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Abstract

In this article we investigate the minimal entropy martingale measure for continuous-time
Markov chains. The conditions for absence of arbitrage and existence of the minimal
entropy martingale measure are discussed. Under this measure, expressions for the
transition intensities are obtained. Differential equations for the arbitrage-free price
are derived.
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1. Introduction

The main contribution of this paper is the calculation of the minimal entropy martingale
measure for continuous-time Markov chains as explicitly as possible in terms of the transition
intensities.

Many different types of model have been proposed to describe financial asset prices. In
particular, the dynamics of stock prices have been modelled as exponential Lévy processes,
such as in [4] and [15], while another popular model class consists of diffusions with stochastic
volatility; see, e.g. [10]. More complex models for the price process comprise the general
Barndorff-Nielsen and Shephard model where both the price and volatility processes contain
jump terms which are allowed to correlate with one another; see [20]. On another spectrum,
the modelling of asset returns by means of pure jump processes have been studied by [1], [3],
and [17], to mention a few.

In this study we employ the continuous-time Markov chain model proposed in [17] while
making the minor modification of relaxing the assumption of constant ‘drift’ and ‘volatility’
parameters by allowing for time dependency. Markov chains are relatively easy to implement
numerically while giving a reasonable fit to empirically observed asset prices; see [17] and [18].

Such models typically generate incomplete markets, which means that there exist infinitely
many martingale measures which are equivalent to the physical measure describing the
trajectories of the underlying price process. Each equivalent martingale measure corresponds to
a set of derivative prices attuned with the no-arbitrage constraint. Many different techniques to
the problem of identifying an appropriate equivalent martingale measure for derivative pricing
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have been proposed in the literature, but there is not yet an ultimate and definitive way of
selecting any one of them.

One methodology to find an adequate equivalent martingale measure consists in employing
a dual approach to associate it with a utility function describing the investors’ preferences. It
is well known that maximizing expected utility admits a dual formulation in the sense that
finding an equivalent martingale measure corresponds to minimizing some sort of distance to
the physical probability measure. For investors having an exponential utility function, the dual
problem is the minimization of relative entropy [5].

The minimal entropy martingale measure for Lévy processes is well studied. Hubalek and
Sgarra [9] give an excellent review. The minimal entropy martingale measure for Barndorft-
Nielsen and Shephard models have also been investigated in [2] and [20]. More recently, Lee
and Rheinldnder [13] discussed the entropic measure for a defaultable asset driven by both
a Brownian motion and the counting process martingale associated to the one-jump process.
However, the minimal entropy martingale measure for continuous-time Markov chains has not
been studied so far. Miyahara [16] examined the minimal entropy martingale measure for a
birth-and-death process by means of the Hamilton—Jacobi—Bellman equation. In this paper
we extend to the case where the asset price process is modelled by a semimartingale with the
dynamics of the risky asset following a continuous-time Markov chain.

Our method of computing the minimal entropy martingale measure for continuous-time
Markov chains follows the approaches and procedures outlined in [5] and [8].

In Section 2 we summarize the basic definitions and main results concerning continuous-
time Markov chains. In Section 3 we present our asset model as well as the basic properties of
relative entropy. In Sections 4 and 5 we explain our martingale approach setup to finding the
minimal entropy martingale measure. We then fix an asset price process for which we further
our analysis to finding a candidate for the minimal entropy martingale measure by means of the
work in earlier sections. The conditions for absence of arbitrage and existence of solutions are
discussed. In Sections 6 and 7 we present our main idea. In Section 9 we discuss the pricing
of derivatives under the minimal entropy martingale measure. This section follows the spirit
of [17] and our aim is to derive the integrodifferential equations when the derivative prices are
evaluated under the minimal entropy martingale measure.

