EXTENSIONS OF I-BISIMPLE SEMIGROUPS

R. J. WARNE

A bisimple semigroup S is called [-bisimple if Eg, the set of idempotents of
S, with its natural order is order-isomorphic to I, the set of integers, under
the reverse of the usual order. In (9), the author completely determined the
structure of I-bisimple semigroups mod groups; in this paper, he also gave an
isomorphism theorem, a homomorphism theorem, an explicit determination of
the maximal group homomorphic image, and a complete determination of the
congruences for these semigroups.

Clifford gave a general means of finding all possible extensions of a (weakly
reductive) semigroup S by a semigroup 7" with zero (2). As with the Schreier
theory of group extensions, these means are of a theoretical nature and to
carry them out for particular classes of semigroups is usually difficult (2). This
has been done for only three cases: (1) S is completely simple, 71" arbitrary;
(2) Sis a group and 7" completely O-simple; (3) S is a Brandt semigroup and
T arbitrary. The first is due to Clifford (1), the second to Munn (2, §4.5),
and the third to Warne (7). In (5), Warne determined when the extensions
of a completely 0-simple semigroup by a completely 0-simple semigroup are
given by partial homomorphisms.

In this paper, we give an explicit determination of the extensions of an
I-bisimple semigroup S by a completely 0-simple (Brandt) semigroup. We
determine the multiplication of the translational hull S of S. All extensions of
S by a semigroup 7" can then be described if one knows the structure of 7°
and the partial homomorphisms of 7°\0 into S such that AB = 0 in 7" implies
that 4086 € S (2). (The construction of S is needed as .S has no identity.)

Let S and 7 be disjoint semigroups, 7" having a zero element 0. A semigroup
V will be called an (ideal) extension of S by 7" if it contains .S as an ideal, and
if the Rees factor semigroup V/S (2) is isomorphic with 7.

Multiplication in .S and 7" will be denoted by juxtaposition. 7* will denote
the set of non-zero elements of 7"

If V is an extension of a semigroup .S by a semigroup 7" (with zero), then
we say that T is determined by a partial homomorphism if there exists a
partial homomorphism 7: 7% — S such that forall 4, B € T*,¢,d € S,

_ JAB if AB # 0 (in T),
Aob = {ATBT if AB = 0 (in 7).
Aoc= (Ar)c;co0Ad = c(A7); cod = cd where o denotes the operation in
V. (7 always gives an extension of S by 7" (2, p. 138, Theorem 4.19)).
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For all concepts and notation not defined in this paper the reader is referred
to (2).

THEOREM A (8). S is an I-bisimple semigroup if and only if S=GxIx I,
where G is a group, I is the group of integers, under the multiplication

(gr ", m) (h’ o2 g) = (gap—rham—r, n -+ p—nrm + q— p)y r = min(m, P)
or under the multiplication

(g, n,m)(h, p,q) = (ga* " Pha~"m + p,s), s =max(m+ p,q),

where a 1s an endomorphism of G and a° is the identity transformation.

S = (G, 8) will denote an I-bisimple semigroup with structure group G and
structure endomorphism §.

LemMma 1. 4 semagroup S is left reductive and right reductive if and only if the
inner right (left) translations p, and Ny of S are linked implies that a = b for all
a,b€S. If S s a right (left) reductive semigroup \,(p.) and the right (left)
translation p(\) are linked if and only 1f p = po (\ = N\,). An I-bisimple sem:-
group 1s right reductive and left reductive.

The first two assertions are easy to prove, so we omit their proofs.
Proof. Let S = (G, §) be an I-bisimple semigroup. If
(g,%,7) (e, 7,7) = (b, R, D) (e 7, 7),

j=1l4+j—min(G, ) and 2 =k +j— 1L If (g,4,7)(e 1) = (hk,1)(e 1),
j+ ¢ —min(j, ) = 1. Thus, (g,2,7) = (h, k1) and S is right reductive.
Similarly, S is left reductive.

Let M (I, G) be the full group of mappings of [ into G (pointwise multipli-
cation).

