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Abstract

A'mapping f : G — § from a left topological group G into a semigroup § is a local homomorphism if
forevery x € G \ {e}, there is a neighborhood U, of e such that f(xy) = f(x)f(y) forall y € U, \ {e}.
A local homomorphism f : G — § is onto if for every neighborhood U of e, f(U \ {e}) = §. We show
that

(1) every countable regular left topological group containing a discrete subset with exactly one accu-
mulation point admits a local homomorphism onto N,

(2) itis consistent that every countable topological group containing a discrete subset with exactly one
accumulation point admits a local homomorphism onto any countable semigroup,

(3) itisconsistent that every countable nondiscrete maximally almost periodic topological group admits
a local homomorphism onto the countably infinite right zero semigroup.

2000 Mathematics subject classification: primary 22A30, 54H11; secondary 54A35, 54G05.

1. Introduction

A group G endowed with a topology is left topological if for each a € G, the left shift
G 3 a — ax € G is continuous or equivalently, a homeomorphism.

Let G be a left topological group with identity e. A mapping f : G — § from G
into a semigroup S is a local homomorphism if for every x € G \ {e} there is a
neighborhood U, of e such that f(xy) = f(x)f(y) forall y € U, \ {e} [9]. A local
homomorphism f : G — Sisonto if f(U \ {e}) = S for every neighborhood U of e.
All topologies are assumed to be Hausdorff.

Local homomorphisms of G are important because they induce continuous homo-
morphisms of the ultrafilter semigroup Ult(G) of G. It consists of all nonprincipal
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ultrafilters on G converging to e and is a closed subsemigroup in the Stone-Cech
compactification BG4 of G as a discrete semigroup. (Given any discrete semigroup S,
the operation can be extended to 88 by

pq = limlim xy
X=>py—>4q
where x,y € S, which makes BS a compact right topological semigroup with §
contained in its topological center. A semigroup T endowed with a topology is right
topological if for each p € T, the right shift T > x — xp € T is continuous. The
topological center A(T) of a right topological semigroup T consists of alla € T
such that the left shift T 5 x +> ax € T is continuous. An elementary introduction
to the semigroup BS can be found in [4]. For confirmation that Ult(G) is a closed
subsemigroup in 8Gy, see [4, Exercise 9.2.3].)

LEMMA 1.1. Let f : G — T be a local homomorphism from G into a compact
right topological semigroup T suchthat f(G) € A(T), let f : BG4 — T be the
continuous extension of f, and let f* = 7|Ult(c)- Then f* : U(G) —> T is a
continuous homomorphism. If, in addition, for every neighborhood U of e, f(U \ {e})
is dense in T, then f* is onto.

PROOF. It suffices to check the first statement. We show more: for every p € BG4
and g € Ult(G), one has f(pq) = F(p) f(q). Indeed,
f(pqg) = f(lim lim xy) = lim lim f(xy)
xX—=>py—>q xX=py—>q
= Jlrl_r}}, il_}ﬂ}l f(x)f(y) Dbecause f is alocal homomorphism

- )1{111’1’ fx)F@) because f(x) € A(T)
=7 F@- H

Thus if, for example, G admits a local homomorphism onto the countably infinite
right zero semigroup S, then Ult(G) admits a continuous homomorphism onto S
which is also a right zero semigroup, and consequently Ult(G) is a disjoint union
of 2 closed right ideals. Recall that right (left) zero semigroups are defined by the
identity xy = y (xy = x).

Local homomorphisms are also interesting for their own sake.

LEMMA 1.2. Let f : G — S be a mapping such that f(U \ {e}) = S for every
neighborhood U of e, and for everys € S, let A, = f~'(s) \ {e}. (Equivalently, let
{A; : s € S} be a partition of G \ e} such that e € cl A, for each s € S, and let
f:G — Sbesuchthat f(x) =5 ifx € A,.)
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Then

(1) f is a local homomorphism if and only if for every s € S and x € G \ {e} there
is a neighborhood U, of e such that

x(Ux N As) g Af(x)s-

In particular,

(2) if S is aleft zero semigroup then f is a local homomorphism if and only if A; is
open for every s € S.

(3) if S is a right zero semigroup then f is a local homomorphism if and only if
A, is is dense in G for every s € S, and moreover, for every x € G \ {e} there is a
neighborhood U, of e € G such that

x(Ue N Ag) = (x (Ui \ {8})) N A;.