2. Continuous-time Markov chains

The mathematical framework is given by a filtered probability space (2, ¥, F, P) and a
finite time horizon T < oo. We assume that ¥y is trivial and that ¥ = ¥ 7. Let {C;}o</<T be
a continuous-time (I, P)-Markov chain in the finite state space Y = {1, ..., m}. Furthermore,
let F be the completion of the filtration FC = (};C)Osth =0(Cs;0<s<1),0<t<T,
generated by this Markov chain such that (2, ¥, IF, P) becomes a complete filtered probability
space. The paths of C are taken to be right continuous and Cjy is taken to be deterministic.
Assume further that C is time homogeneous so that we have

P(Crys=j | Cs=1i)=p;j(t) foralli,je¥Y, s,te RY, 0<s<r<T.
The following limit exists for i, j € Y (see Theorem 8.1.2 of [23]):
= lim pij (1) — Pij(o).
N0 t

We note that, for every i # j, we have uij > (0 and ,uii =— ZTZI i /Lij. Hence, Mij
represents the intensity of transition from state i to state j and is a constant. The matrix
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A = [u"]; jeq1,...m) is called the infinitesimal generator matrix for a Markov chain. It is
also commonly known as the intensity matrix. We say that a state i € Y is absorbing for a
time-homogeneous (F, P)-Markov chain C;, where ¢ € RT, if the following holds:

P(C,=i|Cy=i)=1 foralls,t eRY, s <t <T.

It is clear that if a state i € Y is absorbing then we have u'/ = 0 forevery j = 1,...,m. We
assume throughout that there are no absorbing states. Furthermore, we assume that there are
at least three distinct states, i.e. m > 3, so the market under consideration is incomplete. We
introduce, fori # jandalls,t e R*, t < T,

H' =1(C, =i},
H =tls:0<s<nC_=i.C=j}= Y UHCu =i}1{Cs = j}.

O<s<t

Thus, H,i is the indicator of the event that C is in state { at time . On the other hand, H,ij is
the number of jumps from i to j during (0, t]. We state some results from [12] and [22].

Lemma 1. Foreveryi, j € Y, i # j, the processes
.. .. t .. .
U/ =H/ —f w H) du
0
are (P, F)-martingales.

Proof. See Theorem 7.5.5 of [12].

Theorem 1. Any arbitrary (P, F)-local martingale M can be written as
1 -
M, =/ DY el jHduy,
0 j
where g is locally bounded and predictable for all i, j € Y and g(i,i) = 0 foralli € Y,

0<tr<T.
Proof. See Lemma 21.13 and Theorem 21.15 of [22].

3. Asset model and general results

Our choice of asset price process X under PP is inspired by the asset price process introduced
in [17], i.e.
dx; i gy ij i
X_FZXi:ntH, dt+2i:;9, du,’, (D

where ni and G,ij > —1 are deterministic and bounded functions for a fixed i € Y. It follows
that X has the decomposition X = Xy + M + A, where M is a local martingale null at zero
and A is a process with finite variation. By Theorem 1, we may write M as

- [
i

where the M@/, i, j € Y, i # j, are bounded F-predictable with ¥/ =0 fori =1,...,m.
Moreover, we assume that the asset price process X satisfies the structure condition (see
Definition 2.39 of [21]): there exists a predictable process A satisfying A = (A d(M, M),
with K7 := fOT A2d(M, M)s < oo, P-almost surely (P-a.s.).

https://doi.org/10.1239/jap/1371648945 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1371648945

Entropy for chains 347

Definition 1. Let 'V be the linear subspace of L°°(2, ,P) spanned by the elementary
stochastic integrals of the form f = h(Xp, — X7), where 0 < T < T < T,
are stopping times such that the stopped process X2 is bounded and 4 is a bounded
Fr,-measurable random variable. A martingale measure is a probability measure Q <« P with
Ep[(dQ/dP) f1=0forall f € V.

The sets of absolutely continuous martingale measures and equivalent martingale measures
for X with respect to [F are defined as

M= {Q <P | Xisalocal (Q, F)-martingale},
M® :={Q ~ P | X isalocal (Q, F)-martingale}.

Note that, as X is locally bounded, a probability measure QQ absolutely continuous to PP is in M
if and only if X is a local Q-martingale.

Definition 2. The relative entropy H(Q, P) of a probability measure Q with respect to a
probability measure P is given as

dQ dQq .
H(Q.P) EP[@ log @] ifQ«P,

+00 otherwise.

It is well known that H(Q,P) > 0, H(Q,P) =0 if and only if Q = P, and Q — H(Q, P) is
strictly convex.

