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There are also the line shifts in the sunspots penumbra corresponding t o 
a nearly horizontally outwards s t reaming gas with m a x i m u m velocity of abou t 
3 km/s for a large spot—usually called the Evershed effect. 

4. - Velocities in the chromosphere. 

The observations of velocities in t h e solar chromosphere have been sum­
marized by D E J A G E R in his art icle in the Handbuch der PhysiJc ( 1 9 5 9 ) . 

Velocities increase with height u p to abou t 1 5 km/s in about 3 000 k m above 
the solar l imb. 

5. - Velocities arising from convection in other stars. 

The observational da t a are reviewed in the article of W R I G H T in the 
IAU Transactions ( 1 9 5 5 ) . Miss U N D E R H I L L has included the la tes t observa­
tions in her summary talk. The measured velocities increase wi th increasing 
effective tempera tures of t he s tars a n d with decreasing surface gravi ty . You 
still have the table of Miss U N D E R B I L L . 

B) Theory of the Hydrogen Convection Zone. 

Convection occurs when 

v = d l o g T > d l o g f = 

d log Pe d log Pe adiabatic 

I n t he high photospheiic layers of a s tar this is not fulfilled; t hey are in radia­
t ive equil ibrium, meaning t h a t t h e whole energy t r anspor t is performed b y 
radiat ion. I n such an a tmosphere t h e t empera tu re dis t r ibut ion is given ap­
proximate ly by 

( 1 ) T 4 = | T\ti(T + f) with aT'n = nF , nF = ne t flux , 

while t he distr ibution of t h e gas pressure Pe obeys the hydros ta t i c equat ion 

( 2 ) = Jt— , q = gravi ta t ional accelerat ion 
v ' d r x/gr' y 6 

F o r t he sun T E F F = 5 8 0 0 C , # = 2 . 8 2 - 1 0 4 . 
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F r o m these equat ions one obtains 

( 3 ) V r a i = d l o f p , ( r a d i a t l v e equilibrium) = - g [-f) • 

The gradient has to be proport ional to the flux oT\tt. If this gradient 
becomes larger t h a n the<corresponding one for adiabat ic stratification the layer 
will be convectively uns table . This m a y happen for two reasons : 1) V a d be­
comes very small, or 2) V r a d becomes very large. V a d = (y — l ) /y , if y were 
constant , where y = cjcv. becomes very small if y comes close to uni ty . 
This happens if cv is very large, which in stellar a tmospheres occurs in those 
layers where the most a b u n d a n t element hydrogen is ionized, which means 
in layers with T ^ 10 000°. V r a d m a y become qui te large when *T becomes very 
large. This happens in stellar a tmospheres for T > 7 000°. 

In those stellar atmospheres in which we are interested, the continuous absorption 
is mainly due to H~ absorption and hydrogen absorption in the Paschen continuum, 
that means absorption from the third quantum level of hydrogen. Around T ~ 7000°, 
the excitation degree of the third quantum level becomes high enough and increases 
rapidly, so that hydrogen absorption exceeds R~ absorption and increases rapidly 
with T, until T becomes so large that hardly any neutral hydrogen is left over. For 
such high temperatures the absorption coefficient will then decrease. 

So V a d decreases and V r a d becomes very large for abou t the same T. Both 
effects together cause qui te an act ive convection. 

Since the upper bounda ry of this unstable layer occurs in T = 0 . 8 , the 
convection zone contr ibutes appreciably to the observed radiat ion. Therefore 
astrophysicists are interested especially in the t empera tu re stratification of 
these layers. The t empera tu re stratification depends on the a m o u n t of energy 
which is t ranspor ted b y radiat ion. As I said, the gradient V is proport ional 
t o t he radia t ive flux 7iFT&d. If 7iFr&d<oT*tn we have to p u t 7rJ^ r a d in to eq. (3) 
ins tead of crT*f and obta in 

(4) V = - ^ ^ - d 

{ } 16 g oT* ' 

If we know 7iFrtid we can calculate V and the temperature-pressure stratifi­
cat ion 

(5) A l o g T = J v d l o g P B . 

I n equilibrium the a m o u n t of energy t ranspor ted through the a tmosphere mus t 
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be independent of dep ths : dF/&t = 0 which means 

(«) ^Ft&d + nFconv = 7zF=aTttt. 