PROOF. (1) To see the necessity, let U, be a neighborhood of e from the definition
of a local homomorphism and such that x~! ¢ U,, and let y € U, N A,. Thenxy # e
and f(xy) = f()f(y) = f(x)5,50 Xy € A feos.

To see the sufficiency, let y € U, \ {e}. Then y € U, N A, for some s € S, s0
xy € x(U, N A;) € Afys and hence f(xy) = f(x)s = f(x)f(y).

(2) By (1), f is a local homomorphism if and only if for every x € G \ {e} there is
a neighborhood U, of e such that x(U, N A;) € Ag(, forall s € §, so if and only if
XUX c Af(x).

(3) By (1), f is alocal homomorphism if and only if foreverys € Sandx € G\{e},
there is a neighborhood U, of e such that x (U, N A;) € (x(U, \ {e})) N A;. Tt is clear
that if x(U, N A;) = (x(U, \ {e})) N A, then f is a local homomorphism. Conversely,
we suppose that f is a local homomorphism and show that the equality holds. Let U,
be a neighborhood of e from the definition of a local homomorphism, y € U, \ {e}

and xy € A;. Then f(y) = f(x)f(y) = f(xy) =s,50y € A;. O

It follows from Lemma 1.2 that if G admits a local homomorphism onto the 2-
element left zero semigroup then G is not extremally disconnected (that is, the closures
of disjoint open subsets are disjoint), and if G admits a local homomorphism onto the
2-element left zero semigroup, then G is resolvable (that is, can be partitioned into
two dense subsets). It is a difficult open problem whether there is in ZFC a countable
nondiscrete extremally disconnected topological group (see [1]). If we proved that
it is consistent that every countable nondiscrete topological group admits a local
homomorphism onto the 2-element left zero semigroup, then the answer would be
negative. The corresponding question about irresolvable topological groups (see [2])
has already been solved: it is consistent that every countable nondiscrete topological
group is w-resolvable (that is, can be partitioned into w dense subsets) (see [6, 10]).
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(In [6] this result has been obtained for Abelian groups, not necessarily countable, and
in [10] it has been shown that every countable nondiscrete w-irresolvable topological
group contains an open Boolean subgroup.) But the proof does not give any hint of
how to construct local homomorphisms onto right zero semigroups.

In this paper we show the following:

(1) Every countable regular left topological group containing a discrete subset with
exactly one accumulation point admits a local homomorphism onto N (Corollary 2.3).

(2) It is consistent that every countable topological group containing a discrete
subset with exactly one accumulation point admits a local homomorphism onto any
countable semigroup (Corollary 2.8).

(3) It is consistent that every countable nondiscrete maximally almost periodic
topological group admits a local homomorphism onto the countably infinite right zero
semigroup (Corollary 3.3).

Recall that a topological group is maximally almost periodic if it can be continuously
embedded into a compact topological group.

2. Producing local homomorphisms by discrete subsets

Consider the countably infinite Boolean group B = D Z, endowed with the
topology induced by the product topology on [] Z,. Observe that each nonzero
element x € B has a unique canonical representation in the form x = xo + - - + x,,
where

(a) forevery!l <k, supp(x;) is a nonempty interval in w,

(b) forevery! <k — 1, max supp(x;) + 2 < min supp(x;41).
As usual, for any x = (@p),<,, € B, supp(x) = {n < w : a, # 0}. If supp(x) is a
nonempty interval in w, we say that x is basic. It follows that any mapping from the set
of basic elements of B into a semigroup S can be extended to the mapping g : B — §
by g(x) = g(xo) - - - g(xi), where x = xo + - - - 4+ x, is the canonical representation.
We have that g(x + y) = g(x)g(y) whenever max supp(x) + 2 < min supp(y), so g
is a local homomorphism.

The following result is a strengthened version of [9, Theorem 2].

THEOREM 2.1. Let G be a countable nondiscrete regular left topological group and
let D be a discrete subset of G such that e ¢ D and cl D\ D C {e}. Then there is a
continuous bijection h : G — B with h(e) = 0 such that

(1) h(xy) = h(x)h(y) whenever max supp(h(x)) + 2 < minsupp(h(y)),
(2) for every x € D, h(x) is basic.