Definition 3. The minimal entropy martingale measure QF is the solution of
H(QF,P) = min H(Q, P).
QeM
Theorems 1 and 2 and Remark 1 of [7] as well as the fact that 'V C L°°(IP) yield the following
result from [7].

Theorem 2. If there exists Q e M® such that H(Q,P) < oo, then the minimal entropy
martingale measure exists, is unique, and, moreover, equivalent to P.

We now state a theorem from [8] which provides a criterion for a martingale measure to
coincide with the minimal entropy martingale measure.

Theorem 3. Assume that there exists a Q e M€ with H(Q, P) < oco. Then Q is the minimal
entropy martingale measure if and only if there exists a constant c® and an X-integrable

predictable process q’)E s
dQ !
5= exp(cE +/O of dX;), 2)

such that X:] =0fora € with finite relative entropy.
h that Bgl i} ¢F dX,]1 = 0 for all Q e ME with fi I

Our strategy would then be to pursue finding some potential candidate measure Q which
can be represented as in (2). We would then verify that this potential measure Q is indeed

the entropy minimizer. To carry out this last step, we appeal to the verification procedures of
Theorem 2.1.5 of [8].
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3.1. Verification procedures

Let us now describe the procedures in full, consisting of four steps, for verifying that a given
probability measure is indeed the minimal entropy martingale measure QF .

Step 1: Q is an equivalent probability measure. To demonstrate this, we have to show that
exp{c? + [ ¢F dX,} is integrable with

T
Ep[exp{cE +/ ¢tE dX,” =1.
0

Step 2: Q is a martingale measure, i.e. X is a local Q-martingale.

Step 3: The probability measure Q has finite relative entropy with respect to P, i.e.

- d_ d— d_
ran-n[Su]-xf]

Step 4: [ ¢F dX is a true Q-martingale for all Q e.M® with H(Q, P) < oo.

If all of these conditions are satisfied then Q is the minimal entropy martingale measure QF .

4. Equivalent martingale measures for continuous-time Markov chains

A probability measure Q < PP on the filtered probability space (2, ¥, IF, P) is a martingale
measure for X if X is a local Q-martingale. From Theorem 2.42 of [21], we state a result which
ensures that Q is a martingale measure.

Corollary 1. (Equivalent martingale measure.) Let Q be a probability measure whose density
process Z := dQ/dP is given by the Doléans Dade exponential process

Z:S(—/AdM—i—L>,

where L and [M, L] are locally bounded local P-martingales. Then the probability measure
Q is a martingale measure.

Since L is a local martingale we may write
L= [ X% e,
i

owing to Theorem 1. Furthermore, we have the following result from [24].

Proposition 1. LetQ eM®. Let1 — AMGY +L G > 0. Then the density process Z := dQ/dP
is given by the Doléans-Dade exponential process

Z:S(—/AdM+L),

where L and [M, L] are local P-martingales.

‘We now state some initial results.
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Proposition 2. Let Q e M®. Then Zr = &(— [ A dM + L)t is given explicitly as

2| [ SR 0XE o u)

<T1IT TT @+ 217 +- &) an?). 3)
i j O<t<T
i#)
Proof. Apply Itd’s formula to log Z:
IZ/Tle I/IZZ-FZl 1AZ
0 = —_— — = -—
8ot o Zi— ' 2Jo gZz— '

0<t<T

:fo ZZ(AW? Lol Hy di
+ Z {10g<1+22( A, go, + (le)AH”>}

0<t<T

Also, Z; = §(N); and, thus, dZ; = Z;_dN;, so AZ; = Z;_AN;. Also, note that Z; /Z;_ =
1 + AN;. Taking the exponential of both sides yields

T L
ZT=exp{ / ZZ(W’@;’ a:fm’fH;dr}
0 N .
< I (1+ zz< A 4 a:’fmzf:'f)

0<t<T

=exp{ fo ZZ(M”@?’ Gt H dt}
i

<[TIT T1 @+ 2" +-ahan?),
i j O<t<T
i#]
where the last line follows from the fact that, for a fixed 7, and every i # jand k # [, (i, j) #
(k, 1), the processes Ht” and Htkl have no common jumps; see [22, Proof of Theorem 22.9].

