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MARKOV FAMILIES FOR ANOSOV FLOWS WITH
AN INVOLUTIVE ACTION

TOSHIAKI ADACHI

§1. Introduction

The aim of this note is to construct “involutive” Markov families for
geodesic flows of negative curvature. Roughly speaking, a Markov family
for a flow is a finite family of local cross-sections to the flow with fine
boundary conditions. They are basic tools in the study of dynamical
systems. In 1973, R. Bowen [5] constructed Markov families for Axiom
A flows. Using these families, he reduced the problem of counting peri-
odic orbits of an Axiom A flow to the case of hyperbolic symbolic flows.

It is well-known that geodesic flows of negative curvature are Anosov
flows, hence are of Axiom A type. But within the class of Anosov flows
the geodesic flows still retain a special importance. Let +», be the geodesic
flow on the unit tangent bundle UN of a compact manifold NN of negative
curvature. If we define an involution §: UN — UN by 6(v) = — v, then
we have +, 00 = fo+_,. This is a typical property and should be utilized
for getting some informations on geodesics. For applying Bowen’s sym-
bolic dynamics, Markov families which inherit this involutive property are
very useful. In the forthcoming paper [2], we shall show that there exist
infinitely many prime closed geodesics in each one-dimensional homology
class of N. By using our preliminary work, one can reduce the problem
to the case of “involutive” graphs.

Our construction goes on the same lines as in [5]. Since it is not
difficult to fill up between the lines, we just point out where should be
modified.

The author is grateful to Professors K. Shiraiwa and T. Sunada for
valuable advice.

Recei{red f;ebruary 7, 1985.
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§2. Involutive Markov families

A differentiable flow ¢, on a compact Riemannian manifold M is called
Anosov if the following condition holds. The tangent bundle of M can be
written as the Whitney sum of three dg,-invariant continuous subbundles

TM = ET®E ®E",

where E7 is the line bundle tangent to the flow, and there are constants
C, 2> 0 such that

ldo ()| < Ce~*|jv]] for vekE:, t=0,
ldo_(v)|| < Ce™*|v]| for veE™, t=0.

A finite family of closed sets 7 = {T}, - - -, T,,} is called a proper family
of size « if the followings hold;

1) M= Ui Soc—a,o](Ti),

2) there are differentiable closed disks D,, ---, D, transverse to ¢, of
diameter smaller than « such that

a) dim(D;) = dim (M) — 1,

b) T, C Int(D,) and T; = Int,, (T;), where Int,, (T}) is the interior of
T, with respect to the relative topology of D,,

c) for i = j, at least one of the sets D, N ¢y (D;) and D; N ¢y .((Dy)
is empty.

For each xe I'(7) = ', T, let 0 <it,(x) <« be the least time for
which ¢,(x) e I'(9). We define a bijection H,: I'(9) — I'(7) by H,(x) =
¢, (%) and a dense subset of I'(7) by

(7)) = {xe [(7)| Hix) e \JInt,, (T)) for any ke Z}.

Let [[z9 be the set of all doubly infinite sequences of symbols with the
product topology. There is a continuous injective map Q: I'(7) — [[, T
given by

Q) = (q(HH(x)ez ,

where ¢(y) denotes the unique element of J containing y. Since @ ':
QU'(7))— I'(9) is Lipschitz with respect to the canonical distance on
[1z7, one can define a surjective map z: @([(7)) — I'() as the con-
tinuous extension of @ ' We define a strictly positive function f,:

QU'(T)) — (0, a] as the continuous extension of £,0 Q" In general, the
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set Q(I(7)) is complicated. To aboid this we have to choose 7 carefully.
For a point x € M and ¢ > 0 we define the stable and unstable sets by

d(pfx), o)) < e for tzo}
.and lt{md(¢t(x), (=0 |’

(dledx), o)) <& for < 0}
‘and  lim d(p,(x), 0.(3) = 0

to>—oo

Wix) = {y eM

Wix) = {y eM

These sets play the role of coordinates ([7],[10]). For each small ¢ > 0,
there is 6(¢) > 0 for which the following is true; whenever x, y ¢ M satisfy
d(x, y) < d(e) there is a unique p = p(x, y) € [—¢, €] such that

Wip ) N W) # ¢,

and this set consists of a single point, which is denoted by (x, y).

Let D be a differentiable closed disk transverse to the flow ¢, of
dimension dim (M) — 1. If its diameter is sufficiently small, there is £ >0
such that (z, t) — ¢,(2) gives a diffeomorphism of D X [—§&, &] to ¢._. (D).
For a set T C D disjoint from the boundary 6D of D and of small diam-
eter compared with d(7T, 9D), we can define

3 202 TXT—D

by {x,¥)>, = Pr,<{x,y), where Pr,: ¢,_. .(D) — D is the projection defined
by Pr,(¢(2)) =2 We call T a rectangle if (x,y),€ T for any x,yeT.
For a rectangle T and xe T we set

Wex, T) = {{x, %0y e T},
Wx, T) = Ky, %)p |y e T}.