(Energy t ranspor t by conduction m a y be neglected.) All we have to know is 
rfconv. So the pr imary interest of astrophysicists is the a m o u n t of convective 
energy t ranspor t , which can be expressed as 

AT _ 
(7) nFk= cvqT — -v , 

where the mean should be t aken over the horizontal p lane in question. The 
problem then is to calculate A T and v. 

To m y knowledge this has only been done in the approximat ion of a so-
called mixing length theory, which in th is connection means something dif­
ferent from the mixing length theory applied to tu rbulen t shear flow and should 
perhaps be be t te r called «characterist ic-scale» approximat ion . The Eayleigh 
numbers in stellar a tmospheres are very large due to t he vas t dimensions, so 
we m a y expect the convection to be tu rbulen t . I n t h e mix ing length approx­
imat ion i t is assumed t h a t only turbulence elements of size I exist and t h a t 
t hey will t ravel this same length I a n d then disappear as turbulence elements. 

This k ind of theory was first applied to stellar a tmospheres b y S I E D E N -

T O P F ( 1 9 3 5 ) and B I E R M A N N ( 1 9 4 2 ) . 

I n t he convection zone a t a given point P we have the following s i tua t ion: 
The mean logari thmic t empera tu re gradient 
is V. The adiabat ic gradient for the given T 
and P g is V a , which is much smaller t h a n V. 
A bubble t h a t would s ta r t rising in P will 
rise with a somewhat steeper gradient V' 
t h a n V«, due to energy exchange with the 
surrounding mat te r . 

Fig. 2. The t empera tu re difference A T is then 
proport ional to V — V . 

W i t h the above assumptions of mixing length theory ( V I T E N S E , 1 9 5 3 ) we 
ob ta in 

AT I l 
(8) - j r ~ (V - V ) ^ giving nFk = cvoTv(V - V ) m , 

where H = BT/jug. 
I n deriving this equat ion we have assumed t h a t V — V is cons tant over 

a dis tance I and t h a t A T = AT(# = Z/2). 
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The velocity is derived b y the integral 

X 

(9) ™v*=JK{x)dx, 
0 

with K — — g-Ao-volume of t he bubble . Ao is connected wi th A T by Ao/^ = 
= (AT/T) -# , where Q = 1 — dlogju/dlogT takes care of the change in mean 
a tomic weight due to changes in the degree of ionization, x is the co-ordinate, 
corresponding to geometrical depth . 

The difference V a d — V , is determined by the energy loss of the bubble 
on its way, which means by radiat ive energy exchange. 

Wi th these equat ions we can calculate A T and v and the stratification in 
the convective layer, if we find a proper size for the characterist ic scale £, 
which we did not ye t determine. 

We did introduce the characterist ic length I in order t o find an equilibrium 
value for v and AT. The normal instabil i ty calculations yield a circulating 
mot ion with increasing velocity as long as we regard only the linear terms in 
the hydrosta t ic equat ions. W e should find an equil ibrium value for v if we 
t ake into account all the energy dissipating terms. A first s tep in this direction 
was made by M A L K U S and V E R O N I S ( 1 9 5 8 ) who considered a case with a rela­
t ively small Eayleigh number . I heard t h a t S C H W A R Z S C H I L D , L E D O U X and 
S P I E G E L have tr ied to include turbulen t viscosity. We shall probably hear 
about these a t t e m p t s later. 

W e s tar ted from another viewpoint, assuming t h a t the circulating motion 
does not really exist as a full circle, b u t t h a t the velocity increase of rising 
bubbles is t e rmina ted because they are disturbed so much on their way t ha t 
they do not exist a n y more as a unique feature. The question then is how far 
can they t ravel wi thout losing their ident i ty . This length we shall t ake as 
the characteristic length I. According to the assumptions of a mixing length 
theory this same length will then also determine the linear extension of the 
bubbles. F o r the numerical calculations I = H was assumed for the following 
reasons: Pr imar i ly we wan t to calculate the convective energy t ranspor t . 
Small bubbles will lose thei r surplus energy ra the r quickly due to radiat ive 
energy exchange. The largest bubbles will lose the least a m o u n t of energy 
and therefore t r anspor t mos t of i t . On t h e other hand , wi th the assumption 
of rising bubbles we cannot make the bubbles very large, for otherwise they 
could not exist as a un ique feature. Also t he bubbles will h a v e changed their 
in ternal s t ruc ture appreciably after having t raveled one scale height and will 
therefore essentially lose thei r ident i ty . These considerations give an upper 
l imit l<Ha, where a is of t he order of uni ty . B u t the bubble cannot, of 
course, be assumed t o be larger t h a n the whole unstable layer. If t he unstable 
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layer is less thick t han one scale height we have to assume the characterist ic 
length to be of the order of the height of the uns tab le layer. 