Our approach now would be to find L via g for i # j such that the corresponding
martingale measure Q has the form of (2) and then perform the verifications as outlined in
Section 3.1.

5. The entropy equation

Theorem 4. The strategy ¢ and the constant cF in (2) satisfy the equation

T
o ) S [ e
0 ) )
i
T
[ R [ S
i J i j
T . . T . . i,
- fo Do ¢FMe dH + /0 DO g =M+ ghdH (4
i j i J
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where, for every i # j, L@, has to be chosen such that

SO MGG W Hi dt =0 forallt [0, T]. 5)
T

Proof. From Proposition 1, we see that [M, L] is a local P-martingale. Observe that
! L
.20 = [ Y S MG an.
0T
We further know from [6, Section VII.39] that the predictable bracket process
t
Ll i
(M,L); = / Z Z Mw;j o] ut H; ds
0 X X
i

exists, since M and L are locally bounded. However, (M, L) = 0 because [M, L] is a local
martingale. We therefore get (5). Recall that

dx; :ZZMW du,’ —i—ZZA M) u Hy dr.
j
By (2) and (3) we have

T

log Zr :cE+/ oF dx,
0
T .

=CE+/ ZZ¢fMa;]dUlj+f ZZ)"I¢1 (M ])2 leldt

0 i ]

and

T
1ogZT=/0 ZZ(A,M@” L Gy il HY dt
/ ZZIog(l— Mo+ gy,

respectively. Equating the above equations while using the fact that U = H/ — Jo W H!ds
and simplifying the terms results in (4).
6. Finding a candidate for entropy minimization
Given our price process in (1), we see that, for every i € Y and i # J,
> mH}
Xt— Z Z .(911)2 ini

— )\.;th = ZH (W) ZH )\.t(l ])

i

Maél = Q;JXt_ and )\.t =
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where .
i
i i P
Y62l
Here the equations are meant to be in the sense of indistinguishability of the respective processes.

Note that 3=, >~ (6214l H! < 00 due to the boundedness of 67/ and the fact that C has a
finite state space. Also, note from above that 8/ = 0. Equation (4) then reduces to

/ ZZM, X2 (O7)ul H dt+/ ZZ@ Xib) i H dr
S [ 5 S
i P

T . . .
+/ S fog(t — a6 X— +E G7) — 0 Xi_pF Y
0 i

A, j) =

Define C;, := Cp([0, T] x {1, ..., m}), the space of continuous and bounded functions of
w: [0, T] x{l,...,m} - R,u; :==u(t,"): Y - R, and Au; := u(t,C;) — u(t,Ci—). We
proceed with the ansatz that there exists a sufficiently smooth function # € Cp such that, upon
transition from i to j at time ¢,

log(1 — A0 X +537) — 07 X, —¢F = u(t. j) — u(t.i).
With this ansatz, observe that we can write

> ZZ{Iog(l—w”xtﬁ L) -6 Xi-gfyaH,

0<t<T i

Z {u(t, Cr) = u(t, ;).

0<t<T

Furthermore, we set
u(T,)y=0 on¥Y. (6)

We postulate that qthXt_ takes the form ) H[iqgt @i, j) = qb,EX,_, so that (4) can be recast as
T T L
& +u(0, Co) = — /0 qu,(i, JymyH} dr + /0 DY i, 6 W H di
, T
T ;s .. .
/ ZZ“‘J i H] dt—}-/ SO ki o W H de
o T
- Hi— t,i)dr. 7
/O > e @

Observe that, for the right-hand side of (7) to be constant, a possible solution might be to require
that

3 P
o740+ G g = Y a8 + b6 =G =0,
J

https://doi.org/10.1239/jap/1371648945 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1371648945

352 Y. LEE AND T. RHEINLANDER

together with (6) and the fact that
cf = —u(0, Cy).
We further introduce
g (e ug) = g, onl = Y i DO + i O — 5
J

and arrive at a system of coupled ordinary differential equations for u of the form
%u(l, i)+g'(tu)=0,  u(T,i)=0 foreveryie Y. (8)
We further find using our ansatz that, for i # j,
LG = explu(. j) — uC. i) + G, HOT} + i@, )oY — 1.
Replacing L&)’,ij in (5) culminates in the following condition for é:
X, Y H {ni + 320 (explu(t, j) —u(t.i) + ¢y (i, )6} — D'l } dt =0
i J
for all r € [0, T]. We see that the above is true if the following holds:

0+ 30U expluC, j) —ui) + (i, HOUY — Dulf =0 foreveryi € Y. (9
J

We shall call (9) the (@-martingale equation. Hence, any strategy ¢~ that fulfills the
Q-martingale equation is a potential candidate for the minimal entropy martingale measure.
6.1. Existence of solutions

Let us discuss the existence of ¢A> in (9). We present the following result.