THEOREM 1. Let S = (G, o) be an I-bisimple semigroup. Let
H= {3 MUG): i+ 1)8 = (#B)a for all 7}.
H is a subgroup of M (I, G). Let p;(z € I) be the inner right translation of (I, +)
determined by 1. W = H X I, under the multiplication
(*) ®B,9) (v, ) = Bopiv, 7+ j),

where © denoles the operation in H and juxtaposition denoles iteration of mappings,
is a group. Let S be the translational hull of S. Then S = WUS under the
multtplication
B,a)o (v,0) = (B,a)(v, b),
(g,2,7) o (h,s,8) = (g4,7)(h, 5, 1)

where juxtaposition denotes multiplication in W and S and

(67 a) o (gr Zv]) = ((z - a’)ﬁg:1 - a!j)r
(g,4,7) o (B,a) = (g(4B), 4,7 + a).
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Proof. Let p be a right translation of S. If (e, 4,1)p = (&, x, y), e being the

identity of G, then (e, 1, 1) (h, x,y) = (k, x,y) and x > 1. Thus
(6, 1;! 7’)p = (/Lﬂy 1 + iply iPZ)

where 8(p1, p2) is a mapping of I into G (I°, I) (I°is the non-negative integers).
Since (e,7+ 1,24+ 1)(e,7,2) = (e,2+ 1,7 + 1),
(6,7 + 1,7+ 1) (@B, 1 + ipy, ip2) = (G + 1)B, G +1) + (2 + 1)p1, (2 + 1)p2).
Thus, if 101 =0, G+ 1)p1 =0, G+ 1)pz =122+ 1, and (& + 1)8 = (18)«,
and, if 4p1 > 1, (£ + 1)p1 = 1p1 — 1, (¢ + 1)ps = 4py, and (¢ + 1)B = i8. Let
us first consider the case 7p; = 0 for all 7 € I. Then, it is easy to see that
ips = 1 + 2z where Op, = z. Hence,

(g, 1,7)p = (¢4,7) (e, 5, J)p) = (¢(4B), 7,7 + 2).
Thus, we may write

(1) (g1, 7)pe.o = (g(j8), 4,7 + 2)
where B is a mapping of I into G such that (: + 1) = (18)a for all 7 € I
and z € I. Conversely it is easy to see that (1) is a right translation of .S.

Next, suppose that there exists # € I such that up; # 0. It is easy to see
that there then exists a unique ¢ € I such that (¢ 4+ 7)p; = —2 if ¢ < 0 and
(t 4+ 4)p1 = 0if 2 > 0. If tpy = 3, it follows that (¢t 4+ 1)p2 = 2 + 7if 7 > 0 and
(t+ 1)p = 2zif 1 < 0. If welet ¢ = gy, we see that (t +1)8 = goa®if 1 >0
and (¢ + )8 = go if ¢ < 0. Since (e, 7,1 + n)(e, 4,7) = (e,4,7 + n) if n > 0,
(e, 4,7+ n)p = [(iB)a" ", 4, n + 1ps — 1p1] if # > ips and

(e,4,7 4+ n)p = (18,1 + ip1 — n, 1p2)
if 7p1 > n where n € I° Since (g,72 4+ n,1+m) = (g,1 + n,1) (e, 2,7 + m),

we obtain

. . - (g(/iﬁ)am—ip;, 1 + ", m + iPZ - ipl) if m > iply
2) (g i+mni+m)= {(gai”‘—m(iﬁ),i + n 4 ipr — m, ips) if ip1 > m
where n, m € I°. We note that if (g, k1) €S, k=i+4+nl=14+m (1€ I,
m € I°) by (3;4) and Theorem A.

If welet7 = ¢+ sin (2), then we obtain, if s > 0,
@) (@tts+nt+s+mp=(glga’),t+s+nm+z+5s)
and if s <0
f(g(goa’"“), t+s+nm+2z+s)

@) (@t+s+nt+s+mp=- fm> —s,
L(ga—s—’” go,t +n —m,32) if —s > m.

