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REGULAR TOPOLOGICAL DISTRIBUTIVELY

GENERATED NEAR-RINGS

V. THARMARATNAM

In this paper we introduce regular topological distributively
generated (d.g.) near-rings (distinct from d.g. regular near-
rings) as the d.g. near-ring analogue of regular rings and develop

a structure theory for this class of near-rings.
1. Introduction.

In [6] we showed that division near-rings which are distributively
generated fail to be the d.g. near-ring analogue of division rings and in
[6]1 and [7] we introduced the concept of division topological d.g. near-
rings (distinct from d.g. division near-rings) as the d.g. near-ring
analogue of division rings.

The concept of a regular near-ring was introduced by Beidleman [71]
and a structure theory for reqular near-rings was developed by Ligh [4]
and Heatherly [3]. 1In this paper we introduce regular topological d.g.
near-rings (distinct from d.g. regular near-rings) as the d.g. near-ring
analogue of regular rings and develop a structure theory for regular

topological d.g. near-rings.
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2. Preliminaries.

Throughout this paper we will assume (i) that the term near-ring
refers to a non—-zero right near-ring with identity; (ii) the basic
definitions and notation given in [5], [é] and [7]; and (iii) that R

is a topological d.g. near-ring with identity 1, S 1is a distributive

semigroup generating 7 topologically, 0 ¢ S , T (R) is the set of
(-]

distributive elements in R, T(R) = TO(R)\{O} and S* =5\ {0}.

Let R' be a topological d.g. near-ring generated by the distributive
semigroup S'.

DEFINITION 2.1. ¢ is said to be a continucus d.g. near-ring
homomorphism from (R,5) 1into (R',5') if ¢ 1is a continuous near-ring
homomorphism from R into R' with ¢(5) € S' . If in addition we have
¢(R) = R' and ¢(S) =S5' then ¢ is said to be a continuous d.g. near-

ring epimorphism from (R,5) onto (R'.S').
PROPOSITION 2.1. The topological direct product aIIARG of the
topological d.g. near-rings Ra(a € 4) forms a topological d.g. near-ring

under component-wise addition and multiplication.

The proof is straight forward and will be omitted.

DEFINITION 2.2. R is said to be a topological subdirect product

of the topological d.g. near-rings Ra(a € 4) if R 1is a sub-near-ring

of I

R, such that T (R) =R for all a in A where 7 1is the
aed @ a a o

j i 1], R ont .
natural projection from JiA o o Ra

DEFINITION 2.3. A topological d.g. near-ring R is said to be
subdirectly irreducible if the intersection of its non-zero closed ideals
is non-zero.

The proofs of Propositions 2.2 and 2.3 are similar to the proofs of

the corresponding results in ring theory and will be omitted.

PROPOSITION 2.2. If R <s a topological d.g. near-ring and

Ka(a e A) a family of closed ideals in R such that ugquﬁ =0 then R

is topologically isomorphic to a topological subdirect product of the
topological d.g. near-rings R/KOl (a ¢ A).
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PROPOSITION 2.3. 4 topological d.g. near-ring is topologically
isomorphic to a topological subdirect product of subdirectly irreducible
topological d.g. near-rings.

DEFINITION 2.4. A topological d.g. near-ring R is said to be a

division topological d.g. near-ring if

(i) R has no non-trivial closed right ideals;
(ii) S* forms a multiplicative group for some distributive semigroup

S generating R* topologically.
3. Regular topological d.g. near-rings.

DEFINITION 3.1. A topological d.g. near-ring £ 1is said to be a
regular topological d.g. near-ring if there exists a distributive semigroup
S generating R topologically and such that

(i) every closed right ideal of R is a d.g. right (R,S)-module;

(ii) for each t € S there exists s ¢ S such that tst = ¢,

If we wish to specify the distributive semigroup S then we shall speak of
the regular topological d.g. near-ring (R,S).
Clearly regular rings and division topological d.g. near-rings are

regular topological d.g. near-rings. Also if R is a ring and (R,T_(R))

is a reqular topological d.g. near-ring then R is a regular ring. In
Section 4 we prove that the endomorphism d.g. near-ring of relatively free
groups of certain varieties are regular.

In the Example 2 of [6], (R,5) is a division topological d.g. near-
ring and hence a regular topological d.g. near-ring. However by choosing

a monomorphism which is not an automorphism we can prove that (E;TO(E))
does not satisfy (ii) in the above definition and hence is not regular.

