€2, ) is isometric to a Rie-
mannian manifold of the form described above satisfying assumptions (1.2) (with
0o = 2) and (1.3) (with 6y = 7o) because of (1.12) and the fact that they are satisfied
for the Euclidean metric on R".

In the case when g;; = 0;; for |x| > po with some py > 1, Burq [1] proved (1.4)
with x; replaced by a cutoff function x € C°(R"), x(x) = 1for |x| < pp+ 1. Asa
consequence he obtained (1.10) and (1.11) with x; replaced by x. His proof is based
on the fact that in this case the exponential bound of the cutoff resolvent on the real
axis implies that it extends analytically to a region of the form

{z€ C:|Imz| < efcllzll/z, Rez > C,}

for some constants C;,C, > 0. In [2] he extended these results to long-range met-
rics analytic outside some compact. His approach, however, does not work anymore
when the metric is not analytic outside a compact or when we have a weighted func-
tion instead of a cutoff. We show in the present paper that a uniform Hélder conti-
nuity of R (z) suffices to establish the time decay in Theorem 1.2.

Usually, the Holder continuity of the weighted resolvent near the real axis is proved
by Mourre’s method. To prove Theorem 1.1, however, we do not use this method.
Instead, we show that this property follows from the estimate (1.4) and the Holder
continuity of the weighted resolvent of the Dirichlet self-adjoint realization of the
operator Ay on the Hilbert space L*(X, dVol,). Thus we are reduced to studying the
resolvent of a much simpler operator. This is carried out in Section 3. The main
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point in our analysis is that, roughly speaking, the operator 2A§( + [r0,, Ai(] is of
order O(r~%) for r > 1, because of the assumptions (1.2) and (1.3). The only
place where this fact is used is in the proof of the boundedness of the operator B
introduced in Section 3. All the other arguments work out under the less restrictive
assumptions of [3]. It is worth noticing that Mourre’s method does not work in our
situation without extra assumptions, because it requires some information about the
double commutator [r0,, [r0,, A§(] ]. Therefore, an application of this method would

require making assumptions on 9}g’ for k = 0, 1,2, and hence restricting the class
of the Riemannian manifolds to which our results apply.

2 Proof of Theorems 1.1 and 1.2

Denote by Gy the Dirichlet selfadjoint realization of Ax on Hy = L*(X,d Vol,). Re-
call thatr > ry > 0 on X, so the function r~* belongs to C°°(X) for all real s. We will
derive Theorem 1.1 from the bounds (1.4), (1.5) and the following:

Proposition 2.1 Under the assumptions (1.2) and (1.3), for every s > 1/2, there exist
constants Co,C; > 0, 0 < p < 1, so that for Cy < Rez; < 2,0 < Imz; < 1,
Co<Rezy <2z 0<Imz <1, wehave

(2.1) r=*(Go — 22) ' — r*(Go — 21) " 'r || oy < Cilza — 2|

Letp € C*®°(M), p=1on M\ X,41, p = 0 on X,4,. Given any u € D(G), we have
(1 — p)u € D(Gp), and G(1 — p)u = Go(1 — p)u. Therefore, we have the following
identity
(22) x:(G=2)7"xs = x:(G = 21) 7' xs
= (22— 2)x:(G = 2)'p(2 = p)(G — 21)7'x
+X:(G—2)7' (1= p)*(G—z1) "X
= (22— 2)x(G = 2) ' p2 = p)(G — 21) "'
+ (xs(G—2) 7' [Go, p] + (1 = p)xs) ((Go —22) ™' = (G —z1) 1)
X (xs(1 = p) + [p, Gol(G —z1) ' xs) -

On the other hand, it is easy to see that (1.4) and (1.5) imply, respectively,

[0, Gol(G —2))"'xs = O(e“") : H — H,
[p,Gol(G—zj)) 'xsma=0O(1): H— H,

where j = 1, 2. Thus, for these values of z; and z,, (1.6) and (1.7) follow from (2.1),
(2.2), (1.4) and (1.5). This in turn implies the existence of the limit, and hence (1.6)
and (1.7) hold for real z; and z,.
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In what follows in this section we will show that the bounds (1.4)—(1.6) imply

Theorem 1.2. We let || - || denote the norm in L(H). Let Ay = /Cj and let A > A
be a big parameter to be fixed later on. We can write