Now, letx =¢{+ s+ nand y = { + s + m. Thus, (3) becomes

) (&%, 9)p = (glgoa "), x,2+y—1) fors>0
and (4) becomes

_ '(g(g()ay_t)’xyz—ky_t) 1fm> -,
(6) (gy X, y)P - {(gat«—y gO, t — y + X, Z) lf —s > m
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where s < 0. It is easily seen that (5) and (6) are equivalent to

g, x, sty —t) ity >t
(gy X, y)P - {(gal—l/go, x + (t - y),z) lfy < t.
Hence

(g x,9)p = (ga"="rW:0gy = ?W:D 5 + ¢ — min(y, t),y + z — min(y, 1)),
(g’ X, y) <g01 12 Z)
and p is an inner right translation.

Summarizing, every right translation of S is an inner right translation or is
of the form (1).

In asimilar manner, one shows that every left translation of .S is an inner left
translation or is of the form

i

(7) (gr iyj)k(é,z) = ((15)& 1 + Zyj)
where 6 is a mapping of I into G such that (z + 1)é = (i8)a for 7 € I and
z € 1.

By Lemma 1, p(,,:,5 and Nz, 1 are linked if and only if (g,7,7) = (b, &, 1),
P, 1,5 and N, are not linked, and ps,,) and A\, 4, are not linked. (One sees
easily that N,z (pe,») is not an inner left (right )translation.

Next, suppose that pg,q) and N\, are linked. Thus,

((e’ 0, O)P(B,a))(ev 0, 0) = (Oﬁr 0, a) (e» 0, 0) = (37 0, 0) ((6, 0, 0))‘(6,1;))
= (¢,0,0)(0s, 5, 0).
Hence by a straightforward calculation 8 = —a.
Now,

((3, i) i)p(ﬁ,a)) (ev ) + a, t) = (16y /L.y 1 + a) (6, 1 + a, /L) = (1By ir ’L)
= (6, 7/.’ t)((er 1 + a, i)k(s,—a)) = ((i + a)‘sy i’ 7’)

Hence i8 = (¢ + a)é. By a straightforward calculation, these conditions are
sufficient for linkage.

Thus, since there is one and only one left translation of .S linked with each
right translation of S, it follows that S is isomorphic with the semigroup of
right translations of S.f Hence

S\S = {p(ﬁ,a)t(i + 1)[3 = (1,3)6! forallz € I}
Thus, if p@e,a, be.n 10 S\S, 0G0 P = PGoser.ats and S\S is a semigroup.

H={pcMUIG)/@+1)8 = (i8)a} is a subgroup of M (I, G). We have
just shown that (B,a)¢ = (N_.6,—a) PB,p) defines an isomorphism of
W = H X I under the multiplication (*) onto S\S. It is easy to see that W
under (%) is a group with identity (81, 0) where i3; = ¢, the identity of G, for
all 7 € I and the inverse of (8,a) is (8, —a) where 18’ = ((¢ — a)B8)~! for
allz € I.

tWe thank the referee for this remark.
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By (2, Lemma 1-2) and (7),

B,a) 0 (g,4,7) = Nouti—0) pe.0) (& 1, 7) = (& % F)No_ap—0
= ((1p-a)Bg, 1 — a, 7).
(g,1,7) o (B, a) is determined in a similar manner.
As usual (2), T = M°(H, K, A, P) will denote a completely O-simple semi-
group with structure group A and A X K sandwich matrix P and
MY(H, K, K, A)
will denote a Brandt semigroup (2, Theorem 3.9, p. 102).
THEOREM 2. Let S = (G,8) and T = M°(H; K, A; P). Let I be the group of
integers under addition, and let the following functions be given:
Yv: K— 1, 0: A — 1, a: K — G, B: A — G,
and v be a homomorphism of H into G such that pr; # 0 implies N0 = 1Y and
(A\B) (i) = priy. Then ¢, defined on T* by
(a;1, M = ((1a) (ay) (\B), W, N0),
is a partial homomorphism of T* into S Conversely, every partial homomorphism
of T* into S is obtained in this fashion.
Proof. For the direct part, we have

(a;3, N (b; &, u)p = ((ir) (av) (\B), W, M) ((ker) (by) (uB), by, ub);
If prr # 0, then
(@34, N) (b5 &y u)p = (apabit, u)g = ((1a) (av) (Pay) (y) (B), 0, ud).
Since pa;, # 0, kY = N0 and (\B) (ka) = pryy. Thus

(i) (av) (AB), 1, NO) ((kat) (by) (uB), R, uf)
= ((ia) (av) (\B) (kex) (b7) (uB), 1%, ub)
= ((a) (av) (ore v) (b7) B), i, ub)

and hence ¢ is a partial homomorphism of 7* into S.