If G is first countable then h can be chosen to be a homeomorphism.
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PROOF. Let W be the set of words on the letters 0 and 1 with empty word 8. For
any w =dap---a, and v = by - - - by, define w + v = ¢ - - - ¢, by k = max{n, m} and

q ifl<n
= .
! b; otherwise

Notice that each nonempty w € W has a unique canonical representation in the form
w = wg+ -+ + wy, Where

(a) foreveryl <k, w, =071 withi;, jy <wandi; + j; > 0,

(b) foreveryl <k-1,j >0,

(c) foreveryl <k —1,ij+ ji <ijy.

The words of the form 0‘1/, where i, j < w and j > 0, are called basic. The
words of the form (¢, where i < w, are called zero. From now on, when we write
w = wy+ - - - + w, we mean that this is the canonical representation. Forany w € W,
|w] denotes the length of w.

Enumerate G \ {e} as {x, : n < w}. We shall assign to each w € W a point
x(w) € G and a clopen neighborhood X (w) of x (w) so that

(i) x(0*)=eand X(@) =G,

(i) X(wONXw~l)=0and X(w"0)UXw™1) = X(w),

(iii) x(w) = x(wyp) - - - x(wy) and X (w) = x(wy) - - - x (wi—1) X (wy), where
w=wy+ -+ w,

iv) x, € (x(w):|lw|=n+1},

v) X(w™0)N D C {x(w)]} for all nonzero w.

Pick as X (0) a clopen neighborhood of e such that x, ¢ X (0). Put X (1) = X\ X(0)
and x(0) = e and x (1) = xg.

Suppose that X (w) and x(w) have been constructed for all w with |w| < n such
that conditions (i)-(v) hold.

Notice that the subsets X (w) with jw| = n form a partition of X. So, one of them,
say X (u), contains x,,. Letu = ug+---+u,. Then X (u) = x(ug) - - - x(u,-1) (X, ))
and x, = x(ug)---xu,_1)y, for some y, € X(u,). If y, = x(u,), we choose
as X(0") a clopen neighborhood of e such that for each basic w with |w| = n,
X (w) \ x(w)X (0" # B, and following condition (v), for each nonzero w with
lw| = n, x(w) - XO*)YN D € {x(w)} . For each basic w, put x(w™0) = x(w),
X(w™0) = x(w)X(0") and X (w™1) = X (w)\ X (w™0), and pick as x (w™1) any ele-
ment of X (w™1). If y, # x(u,), choose X (0") in addition such that y, ¢ x(u,)X(0")
and put x(u"1) = y,. For all nonbasic w with jw| = n + 1, we define X (w) and
x (w) by condition (iii). '
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Then
x(w) = x(wo) - - - x(wy) € x (W) - - - x(We-1) X (W) = X(w),
and if x, ¢ {x(w) : |w| = n) then
Xp = x(ug) - x(W)x ;) = x@™1) € {x(w) : lw| =n+1}.
To check (i), let |w| = n. Then
x(w™0) = x(wo + -+ - + wi + 0") = x(wo) - - - x (We)x (0") = x(wo) - - - x (W)
= x(w),
X (w™0) = x(w)X (0") = x(wp) -+ x (wi) X (0") = x(wp) - - - x (Wi-1) X (w"0),

X (w™1) =x(wo) - - - x (we-1) X (wi' 1),
SO
X(w™0) U X (w™1) = x(wp) - - x(wey) [X (w7 O) U Y (w 1]

= x(wp) - - - x(we_ ) X (W) = X (w),
X(w ONXw™l)=0.

Now, for every x € G, there is w € W with nonzero last letter such that x = x(w),
so{fve W:x =x(@)}={w"0":n< w). It follows that we can define h : X — B
by putting

hx(w)) =w= (ag,.--.,a,,0,0,...)

foreveryw =ap---a, € W.
It is clear that A is a bijection with h(e) = 0. Since, for every w = ay - - - a,, X (w)
consists of all elements x € G such that

h(x) = (@, ..., Gy, .--),
is continuous. To check (1), let x = x(w) and let y = x(v) € X (0""*!). Then
hx)x(@) =h(x@ +v)) =wFv=T+7=h(xW))+h@x@)).
To check (2), let x = x(w) € D withw = wy + - - - + w,. Then
x € x(wo) X (0™H) and x(we)X (0™"') N D C {x(wo)},

so x = x(wp). Hence h(x) = Wy is basic.
If G is first countable, we can choose {X(0") : n < w} to be a neighborhood base
of e, and then h will be a homeomorphism. O

COROLLARY 2.2. Let G be a countable regular left topological group and let D be
a discrete subset of G such that e ¢ D and cl D\ D C {e}). Then every mapping
from D into a semigroup S can be extended to a local homomorphism f : G — §.
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PROOF. Let h : G — B be alocal homomorphism guaranteed by Theorem 2.1 and
let f; be a mapping from D into S. Define a local homomorphism g : B — S as
follows. Letx € B. Ifh~!(x) € D, put g(x) = fy(x). For any other basic x € B, pick
g(x) arbitrarily. If x is nonbasic, put g(x) = g(xg) - - - g(xx), where x = xo+ - - - + xx
is the canonical representation of x. We then define f = g o h.

