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MARKOV FAMILIES FOR ANOSOV FLOWS WITH

AN INVOLUTIVE ACTION

TOSHIAKI ADACHI

§ 1. Introduction

The aim of this note is to construct "involutive" Markov families for

geodesic flows of negative curvature. Roughly speaking, a Markov family

for a flow is a finite family of local cross-sections to the flow with fine

boundary conditions. They are basic tools in the study of dynamical

systems. In 1973, R. Bowen [5] constructed Markov families for Axiom

A flows. Using these families, he reduced the problem of counting peri-

odic orbits of an Axiom A flow to the case of hyperbolic symbolic flows.

It is well-known that geodesic flows of negative curvature are Anosov

flows, hence are of Axiom A type. But within the class of Anosov flows

the geodesic flows still retain a special importance. Let ψt be the geodesic

flow on the unit tangent bundle UN of a compact manifold N of negative

curvature. If we define an involution θ: UN'—• UN by θ(v) = — v, then

we have ψt°θ = θoψ_t. This is a typical property and should be utilized

for getting some informations on geodesies. For applying Bowen's sym-

bolic dynamics, Markov families which inherit this involutive property are

very useful. In the forthcoming paper [2], we shall show that there exist

infinitely many prime closed geodesies in each one-dimensional homology

class of N. By using our preliminary work, one can reduce the problem

to the case of "involutive" graphs.

Our construction goes on the same lines as in [5]. Since it is not

difficult to fill up between the lines, we just point out where should be

modified.

The author is grateful to Professors K. Shiraiwa and T. Sunada for

valuable advice.

Received February 7, 1985.

55

https://doi.org/10.1017/S0027763000022674 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000022674


56 TOSHIAKI ADACHI

§2. Involutive Markov families

A differentiate flow <pt on a compact Riemannian manifold M is called

Anosov if the following condition holds. The tangent bundle of M can be

written as the Whitney sum of three cfyvinvariant continuous subbundles

TM = Eτ 0 Es Θ Eu ,

where Eτ is the line bundle tangent to the flow, and there are constants

C, λ > 0 such that

\\dφt(v)\\ < Ce-"\\v\\ f o r υ e E s , * > 0 ,

C < τ ; ί | | u | | f o r ϋ e £ u , ί > 0 .

A finite family of closed sets &~ = {TΊ, , Tn} is called a proper family

of size α if the followings hold;

2) there are differentiable closed disks A, , Dn transverse to φt of

diameter smaller than a such that

a) dim (A) = dim (Af) - 1,

b) Tt C Lit (A) and T, =lnt^~(TΪ)9 where ΊntDt (Ti) is the interior of

Γ? with respect to the relative topology of A ,

c) for i Φ j , at least one of the sets A Π ^[0,α](A) a n ( i DJ Π φ^^DΪ)

is empty.

For each x e Γ ( ^ ) - UΓ=i Γ* let 0 < t,{x) < a be the least time for

which ψt{x)eΓ{3Γ). We define a bijection Hr\ Γ{3Γ)->Γ(3Γ) by J9rr(x) =

<Pt<r{x)(x) a n d a dense subset of i%^~) by

{xe Γ{F)Iii*-(x) e U Lit,,,(Tt) for any A eZ) .
i = l

Let Ylz^ be the set of all doubly infinite sequences of symbols with the

product topology. There is a continuous injective map Q: Γ\ZΓ) -> \\z^

given by

<?(*) = (q(H%(x)))kez,

where q(y) denotes the unique element of ZΓ containing y. Since Q"1:

QiΓX^Γ)) —> Γ 1 ^ ) is Lipschitz with respect to the canonical distance on

Wz&Ί one can define a surjective map π: Q(P(<TJ) -> Γ(T) as the con-

tinuous extension of Q"1. We define a strictly positive function fτ\

(0, a] as the continuous extension of ^ o Q - 1 , In general, the
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ANOSOV FLOWS 57

set Q(Γ'(3r)) is complicated. To aboid this we have to choose ?Γ carefully.

For a point x e M and e > 0 we define the stable and unstable sets by

s

ε(x) = ly e M
{

: ε for t >

and lim d{φt{x), φt(y)) = 0

I and lim d(φt(x), φt(y)) = 0

These sets play the role of coordinates ([7], [10]). For each small ε > 0,

there is δ(ε) > 0 for which the following is true; whenever x, y e M satisfy

d(x, y) < δ(ε) there is a unique μ = μ(x, y) e [ —ε, ε] such that

Wi(φμ(x)) Π Wΐ(y) Φ φ,

and this set consists of a single point, which is denoted by (x,y).

Let D be a differentiate closed disk transverse to the flow ψt of

dimension dim(M) — 1. If its diameter is sufficiently small, there is ξ > 0

such that (z,t)-+<pt(z) gives a diffeomorphism of D X [—ξ, ξ] to ^c_f;ί](Z)).

For a set T a D disjoint from the boundary 3D of D and of small diam-

eter compared with d(T, 3D), we can define

< , V. Γx T-^D

by (x,yyD — PrD(x,y), where Pr^: φί_ξin(D) -* D is the projection defined

by PrD(φt(z)) — z. We call T a rectangle if ( x j ) f l e ϊ 7 for any x,ye T.