A proper family  of small size is said to be Markov if
1) each Te.J is a rectangle,

2) We(x, T) < U(T, S) whenever x ¢ U(T, S),

3) W¥x,T) < V(S,T) whenever xe V(S, T),

where

U(T, S) = Cl{ye T N I'"(7)|Hy) € S},
V(S,T)=Cl{ye TN I"(7)|H;(y) e S},

and Cl(A) denotes the closure of a set A.
Given a proper family J we set
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.th i TN T
=T 8yer x 7 ‘ere 1s x¢€ ()
with H (x)e S

and define an oriented graph by (J,&) and a subshift of finite type
(T, 6) by

{(Tyellz7 (T, Ti.)) €& for any ke Z}.

It is known [5] that this subshift coincides with @Q(/(9)) if and only if 7
is Markov. In this case we can define a suspension 3(7, &, f,) as the set

(X, 9| X e X7, ), 0 < s < [(X)}

with (X, fA(X)) and (¢(X), 0) identified, where o¢: 2(7, &) — (7, &) is the
shift operator given by ¢(X), = X,... On this space there is a vertical
flow sus, defined by the local flow sus,(X,s) = (X,s + t) when 0 <s,s + ¢
<fAX). Let p:2(7,6,f,) > M denote the surjective map given by
o(X, 8) = ¢ (x(X)). Then this map connects the suspension flow sus, and
the flow ¢, in the following sense;

1) posus, = ¢, °p,

2) p is a bounded-to-one map.

Now we state our result.

TaEOREM 1. Let ¢,: M — M be an Anosov flow. Suppose there is an
involution 6: M — M with ¢,o0 = 6o¢_,. Then there exists a Markov family
M for ¢, of arbitrarily small size such that

1) 4 admits an involution t: M — &,

2 t© is a graph isomorphism of (M#,&) to (MA,E%), where &* =
1, D) |(x, ) € 6},

3) the suspending function f, satisfies f, = f,o o0, where z: (M, &) —
2( A, &) is given by #(X), = =«(X_,),

4) if we define G: X4, &, f) — 34, &, f,) by (X, s) = (zoa(X),
fAX) — s), then pof = 60p.

§3. Proof

Since the Anosov property does not depend on a metric, we may
suppose f is an isometry. Hence the stable and unstable sets satisfy
O Wix)) = W¥(x) and if T is a rectangle, so is (T).

Let « > 0 be a sufficiently small number compared with ¢, d(e), the
minimal period of ¢, and so on. Cover M by a finite number of flow boxes
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of small size along a dense orbit. From the assumption ¢,08 = 6o¢p_,
there are differentiable closed disks D_,, --.,D_,, D,, ---, D, transverse to
¢, and closed rectangles B; C Int(D;) such that

1) 6D;) = D_, and 6(B,) = B_,,

2) dim(D;) = dim(M) — 1,

3) diam(D,) < 3a/4,

4) M= Uiz ¢[—2a/3,~a/3](lntni (Bi))9

5) for i+ j, at least one of the sets D; N ¢y :.4(D;) and D, N ¢ 2.5(D;)
is empty,

6) if B, N ¢r_upem(B)) # ¢ then B, C ¢, .(D)).

For i >0 choose a closed rectangle K, C Int,,(B;) so that M =
W% Orosass, -l K;) and set K_, = 6(K,). Pick v >0 so that any set with
diameter smaller than 4v is contained in some ¢_, .(K;), ¢ > 0. One can
find large L > 0 depending on v and a finite closed covering ¥, of K,
[ > 0, with

max diam (p,(V)) <v and V = Int,, (V)
Iti<L

for every Ve v ,. There are a(V), b(V)e[1, n] for each Ve ¥", such that

Bv(Sﬁ-L(V)) - S0[—a,a](Ka<V)) and Bv(SDL( V)) c So[—a,n](Kb(V)): Here By(SO-L(V)) =
{xe M|d(x, p_(V)) <v}. For i <0, we define a covering of K, by ¥, =
(v _) =1{0(V)|Ver_} and set a,b: 7", > [—n, —1] by a((V)) = — b(V)
and b(A(V)) = — a(V). Consider maps

g;’ = PI)MV)OS‘Q—L: V_)Ka(V) ’
g; = PDb(V)o(;DL: V'_)Kb(l’) ’

where P, : ¢, .(D;) — D, is the projection. We inductively define

Ri.o = Si,o = Kz 3
yeKk,
Rz’ k41 T ) Pn °QL oy )
, 1'%34- LLGJI {<y ;o 0(2)) f\ze We(gi(x), Ra(l’),k)}
S = U u{<P @730 LS }
L+l = p;°P-1\2), Y)p; | .
T ey 7 ze Wigi(x), Sy0.0)

As L is sufficiently large, it is not difficult to check that R, , and S, , are
rectangles contained in B,. Also we have (R, ,) = S_,, because 6o g; =
gsvy© 0.