PROPOSITION 3.1. Let R,R' be topological d.g. near-rings and
¢:(R,S)—(R',S') a continuous d.g. near-ring epimorphism. If (R,S) is

regular then (R',5') 1is regular.
-1
Proof. Let I' be a closed right ideal of R'. Then ¢ (I') is a
closed right ideal of R and as R is regular, ¢-1(I') is generated

by S n ¢_1(I’). Thus I' is generated by ¢(S) nI'=S"nI' and I'
is a d.g. right (R',S')-module. Now let ¢’ ¢ S'. Then, as ¢ is an
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epimorphism, there exists ¢ € S such that ¢(¢t) = t'. Also since (R,S)
is regular, there exists § € § such that ¢st = ¢. Hence
t! = ¢(t) = ¢(tst) = t'¢(s) t' with ¢(s) ¢ S' and so (R',S') is

regular.

COROLLARY. If R,R' are topological d.g. near-rings with R

> R' 1s a continuous near-ring epimorphism then

regular and if ¢:R

R' 18 regular.

PROPOSITION 3.2. (a) A topological direct product of regular
topological d.g. near-rings is regular.
(b) A topological direct sum of regular

topological d.g. near-rings is regular.

Proof. Let R=;I;ERa or aer Ra .. Define S={x ¢ R: Tra(x)eSd for

all o € A} Then it is straight forward to prove that (R,S) is regular

in each case.

PROPOSITION 3.3. (R,S) is a regular topological d.g. near-ring if
and only if
(z) every closed right ideal of R s a d.g. right (R,S)-module;
(i2) for every t € S, the d.g. right (R.S)-module tR <ig generated
by an idempotent e in S and tR n S = tS.

Proof. Let (R,S) be a regular topological d.g. near-ring and
I = tR. Then since (R,S) is regular, condition (i) is satisfied and
there exists s € S such that ¢st =t¢t. Now e = tg 1is an idempotent in
S and as e € I and t = tst = et ¢ eR we have I = eR. Clearly
t5S ctRnS . Let s € tRnS. Then there exists 2z ¢ R such that

tz

8 and consequently s, = tz = tstz = tss, € tS. Thus ¢tR n § = L5,

o
Now let (R,S) be a topological d.g. near-ring satisfying (i) and
(ii) and let ¢t € S. Then there exists an idempotent e in S such that

tR = eR. Since tR n S =15 , there exists 8,8; € § such that ts = e
and es; =t . Thus tet = et = ees; = es; =t and so (R,8) is regular.
COROLLARY. 4 ring R <is regular (that is, (R,T_(R)) regular) if

and only if every principal right ideal of R 1is generated by an
idempotent.
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PROPOSITION 3.4. If (R,S) <s a regular topological d.g. near-
ring, I a closed ideal of R and J a closed two sided I-module such
that J n S* generates J then J is a closed two sided R-module.

Proof. Clearly J is closed in R . Now let £t € J n S* and
x ¢ R. Since R 1is regular there exists s ¢ S* such that ¢¢st = ¢ .

Hence tx = tstx = tsy1 = ty, € J where Yo Y, € I and xt = xist
= yast =y,t e J where ys,y, € I . Hence J is a two sided FR-module.
PROPOSITION 3.5. If R <s a regular topological d.g. near-ring
then R has no non-3ero nilpotent closed right ideals.
Proof. suppose I is a non-zero nilpotent closed right ideal of R

and I'* =0 . since R is regular, we have I n S* # ¢ and let
t e I nS*. Then there exists s € S* such that ¢tst = ¢t . Now e = ts

is a non-zero idempotent in S* and as I 1is a right ideal we have

e € I . Thus en =e € I and so In + 0 . This is a contradiction and

the result follows.

PROPOSITION 3.6. Let (R,S) be a topologocal d.g. near-ring having
every closed right ideal as a d.g. right (R,S)-module. If S has no non-

zero nilpotent elements then Annt = {x ¢ R: tx = 0} is a closed ideal
in R for all teS .

Proof. clearly Annrt is a closed right ideal and hence a d.g.
right (R,S)-module. Let & € S* n Annrt and s, € S* . Then ts =0
and (st)2 = gtst = 0 . Since S has non-zero nilpotent elements we have
st = 0 . Consequently (tsls)z = tslstsls = (0 and tsls =0 . Thus
818 € Annrt for all 8, € S* and all s € S*n Annrt . Now Annrt is a

d.g. right (R,S)-module and so we have §,% € Annrt for all zx € Annrt

and sl € S* . Hence Annrt is a left ideal and the result follows.