For a rectangle ϊ 7 and xe T we set

A proper family ^ of small size is said to be Markov if

1) each T e ZΓ is a rectangle,

2) W(s, T) C [/(ϊ7, S) whenever x e J7(Γ, S),

3) Wu(x, T) C V(S, T) v/henever x e V(S, T),

where

E7(Γ, S) = Cl {j e Γ Π Γ'(f) \ HΛy) e S},

V(S, T) = Cl{yeTΠ Γ\T) \ H~\y) e S},

and Cl (A) denotes the closure of a set A.

Given a proper family 2Γ we set
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there is x e T Π J

with HAx)eS

and define an oriented graph by (J', £) and a subshift of finite type

Σ(f, £) by

{(Tk) e Πz &Ί(Tk, Tk+1) e £ for any k e Z].

It is known [5] that this subshift coincides with Q(Γf(3Γ)) if and only if ZΓ

is Markov. In this case we can define a suspension Σ(T, £, fj) as the set

{(X, s)\Xe Σ(J", £), 0 < s < fr(X)}

with (X,fr(X)) and (σ(X), 0) identified, where σ: Σ(^r, £) -* Σ{T, £) is the

shift operator given by σ(X)k = Xk+ί. On this space there is a vertical

flow susf defined by the local flow sust (X, s) — (X, s + t) when 0 < s, s + t

< f<r(X)> Let p: Σ(3Γ, £, f<?) -> M denote the surjective map given by

ρ(X, s) = φs(π(X)). Then this map connects the suspension flow sus£ and

the flow φt in the following sense;

1) p o SUSf = <ptop,

2) p is a bounded-to-one map.

Now we state our result.

THEOREM 1. Let ψt\ M—> M be an Anosov flow. Suppose there is an

involution θ: M —• M with ψtoθ — θ o φ_t. Then there exists a Markov family

Jί for φt of arbitrarily small size such that

1) Jί admits an involution τ: Jί -> Jί,

2) τ is a graph isomorphism of {Jί, £) to (Jί, £*), where £* —

3) the suspending function f^ satisfies f/( — fJ( o t o a, where t: Σ(Jί, £) ->

Σ(Jί, £) is given by τ(X)k = r(X_t),

4) if we define θ: Σ(Jί, £, fj -> Σ(Jί, £\ fj by Θ(X, s) - (τoσ(X),

fj,(X) — s), then poθ = θop.

§ 3. Proof

Since the Anosov property does not depend on a metric, we may

suppose θ is an isometry. Hence the stable and unstable sets satisfy

β(Wl(x)) = Wΐ(θx) and if T is a rectangle, so is Θ(T).

Let a > 0 be a sufficiently small number compared with e, <5(ε), the

minimal period of φt and so on. Cover M by a finite number of flow boxes

https://doi.org/10.1017/S0027763000022674 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000022674


ANOSOV FLOWS 59

of small size along a dense orbit. From the assumption φtoβ = θoφ_tί

there are differentiable closed disks D_n, , D_u Du , Dn transverse to

φt and closed rectangles Bt c Int (A) such that

1) θ(Di) = D_t and θ(Bτ) = B_,,

2) dim (A) = dim(M) - 1,

3) diam(A)<3α/4,

4) M = U?=i Pc-2./3,-β/8](Int2,< (£<)),

5) for i Φ j, at least one of the sets Dt Π ̂ [0,2«](^) and D ; Π ^[0,2«](A)

is empty,

6) if Bt Π 9i-.a^a/4Bs) Φ φ then £, c φ^^Dj).

For i > 0 choose a closed rectangle Kt c Int^. (JB )̂ SO that M =

U î̂ [-3«/4,-«/4](2Q and set iί_^ = #(iQ. Pick v > 0 so that any set with

diameter smaller than 4v is contained in some φ^_a^(K^9 i > 0. One can

find large L > 0 depending on v and a finite closed covering ^ of Kt,

i > 0, with

max diam (φt( V)) < v and V — ΐnt^. (V)
\t\<L

for every V e f j . There are α(V), b(V)e[l,n] for each V e f j such that

BXφ_L(V)) c ^c_,α ](iία ( F )) and B£φL(V)) c ^_, r t ] ( i ί H F ) ) : Here B^_ L (y)) =

{xe Λf|c?(x, ^.^(y)) < y}. For i <0, we define a covering of 2^ by ^ =

^(^_.) = {^(V)| y e ir_h and set α, b: fTi -> [~τi, -1] by a(θ(V)) = - b(V)

and b(θ(V)) — — α(y). Consider maps

gϊ = PDbιVioφL: V-+KbiV),

where PDι: φί_aia ](Di) -^ Dt is the projection. We inductively define

P Q IT

( . . + ,= u u " " - [yeKi

vert xev

— I ) 1 I
V^FV^Λ &b(V),k).

As L is sufficiently large, it is not difficult to check that 2Zitfc and Siifc are

rectangles contained in JB̂ . Also we have θ(RίΛ) = S_ί)fc because θogp =

gnv) ° 0.