(2.3)  J(t) := xscos (tVG) (GG + 1)y

VG) v
2
Z cos t\/_ T/J](G WG+ 1)y = (1) + J(1),

where 1 is the characteristic function of the interval [A3, A?) and v, is the charac-
teristic function of the interval [A?, +o0). Clearly, by the spectral theorem we have

@4)  [IRO] < 966G+ 1) < max|gy(o)(o + 1) < AT
On the other hand,
A
(2.5) Ji(t) = / cos(tA)F(N\) dA,
Ag
where

F(A) = (i) ')A+ A1) 7™2 (RF(V?) — R7 (\Y)

satisfies the bound (in view of (1.4) and (1.6))
(2.6) IF(\2) = FOW| < [A2 — A e,

forAg < A1 < A, Ap < Ay < A, with possibly a new constant C > 0. Let ¢ € C{°(R)
be a real-valued function, ¢ > 0, such that [ ¢(¢c)do = 1. The function

F.()\) =¢! /F()\ —o)p(o/e)do, 0<e<k 1,

is smooth with values in L(H) and, in view of (2.6), satisfies the bound (for Ay <

A<A)
IE.) = ) < € [ ) = FO - o) oto/e)do

2.7)

< ! /U“qﬁ(a/e) do < O(e")e
Hence,

A
(2.8) | 7:(6) — / Cos(ENVE(A) dA|| < O(e")e™,

Ao
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with possibly a new constant C > 0. On the other hand, integrating by parts gives
A
t/ cos(tA\)F.(X\) dX = F.(Ap) sin(Agt) — F.(A) sin(At)
Ao

(2.9) " .
—/ sin(t\) FM) an.
Ag

dX

By (1.4) we have (withk =0, 1)

(2.10)

H d*F.(\)

AN H < O(e™e™,

for Ag < A < A. By (2.9) and (2.10), we conclude
A
(2.11) H / cos(EAF.(\) dAH < Oy,
Aoy

Choosing € = t~1/(*#)_ we get from (2.8) and (2.11),
(2.12) L@ < O@™)e,

where v = p/(1 + p1). Choose now A = O(logt) so that ¢4 = ¢*/2, Then it is clear
that (1.10) follows from (2.3), (2.4) and (2.12). The estimate (1.11) is treated in the
same way.

3 Proof of Proposition 2.1

Denote by G} the Dirichlet self-adjoint realization of the operator Ag( on the Hilbert
space Hg = [*(X,drdf). Clearly, it suffices to prove (2.1) with Gy replaced by Gg,
and H replaced by Hg. In what follows | - || will denote the norm in L(H). It is easy
to see that (1.3) implies

_[8r; Ar] Z A,, C > Oa

=10

for r big enough. Therefore, it follows from Theorem 2.1 of [5] that we have the
estimate (fors > 1/2,0 < e < 1,k=0,1)

(3.1) | DGy —z+ie) ™| <Cz7V2, 2>,
where D, = —iz~1/29,, with constants Cy,C > 0 independent of z and e. Thus, it
suffices to prove (2.1) when 0 < |z — z;| < 1. Obviously, if (2.1) holds true for some

so > 1/2 with u = po > 0, it also holds for every s > so with u = p. Let us see
that it holds for 1/2 < s < sy, too. Given any A > 1, denote by x(r < A) (resp.
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x(r > A)) the characteristic function of the set r < A (resp. r > A). In view of (3.1),
we have
H riS(Gg —z) o — r*S(Gg - zl)*lr*SOH
<[P < A (G —2) T — (G — 2) T ) ||
+ H r—(25—1)/4X(r > A)r—(25+1)/2(GE _ Zz)_lr_SUH
+ H r—(25—1)/4X(r > A)r—(25+1)/2(GE _ Zl)—lr—sUH
S CASO_S|ZZ - leHU + CA_(ZS_I)/4 = O( ‘Zz — Zl|u) N
if we choose A = |z, — zy|~#0/W0=2=1 where i = po(2s — 1)/(250 — s — 1).
Proceeding in the same way once more we can replace s, on the right by s as well.

Thus, it suffices to prove (2.1) for s > 3/2. Let us see now that it would follow from
the following estimate

(3.2) |Gl — z £ ie)~5r7%|| < Cce7e,

for real z > C,, with constants Cy,C, @ > 0 independent of z and . Fixz € C,
Imz > 0,Rez > Cp,and let 0 < € < 1. Clearly, (3.2) implies

(3.3) | 7(Gh — z — ie)™'r > — (Gl — 2) 7' | < Ce
Therefore, if z; and z, are as in Proposition 2.1, we have

G4 G- =G )
<G =z — ie) 't = (Gh = 2) |
|G =z — i) = (G — 2)
+ || Gy — 22— ie) T = (G — 2 —ie)

S ZCEQ + |Zz — Zl|€_2 = O( |ZZ - Zl|ﬂ) )

if we take £ = |z, — z|"/?*, where 1 = o/ (a + 2).