COROLLARY. If (R,S) <s a regular topological d.g. near-ring and S

has no non-zero nilpotent elements then Ann_t is a closed ideal in R

for all t e S .
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PROPOSITION 3.7. If (R,S) 1is a regular topological d.g. near-ring
whose tdempotents in S are central then S has no non-zero nilpotent

elements.
Proof. sSuppose ¢ is a non-zero nilpotent element in S and

n(> 1) is the least positive integer such that " =0 . Since R 1is
regular there exists g € § such that itst =t . Now as t¢s is an

idempotent in S we have ts central and tn—l = tn-z.t = tn-g.tst

- n .. ..
tn 2.tts =18 =0 . This is a contradiction and the result follows,

PROPOSITION 3.8. Let (K,S') be a topological d.g. near-ring having
every closed right ideal as a d.g. right (R,5')-module and let S be a
distributive semigroup in R such that S > S' . If S has no non-zero

nilpotent elements then every tdempotent im S 1is centrel.
Proof. Clearly every closed right ideal is a d.g. right (R,S)-
module. Let e be an idempotent in S . Suppose t,s ¢ § and ts = 0.

Then (st)g = stst = 0 and as S has no non-zero nilpotent elements we

have st = 0. Now e(xe - ese) =0 and so xe - exe ¢ Ann € for all
z € R. But Ann e is generated by S5*n Ann e and since e ¢ 5 and
et = 0 for all t € S* n Annre we have te = 0 for all t € S* n Annre

and consequently (xe - exe)le = 0 . Thus xe = exe for all £ € R. Now
Re 1is a topological d.g. near-ring. Let ¢:R —> Re be defined by

¢(x) = xe . Then ¢(x +y) = (x + yle = ze + ye = ¢(z) + ¢(y) and

¢{xy) = xye = x(ye) = x(eye) = xe.ye = ¢$(x) ¢(y) . Thus ¢ is a
continuous near-ring epimorphism and ker ¢ being a closed ideal of R

is generated by S* n ker ¢ and te = 0 for all ¢t € S* n ker ¢ .
Consequently since e € S , we have et = 0 for all t e€ S* n ker ¢ . Now
(xe - ex)e =xe - exe = (0 and so e - ex € ker ¢ for all x € R . Hence
exe - ex = e(xe - ex) = 0 for all z ¢ R. Thus ex = exe = ¢ and so

e 1is central.

COROLLARY 1. If (R,S) <s a regular topological d.g. near-ring
with no non-zero nilpotent elements in S then every idempotent in S is

central.
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By Proposition 3.1 and Corollary 1 we have

COROLLARY 2. rLet (R,S) be a regular topological d.g. near-ring.
Then S has no non-zero nilpotent elements if and only if every idempotent

in 3 1is central.

COROLLARY 3. If R s a regular topological d.g. near-ring with no
non-zero nilpotent distributive elements then every distributive idempotent

in R 1is central.

COROLLARY 4. If R <s a regular ring with no non-zero nilpotent

elements then every idempotent of R <s central.

COROLLARY 5. T1f (R,S) is a regular topological d.g. near-ring and

S has no non-zero nilpotent elements then tR =Rt for all t e S .

Proof. 1Let % € S . Then there exists s € S such that tst =t .
Then st and s are central idempotents and so ty = tsty = tyst € Rt
and yt = ytst = tsyt ¢ tR for all y e R. Then tR = Rt.

PROPOSITION 3.9. Suppose R,R' are topological d.g. near-rings and
¢ : (R,S)
(R,S) is regular and every idempotent of S 1is central then (R',S') 4is

> (R',5') s a continuous d.g. near-ring epimorphism. If

regular and every idempotent of S' <is central.

Proof. By Proposition 3.1, (R',8') is regular. Now let e' be an

idempotent in S and x’ € R' . Then there exist ¢t € § and x € R such
that ¢(t) = e' and ¢(x) =x' . Since R is regular, there exists
s €S such that tst =t . Now e = ts is an idempotent in S and so

is central. Thus ¢ = tst = et = te and e' = ¢(t) = d(te) = ¢(t2s)

(6(t))2¢(s) = ¢(t)d(s) = ¢(ts) = ¢(e) . Hence e'x’ = ¢(e)o(x) = ¢lex)

¢(xe) = ¢(x)d(e) = x'e’ and so e’ is central.

COROLLARY. Let ¢:(R,S)
epimorphism. If (R,S) is regular and S has no non-zero nilpotent

> (R',S') be a continuous d.g. near-ring

elements then (R',S5') 4s regular and S' has no non-zero nilpotent

elements.

THEOREM 1. If (R,S) 1is a regular topological d.g. near-ring and
S* forms a multiplicative group them (R,S) <is a division topological

d.g. near-ring.
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Proof. Let I be a non-zero closed right ideal of R . Then I
is a non-zero d.g. right (R,S)-module and so I n S* ¥ & . Now any
element of S* is invertible and hence I =R . Thus R has no non-

trivial closed right ideals and the result follows.

THEOREM 2. If (R,5) <is a regular topological d.g. near-ring such
that Ann 2= 0 for every non-zero idempotent e in S them (R,S5) 4is

a division topological d.g. near-ring.