Obviously, f|p = fo. To see that f is a local homomorphism, let x € G \ {e}. Put

U, ={y € G : minsupp(h(y)) = max supp(h(x)) + 2} U {e}.

Then U, is a neighborhood of e because 4 is continuous, and for every y € U, \ {¢},

fxy) = g(h(x) + h(y)) = g(h(x)) - g(r(y)) = f(x) f (). 0

COROLLARY 2.3. Every countable regular left topological group containing a dis-
crete subset with exactly one accumulation point admits a local homomorphism onto N.

PROOF. Let G be a countable regular left topological group and let D be a discrete
subset of G with c1 D \ D = {e}. For every x € D, put fy(x) = 1 € N. By
Corollary 2.2, the mapping fo : D — N can be extended to a local homomorphism
f:G— N. Sincee €cl Dand f(D) = {1}, f is onto. O

Corollary 2.3 can be specified by using the following notion.

Given a space X with a distinguished element ¢ € X, let §(X) denote the least
cardinal such that for every discrete subset D of X with D' = {e} where D’ is the set
of all accumulation points of D € X and for every partition {D; : i € I} of D with
D} = {e} foreach i € I, one has |I| < §(X).

Notice that

(1) 8(X) = 0if and only if X has no discrete subset D with D’ = {e}, and

(2) 0 < 8(X) = n < w if and only if there is a discrete D C X with a partition
{D; : i < n}of D suchthat D' = D; = {e} for each i € I, and for every discrete
C C X with C' = {e} there exist a neighborhood U of ¢ and a J € n such that
CNU=(U,, D:))NU. .

LEMMA 2.4. Let X be a countable space with a distinguished element e € X. Then
8(X) = w if and only if there is a discrete D C X with a partition {D; : i < w}of D
such that D' = D; = (e} foreachi € I.

PROOF. The sufficiency is obvious. To see the necessity, let (n;); ., be an increasing
sequence of natural numbers and let (C;);., be a sequence of discrete subsets of G
such that for every i < w there is a partition {C;; : j < n;} of C; with C}; = C; = {e}.
Since X is countable and Hausdorff, there exists a decreasing sequence (U;)i<, Of
closed neighborhoods of e with (,_, U; = {e}. Put D = |J,_,(D: N U;). Clearly,

D’ = {e} and there is a partition {D; : i < w} of D with D = {e}. O

https://doi.org/10.1017/51446788700036430 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700036430

142 Yevhen Zelenyuk - [8]

COROLLARY 2.5. Every countable regular left topological group G with §(G) > 0
-admits a local homomorphism onto any semigroup generated by a subset whose
cardinality is less than or equal to §(G).

PROOF. Let § be a semigroup with a generating set I such that |/| < §(G). Then
there is a discrete subset D of G with a partition {D; : i € I} of D such that
D" = D] = {e} (Lemma 2.4). Define the mapping fo : D — I by fo(x) =i if
x € D;. By Corollary 2.2, the mapping f, can be extended to a local homomorphism
f : G — §. Clearly, f is onto. O

We now are going to show that it is consistent that countable topological groups
with 0 < §(G) < w do not exist.

A point of a topological space is called a P-point if the intersection of any countable
family of its neighborhoods is again its neighborhood. A nonprincipal ultrafilter p
on w is a P-point in w* = Bw \ w if and only if for every partition {A, : n < w} of w
with A, ¢ p there exists A € p suchthat |[AN A,| < o for all . It is consistent with
ZFC that there are no P-points in w* (see [7]).

THEOREM 2.6. Let G be a countable topological group and let D be a discrete
subset of G with D' = {e}. Assume that

(1) there is only one ultrafilter on G containing D and converging to e,
(2) there is an open U O D such that for every discrete C C U with C' = {e} we
have CN D # @.