Now set rectangles R, = (J;. Ri, S; = Ui Si,, and C;, = (S, R,),, =
{(x, 95, |x€S;,,ye R}. Let % denotes the proper family {C},_., ... ... By
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using the canonical bijection H,: I'(¥) — I'(¥), we define J*(i) and J (i)
as the sets

{Jj|there is x € Int,, (C;) with H,(x)eInt,, (C)},

{j|there is x € Int,, (C;) with H;'(x)eInt,, (C)},
respectively. As H,00-H, =0, we have jeJ=*(i) if and only if —je
J*(—i). From the choice of {D,}, for each jeJ(@) = J*@) U J (), E,, =
C. N P,(C)) is a rectangle with nonempty interior. Choose a point z; ;€
Int,,(E;,) for jeJ*(i) and put z,; = &z_,,_;) for jeJ (i). We part C,
into four closed rectangles intersecting only in their boundaries;

E} ;= Cl(Int,,(E.))),
B, =l {y e Int,, (Cy | For ¥70: € 10bo, (Ei’j)} :
t ¥, 2,00, ¢ By
21,3, Y90, € By
<Y, 2,500, € Int,, (Ezj)} ’
20,5 YD, € Ez]}
Yz eE )

They satisfy O(E} ) = E*, _;, 6(E% ) = E° OE:;)=E*,_; and 6(E; ) =

—iy=J) —1,=j =t -]

E;,=Cl {y elInt,, (C)

E:, =Cl {y elInt,, (C)

Et, _,. We get a covering &, of C; by a finite number of closed rectangles

¢, ={Cl( ) Int, (EIP)|¢: JG) —{1,2,3,4}}.

JEJ (1)

Put U, = U {Int,(E)|E e &} and set for a positive integer IV
I'y(&) = (ze UJ U,|H () e\ U, for —N < k < N}.
|i]=1 [

Given x,y e I'\(&) we denote x ~y if for any ke[—N, N] there exists
Ecl; 6, with H%(x), H:(y)e E. This is an equivalence relation. Since
6U)=U_, and C;N C_;, = ¢, we have x %< fx and x ~y if and only if

0x ~6y. Let G_,, ---,G_,, G, -+ -, G, denote the equivalence classes, where
we assign the indexes so that if xe€ G, then xe G_,; We pick very small
numbers 0 < u, < --- <u, put u_, = — u, and set A, = (goup(ép))p=i1 ,,,,, e

Finally we should check that .#, is a Markov family for ¢, if N is
sufficiently large compared with L. It is clear that £, is a proper family
of size a. Suppose x,y € G, C D, and consider z = {x,¥),,,,. Since at
least one of the sets D; N ¢ (D;) and D; N ¢ .(D;) is empty, we can
inductively conclude that H%(x) and H%(y) are contained in the same C,
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and H:(2) = (H%(x), H:(y)),, for each ke [—N, N]. Therefore z¢ G, and
M, = ¢,,(G) is a rectangle.

Now suppose x € V(M,, M,) N ['(#,). Choose arbitrary y ¢ W*(x, M,) N
¢.,(G,) and put ¥ =o¢_, (%), ¥ = ¢_.,(y)€G, We denote by x,y the
points H;""'(x"), P,,o H;"(¥) € D, respectively. As N is sufficiently large,
one can prove that HY*Y(y,) =3y and HY(x,) ~ HY¥(y, just like the same
way as in [5]. This implies that H_\(y)e M, and ye V(M,, M,). Hence
Wx, M,) € V(M,, M,) whenever x ¢ V(M,, M,). Similarly we can conclude
Wi(x, M,) € UM,, M, if xe UM, M,). Therefore # = 4, is a Markov
family for ¢, of size a.

Define an involution ¢: # — # by z(M,) = M_,. Then it is clear that
r is a graph isomorphism of (.#, &) to (A4, &*). Since H,o00H, =6 and
t,000H,=1t, we get that f, =f,o70o¢ and that the induced map 4:
(M, E, f)— 2(AM,E,f,) satisfies fop = pof and fosus, = sus_, 0.

§4. Remarks

We mention here about Markov partitions for Anosov diffeomorphisms.
For the definition see for example [6]. If we slightly modify the definition
of a-pseudo-orbits, then along the line in [6] we have

ProposiTiON 2. Let f: M — M be an Anosov diffeomorphism on a com-
pact manifold M. Suppose there is an involution 6: M — M with fo6 =
Oof-'. Then there exists a Markov partition # for f of arbitrarily small
size such that

1) 6 induces an involutive graph isomorphism t of the associated graph
(M, ) to (M, EX),

2) t induces an involution 0 on the subshift of finite type J(M, &) with
ol = 00p, where p: X(M, ) — M is the canonical map.

If a finite group G acts isometrically on M and satisfies go¢p, = ¢.,08
(gof =f*0g) for each ge G, then we can get a result of the same type.
Also our proof is applicable to an Axiom A flow restricted on a basic set
which is invariant under the group action.

Addendum. After I wrote this paper M. Pollicott pointed me out
Rees [11] has announced a part of Theorem 1.
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