Iiemma 2. ALet u € Cp. Then there is a bounded function qB: [0, T] x Y x y — R with
¢: (i, j) := ¢(t, i, j) which solves the martingale equation (9). Note also that 6'* = 0.

Proof. Let
fi(¢) = nf forafixedi € Y,
F@) == 0] (explutt, j) — u(t, i) + ¢6;) = Du'l.
J
Note that f3(¢) = —X_;(0;)X(explut, j) — u(t,i) + ¢6,} — Dpil < 0, that is, f» is

decreasing in ¢. For any ¢ € [0, T'], we consider the following three cases.

Case I: all 6; > 0 for every i € Y. Note that f>(0) = — Y_; 6, (-~ — 1),
which can be either less than O or greater than 0, f>(c0) = —oo, and fo(—00) =
+2; 6 u' > 0.

Case 2: at least one 9;j fori € Y, i # j, is greater than O with the others satisfying —1 <

Qtij < 0. Note that f,(0) = — Zj O;j (en(t-D—ui) _ 1),/ which can be either less
than O or greater than 0, f>(00) = —o0, and f>(—00) = +00.

https://doi.org/10.1239/jap/1371648945 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1371648945

Entropy for chains 353

Case 3: —1 < 9“ < 0 for every i € Y. Note that f>(0) = —Z 9”(6“0 Dmutd) oy i
which can be either less than O or greater than 0, f>(o0) = + Z 9” w < 0, and
fa(=00) =

Hence, we see that, for any ¢ € [0, T], there exists ¢ =: in),” € R such that fi (d3) = f2(¢3) for
all three cases if

nele.dl. (10)

=36 < <@ <+ 16 Il
J J

where

In other words, existence is guaranteed if we choose nt to be bounded away from — Z |0” |t
and + Z |6, o |u'/ for any t € [0, T]. Furthermore, if (10) is respected, it is clear that the
function qb,(z j) is bounded. Also, from (9) we see that qbt @i, j) depends oni and j, and, for a
fixed i, (;5[ (i, j) will remain the same for every j. We now define b (i, j) as the unique function
that solves the Q-martingale equation (9).

The proof of the next proposition follows very similar lines as in the proofs of Lemma 3.5
and Theorem 3.8 of [20] or as in the appendix of [13], and so we omit it.

Proposition 3. There exists a unique solution i € Cp, which solves (8).

7. Entropy minimizer for chains

Prior to stating the main theorem, we have the following result.

Proposition 4. Let a'/, i, j € Y, i # j, be a family of real-valued, bounded F-predictable

processes such that @ > —1 witha@! =a™ =0fori =1, ..., m. Then
t .. ..
Ep[exp{/ ZZlog(l +E§J)dH;]}i| < exp{ sup ||asj||L°°fZZM }
0 ; ; s<t,i,jeY
< 00.

Proof. Let M' = [}, >, @/ dU". Then M’ is a local martingale. Let us now consider
the stochastic differential equation

dz/ = Zz/_dM/,  Zj=1.

Its solution is given by
t .. ..
Z —exp{ /ZZN’J ’JH;ds}exp{/O ZZlog(1+a’;f)dH;f}. (11)
i

Note that Z’ is an adapted process which is left continuous with right limits, so Z’_ is locally
bounded (see [19, p. 166]). Since Z’_ is locally bounded, Z’ is a local martingale since it is, by
(11), the stochastic integral with respect to M” which is a local martingale (see Theorem 29 of
[19, Chapter IV]). Observe that Z’ is nonnegative, and by Fatou’s lemma we can conclude that
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7' is a supermartingale. Hence,
1 = Ep[Z{]
> Ep[Z;]

! o ! . .
=Ep[exp{—/0 ZZE;’M”H;dH/O ZZlog(Haéf)dH:f”
i i
= oo ( e D3|

i

s<t.i,jey
t y y
X Ep[exp{/ Z Zlog(l +ay)dH{’ ”
0o T

Rearranging yields the result.
We now state the main theorem.