Then there is a P-point in w*.

PROOF. Enumerate D as {x, : n < w}. Choose a decreasing sequence (U,),. of
clopen neighborhoods of e such that x, ¢ U, and x,U, € U and all x, U, are pairwise
disjoint and cl ({J, ., X»Us) = (U, %+Ux) U {e}. Define the mapping f : G > w
by

FOx) = {n %fx e U\ U,
0 ifx ¢ Uo.

Let p be the ultrafilter on G containing D and converging to e and let f : G — Bw
be the continuous extension of f and let ¢ = f(p), so that g is an ultrafilter on @
with a base of subsets f(B), where B € p. Clearly g is nonprincipal. We shall prove
that g is a P-point in w*.

Let {A, : m < w} be a partition of w with A,, ¢ ¢q and let D,, = f~'(A,). Then
{Dn : m < w} is a partition of D with D,, ¢ p, and consequently e ¢ cl D,,. Every
element x, € D belongs to some subset D,, of the partition. Put C, = x,(U, N Dy,,)
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and C = |J,_,C,. Then C, C x,U, and C, = @ and x, ¢ C,. It follows that
C’'C{efand CND = @. Hence e ¢ clC. Choose neighborhoods V and W
of esuchthat VNC =@and W2 C V. PutE = DNWand A = f(E). We
claim that all A N A, are finite. Indeed, otherwise there exist x, € E N D,, and
x;, € U, N E N D,. Then, on the one hand, x,x; € E? € W2 C V and, on the other
hand, x,x; € x,(U, N D,) € C € G\ V, which is a contradiction. a

COROLLARY 2.7. If there are no P-points then there are no countable topological
groups G with 0 < §(G) < w.

PROOF. Let 6(G) = n and let D be a discrete subset of G with a partition
{D; : i < n} of D such that D' = D] = {e}. It is clear that for each i < n,
there is only one ultrafilter on G containing D; and converging to e. Fix i < n and for
every x € D;, choose an open neighborhood U, of x such that U, N (D \ D;) = 9,
and put U = |J,cp, Us- Then for every discrete C C U with C’' = {e}, there
exists a neighborhood V of e such that CNV = D; N V. Hence, one can apply
Theorem 2.6. O

Combining Corollary 2.5 and Corollary 2.7 gives the following result.

COROLLARY 2.8. If there are no P-points then every countable topological group
containing a discrete subset with exactly one accumulation point admits a local
homomorphism onto any countable semigroup.

REMARK. Given any nonprincipal ultrafilter p on w, one can define the group
topology Z, on B = @ Z, by taking as a neighborhood base of zero the subgroups
{x € B : suppx C A}, where A € p. If p is a selective ultrafilter then G = (B, 7,) is
an extremally disconnected topological group (see [8]). It can be shownthat§(G) = 1
and G admits local homomorphisms only onto cyclic semigroups.

Recall that an ultrafilter p on w is called selective if for every partition {A, : n < w}
of w with A, ¢ p, there exists A € p such that |A N A,| < 1 for all n. Obviously,
every nonprincipal selective ultrafilter is a P-point. A nonprincipal selective ultrafilter
can be constructed using Martin’s Axiom (see, for example, [3]).

3. Local homomorphisms onto right zero semigroups

For any sequence (m,),<, Of integers > 2, let the group &, _,, Z., be endowed

with the topology induced by the product topology on [], . Zm,.

n<w “Ma
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THEOREM 3.1. Let G be a countable nondiscrete maximally almost periodic topo-
logical group. Then there exist a sequence (m,), ., of integers > 2 and a continuous
bijectionh : G — @, ., Zm, with h(e) = O such that

(1) h(xy) = h(x) + h(y) wheneverr(x) +2 < I(y), where r (x) = max supp(h(x))
and I(y) = minsupp(h(y)),

) r(xy’) < M+ 1foralli,je {1,—1}, where M = max{r(x), r(y)} and
consequently, if Ir(x) —r(y)| > 2, thenr(x'y/) > M — 1,

() ifm > landpr,(x) = pr,(y) foralln < m, then l(x7'y),l(xy~}) > m — 1,
where pr,(x) = (h(x)),.

If G is first countable, then h can be chosen to be a homeomorphism.