Conversely, let ¢ be a partial homomorphism of 7* into S. Since ¢ maps
RN- (-)classes into R- (¥-)classes, (a;1,7)¢p = (g;1¢,78), where g € G and
Y () is a mapping of K(A) into I. We suppose that K M A =1 and that
P11 = e, the identity of H. Now, (e¢;1, 1)¢ = (i, 1¢, 16) and

(e;1,\)¢ = (\G; 1y, N\9),

where «(8) is a mapping of K(A) into G. Since(e;1,1) is idempotent,
(e;1,1)¢ = (E, 1y, 10), where E is the identity of G, and 1y = 16. Define v
on H by (a;1,1)¢ = (avy, 1¢,168). Since (a;1,1)(;1,1) = (abd;1,1),
(avy, 1y, 16) (by; 1y, 16) = ((ad)y, 1¥, 18) and (av) (by) = (ad)y, ie. v is a
homomorphism of H into G. Since (e;1,A)(e;7,1) = (pri;1,1), Pri # 0
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implies (A8, 1¢, A) (ie, 1y, 16) = (pr; v, 1y, 16). Hence it easily follows that
P #% 0 implies 2 = A and (\B8) (i) = pa; v. Finally

(@;4,M)¢ = (¢6;7, 1)o(a; 1, 1)g(e; 1, Mo
= (i, W, 16) (av, 1, 16) (A8, 1§, M) = ((iex) (av) (AB), 1¥, N0).

CoroLLARY 1. Let S = (G,8), T = M°(H; K;K; A), and ¢, a, v be as in
Theorem 2. Then ¢, defined on 1T™* by

(a;7,7)¢ = ((a)(ay) (Je)™t, i, ),

is a partial homomorphism of 1* into S. Conversely, every partial homomorphism
of T* into S s obtained in this fashion.

Remark 1. If one replaces I by I° the semigroup of non-negative integers
under addition in Theorem 2 (Corollary 1), the theorem will give all partial
homomorphisms of a completely 0-simple (Brandt) semigroup into an w-bi-
simple semigroup (a bisimple semigroup S such that £y is order isomorphic
to the non-negative integers under the reverse of the usual order (see (6) for
example). Since such semigroups have an identity, all their extensions are
determined by partial homomorphisms (2, p. 138, Theorem 4.19). We note
that the proofs of Theorem 2 for the w-bisimple and I-bisimple cases are
almost identical.

Remark 2. The statements of Remark 1 are valid for a class of bisimple
semigroups .S for which Eg is n-lexicographically ordered (6).

THEOREM 3. Let S be a weakly reductive semigroup and let S be its translational
hull. Let T be a 0-bisimple semigroup having proper divisors of zero. If S = S
or S\S is a subsemigroup of S, then every extension of S by 1 is given by a partial
homomorphism.

Proof. If S = 8, S has an identity, and the result follows from (2, p. 138,
Theorem 4.19). Thus, assume that S\S is a semigroup. Let (V, o) be an
extension of S by 7'. Then, there exists an extension (V,*) of S by 7" such
that (V, o) is a subsemigroup of (V, *) (2, p. 139, Theorem 4.20). By (2, p. 138,
Theorem 4.19), V is determined by a partial homomorphism 6. Since 7°\0 is
a D-class, (1°\0)8 is contained in a D-class of S. Thus, (7°\0)8 is contained in
S\S or S since S is an ideal of 8§ (2, p. 11, Lemma 1.2). If 4, B € 7\0 and
AB =0 (in T), A6B§ € S. Thus, since S\S is a semigroup, (7\0)§ < .S and
(V, o) is given by a partial homomorphism.