The results t h a t have been derived with these assumpt ions are given in 
a paper by B O H M - V I T E N S E (1958). 

The convective energy t r anspor t can be neglected down to optical depths 
r = 2. The extension of the convection zone in t he sun is 60 000 k m ; it is 
larger for lower effective t empera tu res (90000 k m for TM = 5 000°) a n d smaller 
for higher effective t empera tu res (4 000 k m for 7 000°). F o r even higher tem­
pera tures the height of the convective layer comes out to be smaller t h a n the 
scale height . F o r these s tars convection mus t s top r a the r ab rup t ly because 
we h a v e to assume t h e most uns tab le bubbles to b e smaller t h a n the scale 
height . Smaller bubbles will have a much greater energy exchange, so the 
energy t ranspor t is reduced. This makes t he convection zone still narrower. 
(The gradient V becomes steeper, so higher tempera tures are a l ready reached 
for relat ively low pressures, and the hydrogen is a l ready ionized in higher 
layers.) The size of the bubbles has to be reduced again, a n d so on. W e obtain 
a ve ry narrow uns table zone in radia t ive equil ibrium. The velocities t h a t can 
be expected are of the order of 1 cm/s. Fo r main sequence stars this occurs 
for T9IT > 8 000°. For giants a n d supergiants i t occurs for much lower tem­
pera tures (4400° for very br ight supergiants) . 

The calculated velocities are of the same order of magni tude as the ob­
served ones (perhaps, somewhat lower). F o r t he sun one calculates, for 
example , close to the upper bounda ry of the convection zone # = 1.7 km/s . 
(A factor \ was in t roduced in w in order to t ake in to account t he tu rbulen t 
friction. Probably this should no t be done in a mixing length theory.) 

The calculated velocities show the same t rend as the observed ones, be­
coming larger with higher TEU and lower surface gravi ty , b u t suddenly de­
creasing when convective energy t ranspor t becomes negligible. This last result 
does no t agree with observat ions. F o r hot stars we mus t therefore look for 

which t ranspor t the ma in a m o u n t of energy. There do exist a number of 
ins tabi l i ty investigations. 

The distr ibution of instabi l i ty (V — V n d) is generally given b y the above 
graph. 

T 

ano ther mechanism which can give high tu rbu len t 
velocities. Perhaps we should come back to this 
point in t he discussion. 

Fig. 3. 

The assumption l = H was first in t roduced into 
theory of stellar convection zones by Biermann. 
Dur ing t h e last several years i t has been subject to 
much criticism. W h a t other length could be intro­
duced as the characterist ic length? I n a n y case we 
should t ake the size of the most uns table bubbles 
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The layer, which is really very unstable , extends only a few hundred km, 
usual ly the same order of magni tude as t h e scale height . (This result does 
no t depend sensitively on the assumption about mixing length.) 

B O H M ( 1 9 5 8 ) calculated t h e size of t h e mos t uns tab le wave numbers 
in the Bayleigh w a y for convection zones consisting of two layers with very 
different degrees of instabi l i ty . I n the very uns table zone the most uns table 
wave numbers are those which correspond to the height of t he zone with high 
instabil i ty, regardless of t he extension of the less uns tab le zone. (Density 
variat ions were neglected.) If th is length ought to be t aken as the character­
istic length i t would again be equal to the scale height wi thin a factor of 
2 or 3. 