Theorem 5. (QF for chains.) Let n} € (¢, ¢1. Then the process Z = (Z,) defined by

! . .
2, = 8( [ Y Y lexp(Ady + s, )6} — 1 dUé’)
0 |

is the density process of the entropy minimizing martingale measure.

Proof. Let us now carry out the verifications as outlined in Section 3.1.
Step 1: Q is an equivalent probability measure. We will use the criterion of Theorem IIIL.1.
of [14]. Let the local martingale N be defined as

N :=—/de+L=/ZZ(L€ﬁ"-/ — WMy qui
i
with

t .. ..
N, = / S (explAdy + (i, j)0F ) — 1) dUY;
0 i |

since ¢ and 6 are bounded, N is locally bounded. Also, observe that
AN; = Z Z(exp{Aﬁt + (]St(i, ])9;1} _ I)AHij,
i

so that AN > —1 since e* > 0 for all x. We now seek to find the P-compensator of U which
we shall denote by B. Note that

t . . . . o .
U = f DD (@i 65 explaisy + s (i, )65} — exp{Ads + (i, HOF} + 1) dH .
0 i

To show that U admits a predictable compensator, note that

t . N . N . L
/0 SN 1@ 6 expli + ¢y (i, )6} —exp{Ads + ¢y (i, B} DI H ds < oo,
i

due to the boundedness of 6%/, qAb(i , j), and &. From Theorem II.1.28 of [11], this implies the
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integrability of
b5 (i, )OY explAily + s (i, )0} — exp{Adiy + bsi, POV +1 =2 £

with respect to U/ and

t .. L. t .. .. t A .

[y sawd = [ S wan? - [ S5 il as.

O i O i O i

Hence, the P-compensator A of U is given by
' o
A= /O SN £ i ds,
i

It is easily seen that Ep[exp{Ar}] < oo due to the boundedness of the functions A, qg, and 0
and the fact that there are a finite number of states for the chain.

Step 2: Q is a martingale measure. Note that M3 is bounded. Also, L and [M, L] are
locally bounded. Hence, due to Corollary 1, (@ is a martingale measure.

Step 3: H(Q, P) < oco. Recall that the density Z = dQ/dP may be expressed as

dQ TS HiGG, ]
ZT:Q:eXP CE+ de’t .
d]P) 0 th

Let us evaluate

T L T . L
EQ[/O Zz(igt(l)@l/ dU;J:| :EQ[/O Z¢t(i)<_n;+zezljﬂl]>l"l; dti|
i - -
T .. . .
> T
i
T ~ . .
=g [ S ar).

where (12) is obtained by substituting the Q-martingale condition of (9). Finally, we obtain
H(@Q,P) =Eglc"] < oc.
Step4: [ ¢F dS is a true Q-martingale for all Q e M® with H(Q, P) < oo. We require that
Ep[exp{B fOT wz d[S, S1;}] < oo for some B > 0. We have ¢, = Zi ngS,(i, J)/ X:—, so that

Y2 =Y Hid2. j)/X?_. We also have, for i # j, d[S. 8], = X2 Y, 3 ;(6;)* dH,”. We
now have

T
Ep[exp{ﬁ/ W2d[s, S]t”
0

T
N2 g i A
5EP[8XP{ /0 2267 aH] ”1{ﬁ:z<sup,e[o.n,iey2||¢3<i,j>||m>1>0}
1

J

02 ;s
sexp{ sup ||e<9f>||ooTZZM”}
te[0,T],i,jeYy i j

< 00,

due to the boundedness of 6/ and u'/ and by setting @ := e®")” — 1 in Proposition 4.
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8. Comments on the QF -Markov chain

8.1. Connection to the general results of Girsanov’s theorem for Markov chains

Now that the minimal entropy martingale measure for continuous-time Markov chains has
been found, we would like to see how it can be connected to the general result of measure
change for chains. The following result is from [22].