COROLLARY 2. Let S be an I-bisimple semigroup and T be a 0-bisimple semi-
group with proper divisors of zero. Every extension of S by 1" is given by a partial
homomorphism. In particular, if T is a completely O-simple (Brandt) semigroup
with proper divisors of zero, then every extension of S by 1" is given by a partial
homomorphism. An explicit multiplication for these extensions is thus given by
employing Theorem 2 (Corollary 1).
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Proof. The first part of the theorem is a consequence of Lemma 1, Theorem
1 and Theorem 3 while the second part follows from the first part (2, p. 79,
Theorem 2.51 and p. 102, Theorem 3.9).

THEOREM 4. Let S = (G, 8) be an I-bisimple semigroup and let T = MO
(R, K, \; P) be a completely O-simple semigroup without proper divisors of zero.
Let V be an extension of S by 1. Then, either V is given by a partial homomorphism
and an explicit multiplication for V is thus given by employing Theorem 2 or
V = (I'\0)US under the multiplication

@) (a;5,N) * (g14,7)

Il

((iP—(k3+ia+ t)‘)) (63 O Pis 04 O Protia ’Y)\))g, 1
- ka - ia - t)nj)v

(9) (gv ’L’]) * (a’; S, >\) = (g(](ﬁs O Prs 0a O Prs+ia 'Y)u))r l!] + ks + 1:& + t)\)

where (g,1,7) € S and (a;s,\) € T\O, o denotes the product in M(I,G),
@ — 1, 1S @ homomorphism of R into (I, +), a — 8, is mapping of R into H
(see statement of Theorem 1) such that 6,5, = 0, 0 py, 0y for all a, b in R, s — @B
15 a mapping of K into H, s — ks is a mapping of K into I, N — v\ 1is a mapping
of A into H, and N\ — b\ is a mapping of A into I such that in,, = tr + ks and
Op,, = vr 0 pax Bs. Conversely, (8) and (9) define an extension of S by T.

Proof. Let S be the translational hull of S. As in the proof of Theorem 3,
there exists an extension (V,x) of S by 1" given by a partial homomorphism
g such that (¥, *) is a subsemigroup of (V, x). Clearly, (7°\0)8 < S or (S\S).
In the first case V is given by the partial homomorphism 6. Thus, in the
notation of Theorem 1, it is only necessary to consider the homomorphisms 6
of 7* into W. By (2, p. 143, Theorem 4.22), we have that (a; s, \)0 = u(aw)v
where s — u; and X — v, are mappings of K into W and A into W, respectively,
and o is a homomorphism of R into W such that py;w = v\ u, for all s in K
and \ in A. Let H be as in the statement of Theorem 1. It is easily seen that
aw = (0, 1,) where a — 1, is a homomorphism of R into (I, 4+) and a — 6, is
a mapping of R into H such that 8,, = 6, 0 p;, 0, for all a, b € R. We may
write #, = (8, ks) where s — B, is a mapping of K into H and s — k; is a
mapping of K into I and oy = (v, tn) where A — v, is a mapping of A into
H and A —f\ is a mapping of A into I. Thus, (05, 1s,,) = (v» &) (Bs ks).
Hence ip,, = & + ks and 60p,, = 72 0 pa Bs. Thus,

(a; S, )\)0 = (Bsr ks) (Bay iu) (’Y)\y t)\) = (ﬁs O Pk, 0a O Prs+ia YNy ks + 'iu + t)\)-
Hence, by (2, p. 11, Lemma 1.2) and the proof of Theorem 1, if
(gr ir]) €S, (a; Sy )\) * (gr 1’:]) = (gr 1'r].))\(ﬁ_zé,—z) = ('MP—za)gvi - Z,j)

where 6 = 850 pg, 0, O prex1o v» and z = kg + 1, + £ and (8) follows. One
obtains (9) in a similar manner. Reversing our steps and using (2, Theorem
4.22), we see that the last statement of the theorem is valid.
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Remark 3. In the special case T\0 is a group R, V is either given by a partial
homomorphism or (8) and (9) become

a * (gy 7*»]) = ((ip—ia ea)gvi - iavj)
and
(g, ’L,]) *a = (g(joa)r 'I‘:] + ia)
respectively.

Remark 4. If T is a 0-bisimple semigroup without proper divisors of zero,
an extension of S = (G, §) by T is either given by a partial homomorphism or
the equations in Remark 3 with @ — 6, a mapping of 7\0 into H.
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