Proof of (3.2) Set

0q _ 8gij
AL 1 1 b
A= 2Ag + [r0,, Ag] =29+ r@r r E 8‘9"(—& 80],) .

ij
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We have
2(zF is)r*S(Gg —z4ie) it = —Zr*S(Gg —zxie) I
+ r_s(Gé —z+ is)_IZAg(Gg —z+ig) r?
= —2r*S(G(j) —z+ie)
— r_S(Gg —z+ie) [ro,, Aé](Gg —z+ie)
+1 (G —z 4 ie) VA(Gh — 2z ie) '
= (G —z+ie) lr — r*S(Gg —z+ie) 19!
+ r_”la,(G(j) —z4ie)
+ r_s(Gé —z=+ ia)_IA(Gg —z+ie) s,
and since s > 3/2, in view of (3.1), we obtain
(3.5) 22” riS(Gg —ziie)%rﬂu <C+ H riS(Gg —ziie)flﬂ(Gé —ziis)71r75|‘ .
We need now the following
Lemma 3.1 Fors > 1/2, 0 < e <1, wehave
(3.6) Hr_s(Gg —Z:I:is)_lH <Ce VPVA L 2>,
with constants C, Coy > 0 independent of € and z.
By (3.1) and (3.6), V0 < § < 1/2, we have

(3.7)
| r5(Gy — z £ i) ~'r |

<7 (G — z i) Ix(r < A 70| + |G — 2+ ie) T x(r > A )|

< A5*5|| r*S(Gg —z+ is)*lr*SH +A*5H r*S(Gg —z4ie)7! ||

SCAT +CAT e P =077,
if we choose A = £~/ where v = §/(2s). Furthermore, we have
(38) (Gl —zxie) VAG —ztie) T =

(r (G — z+ i) "1 [&?, 1"/
+(zFic+ i)r*S(Gg —z4ie) N2 4 r*S*‘SO/Z)
X 3(r*5*5°/2 + (zFie — i)r*‘SO/Z(G(j) —z4ie)

+ [r_‘5°/2, 83](Gé —z+ is)_lr_s) ,
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where )
B = (Gy — i) ' AG +i) 7!
is easily seen to be a bounded operator on H(t). Indeed, it follows from the assump-

tions (1.2) and (1.3) that the real-valued quadratic form

Bv,v) = (r‘SOAu, Uy, U= (G(j) +i)ve D(GE), ve H(j),

satisfies the estimate

By, v)| < C\|u||§13 + C{A,u, “>H3 < C\|u||§13 +C<A§u,u>H§ < C|v|l C>0.

2
HY
Therefore, by the Riesz theorem there exists a self-adjoint operator B, € L(H?) such
that

Bv,v) = (Bv, v)Hg.

Thus we get B = B, and the desired property follows. Now, by (3.1), (3.7) and (3.8)
we conclude that

(39) 7G5 — 2 ie) M A(GE — 2+ i) < Gz,
with & = 8y/(25) if §p < 1, and & = 1if §y > 1. Clearly, (3.2) follows from (3.5)
and (3.9).

Proof of Lemma 3.1 It is actually contained in the proof of (3.1) (see the proof of
Theorem 2.1 of [5] or the proof of Proposition 2.4 of [3]). We will only sketch the
main points. Denote A = z'/2, D, = (i\)~'9,, P = /\*ZA‘E — 1+ ieA™2, where

0 < € < 1. Itis proved in the above articles that, Vu € D(GB), we have
2 2
(3.10) || fS“HHg < C|| Pul| wt Ced™!| (u, iDru>Hg| +CA| (Pu, @,u}Hg|
< O(N=™) [Pully, + O(=A) (a2, + D)
On the other hand,
— — 2 — —
(3.11) ) 2||u||zg =Im <Pu,u>Hg <Oo(Ne™h) ||Pu||H3 +27 N 2||u\|25,
D2 — 20l <UDl + (et — (0= A0,
(3.12)
=Re <Pu,u>Hg < ||Pu||§lg + ||”||12q§
By (3.10), (3.11) and (3.12),
(3.13) Il < 0 (V™) 1Pully

which clearly implies (3.6).
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