Theorem 6. Let the probability measure P be defined by

with Radon—Nikodym density
T . .
pr =1 +/0 YN e duy,
i
where @ is locally bounded and predictable for all i, j € Y and ¢(i, i) = 0. Then the following

statements hold.

(1) The process C is an F-Markov chain under P.

B =)= A+ ul forallt €10, T).
Proof. See Theorem 22.4 (Girsanov’s formula for chains) of [22].

E
From Theorem 5, the transition rates under the minimal entropy martingale measure MQ

ij
take the form

MSE(r) = exp{d: (i, O +ii(t, j) — ait, i)} forallt € [0, T].

9. Pricing under the minimal entropy martingale measure, QF

In this section we investigate the pricing of derivatives when the market follows a continuous-
time Markov chain under the minimal entropy martingale measure. To illustrate how we can
utilize the minimal entropy martingale measure for pricing issues, we follow the steps outlined
in Section 3.A of [17]. In this section let the stock price process X and the money market
account B be given by

l . .. .. . t .. .
X, = Xoexp{/ Z(n’ - Z@”u”)Hs’ ds +/ ZZlog(G” +1) dH;]},
0 i I 0 i I
t . .
B; =exp{/ ZHS’rl ds},
0 =
L

where 1’ and #”/ > —1 are constants for a fixed i € Y, and the ' are constants that denote
the statewise interest rates fori = 1, ..., m. Fort € [0, T], let V; denote the QE -risk neutral
price of a claim paying G at time T, where G is of the form G = g7 (X7) = > Hpg' (X7).

Hence,
T . .
VtzEQE[eXp{—/ ZH;rlds}G’sf,]. (13)
1 .
l
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We have
T . .. .. . T . ..
Xr =X, exp{f Z(n' - ZG”M”)HS’ ds +f ) loge + 1)dH;f}. (14)
t i j t i ]
Due to (14), we can rewrite (13) as
T . .
V, =Ege [exp{—/ ZH;r’ ds}gCT(X,XT_,) ‘ };} (15)
t .
1

Note that the relevant state variables involved in the conditional value (13) are (¢, X;, C;). This
is due to (14) and the Markov property which states that, given the present value C;, the future
and the past are independent. Hence, we can rewrite (15) as

T
Vi=_ HiEqs [exp{—/ > Hr ds}gCT (X, X7_)) ’ =i X, = x].
i roy
Define the statewise prices w' as
w'(t, x) = Eqe [exp{—/ ZH;r’ ds}gCT(X,XT_,) ‘ Ci=1i, X, = x].
t .
1

Finally, we see that the price at time ¢ of the claim can be written as

V=Y Hlw(t X,).
i

The discounted price process V, = (exp{— fé > Hir' ds}Vy)iepor) is @ QF -martingale. We
assume that the functions w' (¢, x) are continuously differentiable so that 1t6’s formula can be
applied. By the martingale property, the df terms must vanish, giving us the partial differential
equations

o 9 . 9 . . .
i o 9 i i LYy
0= ,»w(t,x)+atw(t,x)+axw(t,x)x(ﬁ ;9 w )
, y . E
+ 3w x4+ 67)) — wl ()
j

with boundary conditions
we, T)y=¢'), i=1..,m.

9.1. On the applicability of It6’s lemma

As indicated by Norberg [17], the assumption that the functions w'(t, x) are continuously
differentiable does not typically hold true and the functions may even be discontinuous. This
particular problem was then investigated by the same author and led to [18], in which he explored
those points on the functions that are nonsmooth and constructed a numerical method with a
controlled global error to solve the differential equations. In this paper we do not embark on
this journey.

https://doi.org/10.1239/jap/1371648945 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1371648945

358

Y. LEE AND T. RHEINLANDER

10. Conclusion

We derived the minimal entropy martingale measure for continuous-time Markov chains
where conditions for absence of arbitrage are spelled out. Nonarbitrage valuation of derivatives
was discussed, where we demonstrated how the transition intensities under the minimal entropy
martingale measure would appear within the integrodifferential equations for the arbitrage free
price. An extension towards allowing absorbing states in the concrete market model could be
a topic of further research.
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