Now set rectangles i?4 = UΓ=o2?ί)fc, Si = UΓ-oSί?fc and Ct — (βu Ri}Di —

?J. Let c€ denotes the proper family {CJi = ±1,...,±re. By
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using the canonical bisection Hv: Γ{f€) —> Γ(^)y we define J+(i) and J'{i)

as the sets

{j I there is x e Int^. (C*) with H^(x) e ϊnt^. (Cj)},

{; I there is x e l n t ^ Q with # ί \x) e ΊntD, (C,)},

respectively. As H^oθoH^ = θ, we have jeJ±(ί) if and only if — j e

J*(-ί). From the choice of {A}, for each jeJ(ί) = J+(i) U J~(ΐ), #*,, =

Ci Π PDi(Cj) is a rectangle with nonempty interior. Choose a point zitj e

intβ^Eij) for jeJ+(ί) and put zitj = θ(z_u_j) for jeJ~(i). We part C«

into four closed rectangles intersecting only in their boundaries;

E\tJ = CKkADi(EitJ)),

They satisfy θ(E\tj) = E\u_jy Θ{E\J = E*_u-}, θ(E\ti) = £!,,_, and Θ(E\J =

Eti,-i We get a covering <?4 of Ct by a finite number of closed rectangles

δt = {Cl ( Π Int., (£ί,<ί>)) I £: J ( 0 - {1, 2, 3, 4}}.
jej(i)

Put CΛ = U {IntD.(E)\Eetfi} and set for a positive integer iV

7^(0 = {ze \J Ut\H*(z) elJUtΐoY -N<k<N}.

Given x j e Γ ^ I ) we denote x ~ y if for any £e[—N, N] there exists

E e l J i ^ i with i/£(x), Hl(y)eE. This is an equivalence relation. Since

^([/J = [/_* and C4 Π C_i = φ, we have x </> θx and x — 3/ if and only if

θx — θy. Let G_m, , G_u Gu , Gm denote the equivalence classes, where

we assign the indexes so that if x e Gp then θx e G_p' We pick very small

numbers 0 < ux < < um9 put u_p = — up and set JίN = (φUp(Gp))p=±lt...t±m.

Finally we should check that JίN is a Markov family for φt if N is

suίπciently large compared with L. It is clear that JίN is a proper family

of size a. Suppose x9 y e Gp C Dί{p) and consider 2; = (x,y}Dup). Since at

least one of the sets Dt Π φί0^a-](Dj) and J57 Π [̂0,2«](-Di) is empty, we can

inductively conclude that H%(x) and H%(y) are contained in the same Ĉ
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and H*(z) = (H%(x), H%(y)s)Di for each k e [-N, N]. Therefore zeGp and

Mp = φUp(G) is a rectangle.

Now suppose x e V(Mq, Mp) Π Γ'(Jίn). Choose arbitrary y e Wu(x, Mp) (Ί

ψujβp) and put x'= <p-Up(x)> y'= <P-Up(y) e Gp. We denote by x1,y1 the

points H^N~ι(xf), PD£ ° HVN(/) G A respectively. As N is sufficiently large,

one can prove that Hζ+1(yx) = / and Hζ(x^) ~ Hξ(yί) just like the same

way as in [5]. This implies that H^\(y) e Mq and y e V(Mq, Mp). Hence

Wu(x, Mp) C V(Mρ, Mp) whenever x e V(Mq9 Mp). Similarly we can conclude

Ws(x, Mp) C U(MP, Mq) if x 6 C7(MP, Λf,). Therefore Jί = JίN is a Markov

family for 9̂  of size <x.

Define an involution τ\ Jί -> ^# by τ(Mp) = M_p. Then it is clear that

r is a graph isomorphism of (Jί, S) to (Jί, S*). Since H^ o ^ o //"̂  = ^ and

t^oθoHJI = ^ , we get that f^ — f^°foσ and that the induced map (5:

?,/J -> I 1 ^ , (ί,/J satisfies θop =, poθ and 0osus, = sus_,oθ.

% 4. Remarks

We mention here about Markov partitions for Anosov diffeomorphisms.

For the definition see for example [6]. If we slightly modify the definition

of #-pseudo-orbits, then along the line in [6] we have

PROPOSITION 2. Let f: M-+ M be an Anosov diffeomorphism on a com-

pact manifold M. Suppose there is an involution θ\ M-+M with foθ —

θof~\ Then there exists a Markov partition Jί for f of arbitrarily small

size such that

1) θ induces an ίnvolutive graph isomorphism τ of the associated graph

(Jί, g) to (Jί, £*),

2) τ induces an involution θ on the subshift of finite type Σ(Jί, S) with

poθ — θ°p, where p: Σ(Jί, £) -> M is the canonical map.

If a finite group G acts isometrically on M and satisfies g°φt — φ±t°g

(§°f'= f± ° §) for each g e G, then we can get a result of the same type.

Also our proof is applicable to an Axiom A flow restricted on a basic set

which is invariant under the group action.

Addendum. After I wrote this paper M. Pollicott pointed me out

Rees [11] has announced a part of Theorem 1.
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