PROOF. The proof is similar to that of Theorem 2.1.
Given a sequence (m,),., of integers > 2, let W = W((m,).~) be the set of
words of the form w = ay - - - a,, Where a; € Z,,,, including the empty word 8. A word

w = ay---a, is basic if {i < n : a; # 0} is a nonempty final interval in {0, ..., n}.
Foranyw =ap---a, and v = by - - - b, define w + v = ¢y - - - ¢, by k = max{n, m}
and

a ifi<n
C;i = .
b; otherwise .

Each nonempty w € W has a unique canonical representation in the form
w = wy + - -+ + w, where

(a) foreveryl <k — 1, w; is basic,

(b) wy is either basic or zero,

(c) foreveryl <k —1, jw| < |wy;| and the first |w,| + 1 letters of w;,, are zero.

From now on, when we write w = wy + - - - + w; we mean that this is the canonical
representation.

Enumerate G \ {e} as {x, : n < w}. We shall construct a sequence (m,),, of
integers > 2 and assigntoeachw € W = W((m,).<.) a point x(w) € X and a clopen
neighborhood X (w) of x(w) so that

N x)=eand X@) =G

(i) {X(wa):a € Z,,} is a partition of X (w), where n = |w|,

(iii) x(w) = x(wp)---x(wy) and X(w) = x(wq)---x(we_1) X (wy), where
w=wy+ -+ Wy,

(iv) {x.JUXE x*¥ C X,, where X, = {x(w) : lw| =n +1},

V) Xw) S xw)X (™),

(vi) X(0") = (X(0M)™ and x(X(0+"))*x~! € X(0) forall x € G.

Without loss of generality we may assume that G is totally bounded.
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Suppose that X (w) and x(w) have been constructed for all w with |w| < n such
that conditions (i) to (vi) are satisfied.

Denote ¥, = X*' X*! U {x,} and let y € Y,. Notice that the subsets X (w) with
lw| = n form a partition of &. So exactly one of them, say X (u), contains y. Let
u=ug+---+u,. Then X (u) = x(uo) -+ x(u,—1)X(u,) and y = x(up) - - - x (1) y’
for some unique y' € X(u,). Put Z, = {y : y € Y,,} \ X,_;. Choose X (0"*!) by (vi)
and such that for every basic u with |u] = n,

X))\ x@)X 0" #Band x@)XO*HNZ, = 9.

Choose m, > 2 large enough to ensure that that for every basic u, there exists a
finite (m, — 1)-element subset F(u) C X (&) \ x(u)X (0™ with

Z,NX@w)C Fw) and X@)\x@X(0"") < F) X (0""").

Enumerate F(u) as {x(ua) : a € Z,, \ {0}} and choose as {X (ua) : a € Zn, \ {0}
a clopen partition of X () \ x () X (0"*!) such that x(ua) € X (ua) C x(ua)X (0™).
For nonzero nonbasic w with [w| = n + 1, define X (w) and x(w) by condition (3).
Then

x(w) = x(wp) - - x(wi) € x(wp) -+ - x (i) X (wi) = X(w),
andif y € ¥, \ X,_;, then
y=x(ug) - x(,_1)x(u,a) =x(ua) € X,, and
X (w) = x(wp) -+ x(Wi—1) X (i) € x(wp) - - - x (We—)x (W) X O™) = x (w) X (O™).

Similarly, to check (ii), let |w| = n. Then

x(w0) =x(wo + -+ + we + 0") =x(wo) - - - x(wi)x(0") =x(wp) - - - x (W) = x(w),
X (w0) =x(w)X (0") =x(wp) - - - x (W) X (0") = x (wp) - - - X (wi—1) X (w0),
X(wa)=x(wp) - - - x (We—1) X (wya).

Now, for every x € G there is w € W with nonzero last letter such that x = x(w),

so{fveWwW: :x =x@ = (w0 :n < w) Itfollows that we can define
h:G—- @,_,Zn, by putting, forevery w =ay---a, € W,

n<w

hx(w)) =w = (ag, ..., a,,0,0,...).