S K U M A N I C H ( 1 9 5 5 ) m a d e investigations of t he ins tabi l i ty for an a tmosphere 
of decreasing densi ty b u t unique degree of instabi l i ty . His result was an in­
creasing instabi l i ty for smaller wave numbers , b u t B O H M a n d E I C H T E R ( 1 9 5 9 ) 

repeated the same calculations t ak ing into account t h e radia t ive energy ex­
change which will of course reduce t he instabi l i ty of small wave numbers . 
They found t h a t for conditions in the sun one should expect t he largest insta­
bility for wave lengths > 300 km/s (perhaps larger b y a factor of 2). 

So all the various heights t h a t migh t be suggested b y these investigations 
lead to t he same order of magn i tude for I as was assumed a t least for t he high 
layers (*). 

The observations show a size of granules of 700 km, probably corresponding 
t o the most uns table wave number in the upper pa r t of t he convection zone. 
On the other hand , 7 0 0 k m = § H for the dep th from which those bubbles 
should rise, which we see on the surface. 

So for the high layers our numerical results , concerning the stratification 
in the convective zone, m a y be expected t o be r ight wi th in a factor of 2 or 3 
(with regard to 7tFcony) if we assume l = H. Fo r the deeper layers this as­
sumption m a y no t always be r ight because H increases wi th increasing T and 
possibly I should be fixed and connected with the extension of the unstable 
layer. B u t in deep convective layers we shall always find V ^ V a d regardless 
of the assumptions abou t I. 

There has been criticism against using this k ind of mixing length theory 
a t all. Of course i t can only be regarded as a first order approximat ion. W h a t 

O The order of magnitude agreement between the size of the most unstable zone 
and the size of the most unstable wave number is due to the fact that V becomes 
about equal to Vad> meaning that instability becomes small when radiative energy 
exchange over a distance I is negligible. The most unstable wave length also corre­
sponds to the smallest extension for which radiative energy exchange is negligible. 
Since U—RT/jug is always of the same order of magnitude as the geometrical depths 
to the point in question, all the possible characteristic scale heights appear to be nec­
essarily of the same order of magnitude. 

co 
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ought to be done is to solve the exact hydrodynamic equat ions for a s ta t ionary 
s ta te , e.g., with a first approx imat ion convection zone (as, for ins tance, the 
ones described above) ; then one has to calculate the energy t ranspor t and 
7tFr&A. Hav ing this, one could calculate a be t te r stratification for the con­
vection zone, solve again t he hydros ta t ic equations, and so on. To m y knowl­
edge, nobody has as yet succeeded in doing so, b u t we shall probably hear 
from M A L K U S about investigations t h a t may be used for a s tep in this di­
rection. The basic difference of the stellar case in comparison with laboratory 
exper iments seem to be t h a t we do not know the lower boundary conditions 
for t he convection zone. These themselves depend on the solution for 7iFconv. 

There has also been criticism against regarding the observed granulat ion 
as rising and falling gas. I n 1 9 5 3 and 1 9 5 4 , S C H A T Z M A N and T H O M A S proposed 
the granules to be the appearance of acoustic waves (see also W H I T N E Y , 1 9 5 8 ) . 

According to the investigations of L I G H T H I L L ( 1 9 5 5 ) , there will be generated 
acoustic waves in a tu rbu len t velocity field. P a r t of these will certainly t ravel 
upwards and will be amplified due to the rapidly decreasing densi ty in high 
photospheric and chromospheric layers ( S C H I R M E R , 1 9 5 0 ) . P robab ly they 
will finally become shock-waves, which as far as we know are the main agency 
for the rising tempera ture in the chromosphere and corona ( S C H W A R Z S C H I L D , 

1 9 4 8 ; B I E R M A N N , 1 9 4 8 ) . However I do not th ink t h a t these acoustic waves 
have any impor tan t influence on the appearance of the granulat ion. I do not 
see any reason against assuming t h e granules t o be rising and falling m a t t e r 
even in the convectively stable radia t ive zone, because they can easily over­
shoot. This means the rising gas will reach the upper boundary of the con­
vect ive layer with a surplus t empera tu re , and therefore will still be accelerated 
into the radiat ive zone. Theoretical investigations ( U N N O , 1 9 5 7 ; B O I I M and 
R I C H T E R , 1 9 6 0 ) show t h a t we have to expect a circulation in the radiat ive zone 
with nearly the same absolute velocities as in the upper pa r t of the convection 
zone, exact ly in the way t h a t is observed by A L L E N , W A D D E L L , and SL^EMOTO. 
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