As in the proof of Theorem 2.1, it can be easily checked that A is a continuous
bijection satisfying (1). The condition (2) is the inclusion X! X' € X,,. Tosee(3),
let x, y € X (w) for some w with jw] = m + 1. Then by (v), x, y € x(w)X (0™,
and then by (vi),

Ty e(X(0m) T e w)) T (w) X (0m) = (X (0m) ' x (07 € X (0™,
xy~' e x()X (0" ) (X (0™) ' r(w)) ! = x(w) (X (0™ (x(w)) ™' € X(07).
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If G is first countable, we can choose { X (0") : n < w} to be a neighborhood base
of e, and then h will be a homeomorphism. O

THEOREM 3.2. Let G be a countable nondiscrete maximally almost periodic topo-
logical group and leth : G — @, _,In, be a bijection guaranteed by Theorem 3.1.
Define the subset F C w* by F = r(U(G)), where T : BG \ {e} — Bw is the
continuous extension of r : G \ {e} — w. Assume that G has no subsets with exactly
one accumulation point and that F is finite. Then every point from F is a P-point.

PROOF. Let # be the filter on w with a base consisting of subsets of the form
r(U) = {r(x) txe U\ {e}}, where U is a neighborhood of e € G. Observe that F
consists of all ultrafilters on w containing .#. For every s € F, choose A(s) € s so
that the subsets A(s), where s € F, are pairwise disjoint, and put

A= JAw).

It is clear that A € &#. Let {A,(s) : n < w} be any partition of A(s) with A,(s) ¢ s.
Without loss of generality we may assume that if s = ¢ + 1 for 5, € F, then
A,(s) = A,(t) + 1. Forevery n < w, put

Ar = A (s).
seF
Then {A, : n < w} is a partition of A and for every m < w,

U A, e Z.

m<n<w

Defineg: A - wby
gx)=n ifne A\ A,

Notice that if both x and x + 1 € A then g(x) = g(x + 1). To prove the theorem, it
is enough to find C € & such that g|¢ is finite-to-one.
Define the subset U C G by

U={xeG:gr(x) =1(x)}U{e}.

We claimthat U is aneighborhood of e. Indeed, assume the contrary andlet P = G\U.
Then P € p for some p € Ult(G) and g(r(x)) < I(x) for all x € P. Since e is
an accumulation point of P, there exists one more accumulation point a # e of P.
Consequently, there exists g € Ult(G) such that P € ag. Choose Q € g such that
r@+2 < Il(x)forall x € Q and aQ € P. Then for every x € Q we have
r(x) = r(ax) and g(r(ax)) < l(ax) = l(a), hence g(r(x)) < l(a) which contradicts

U A, e %

l{a)sn<w
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Now choose a neighborhood V of e such that VV~! C U and put C = r(V).
Assume on the contrary that g|c is not finite-to-one. Then there exist m < w and a
sequence (@, ), <, Of elements in V such that r(a,) + 2 < r(a,4,) and g(r(a,)) = m.
Since (a,)n<e is infinite and ®n5m +1Zm, 1s finite, there exist n < k < @ such that
pr;(g(a.)) = pr;(g(ay)) foralli < m + 1. Then we obtain that [(a,a; ') > m,

r(awa;') € r(a) +{—1,0, 1}
and a;a;' € U, hence

g(r(a) = g(r(awa;')) > l{aa;') = m,

which is a contradiction. O

COROLLARY 3.3. If there are no P-points then every countable nondiscrete max-
imally almost periodic topological group admits a local homomorphism onto the
countably infinite right zero semigroup.

PROOF. Let G be any countable nondiscrete maximally almost periodic topolog-
ical group. If G has a discrete subset with exactly one accumulation point then,
by Corollary 2.8, G admits a local homomorphism onto any countable semigroup.
Assume that G has no discrete subset with exactly one accumulation point. Let
h:G — @,.,2Zn be a bijection guaranteed by Theorem 3.1. Then, by Theo-
rem 3.2, the subset F = r(Ult(G)) € w* is infinite. Consequently, one can choose
a partition {A, : n < w} of w such that for every neighborhood U of ¢ we have
r(UYNA, #@. Let S = {a, : n < w} be the countably infinite right zero semigroup.
Define f : G — S by

fx)=a,ifr(x) € A,.
To see that f is a local homomorphism, let
U={yeG:r(x) +2<Il(y)} U {e).
Then U, is a neighborhood of e and for every y € U, \ {e}, r(xy) = r(y), so
fGyy= )= f&x)f).
To see that f is onto, let U be any neighborhood of ¢ and leta, € S. Pickx € U\ {e}

withr(x) € A,. Then f(x) =n. a

REMARK. Under Martin’s Axiom, there is a group topology < on B = @, Z»
with exactly one nonprincipal ultrafilter converging to the zero (see [5]). It is clear
that (B, ) admits a local homomorphism only onto the 1-element semigroup.
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