Proof. Let ¢ € S* . Since R 1is regular we have s ¢ S* such

that tst =t . Now e = ts 1is a non-zero idempotent in S and as
efe - 1) =e2 - e =0 wehave e - 1 ¢ Annre . Consequently e = 1 and

ts =1 . Thus S* forms a multiplicative group and the result follows

by Theorem 1.

COROLLARY 1. 4 regular topological d.g. near-ring with no non-trivial

closed right ideals is a division topological d.g. near-ring.

COROLLARY 2. If R is a regular topological d.g. near-ring whose
only distributive idempotents are 0 and 1 themn R is a division
topological d.g. near-ring.

COROLLARY 3. If R 1is a regular topological d.g. near-ring with no
non-zero distributive left divisors of zero them R 1s a division
topological d.g. near-ring.

COROLLARY 4. I1f (R,S) is a regular topological d.g. near-ring
with no non-zero left divisors of zero in S then (R,S) is a division

topological d.g. near-ring.
THEOREM 3. If (R,S) <s a regular topological d.g. near-ring with

the property that for each t ¢ S* there exists a unique x € R such that

txt = t then (R,S5) 1is a division topological d.g. near-ring.

Proof. Let ¢t ¢ S* and suppose there exists Yy € F such that
ty = 0 . Since R is regular, we have s € § such that tst =1 ., Now
t(s + y)t = tst + tyt = tst + 0 = tst = ¢ and so by the uniqueness
condition we have 8§ + ¥y =8 . Hence y =0 and ¢ is not a left divisor
of zero. Thus S has no non-zero left divisors of zero and so by Corollary

4 of Theorem 2, R 1is a division topological d.g. near-ring.
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THEQREM 4. If (R,S5) 4is a subdirectly irreducible regular
topological d.g. near-ring such that for every idempotent e in S we

have Ann e < Annje and Ann e a closed ideal then R 1is a division
topological d.g. near-ring.

Proof. Suppose S has non-zero idempotents e such that

Annre #0 . Let C be the set of all such idempotents and I= QC Annre.
e

As (R,S) is regular and subdirectly irreducible we have I # 0 and
InS*#&. Take t eI nS*, Then t ¢ Ann ¢ ¢ Annie and so te = 0

for all e ¢ C . Also since (R,S) is regular there exists § ¢ §* such
that ¢st =t . Now e1 = gt 1is a non-zero idempotent in S and since
ee = (st)e = s(te) = 0 we have e ¢ Ann e, and so e € C . Thus

tel S Ann e, c Ann.e, and 0 = te, = tst = ¢t . This is a contradiction

and consequently € = & and by Theorem 2, R is a division topological

d.g. near-ring.

COROLLARY 1. If R 1is a subdirectly irreducible, regular topologicai
d.g. near-ring such that for every distributive idempotent e we have
Ann e < Ann e and Ann e a closed ideal then R 1is a division topological

d.g. near-ring.

COROLLARY 2. If (R,S) 1is a subdirectly irreducible regular
topological d.g. near-ring and if all idempotents in S are central then
(R,8) 1s a division topological d.g. near-ring.

By Proposition 3.6 we have

COROLLARY 3. If (R,S) 1is a subdirectly irreducible regular
topological d.g. near-ring with no non-zero nilpotent elements in S then
(R,S) 1is a division topological d.g. near-ring,

THEOREM 5. Let (R,S) be a regular topological d.g. near-ring.
Then R is topologically isomorphic to a topological subdirect product of
division topological d.g. near-rings if and only if every idempotent in S
is central.

Proof. suppose R is topologically isomorphic to a topological

subdirect product of division topological d.g. near-rings Ra(a e 4) .
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Let e be an idempotent in S . Then Ha(e) is a distributive idempotent
of R andso Ha(e) =0 or 1. fThus Ha(e) is central in R for

all o € A and consequently e 1is central in R .
Conversely, suppose every idempotent in S 1is central. Now by
Proposition 2.3 K 1is topologically isomorphic to a topological subdirect

product of subdirectly irreducible topological d.g. near-rings Ra(a e A).
Then by Proposition 3.9 and Corollary 2 of Theorem 4 we have the Ra as
division topological d.g. near-rings for o € A and the result follows.

COROLLARY 1. Let (R,S) be a regular topological d.g. near-ring.
Then R 1is topologically isomorphic to a topological subdirect product
of division topological d.g. near-rings if and only if S has no non-zero
nilpotent elements.
COROLLARY 2. [Let (R,S) be a regular topological d.g. near-ring.
Then
(1) every idempotent in S 1is central if and only if every
distributive idempotent in R 1is central;
(i1) S has no non-zero nilpotent elements if and only if R has no
non-zero nilpotent distributive elements;
(i11) every distributive idempotent in R 1is central if and only if

R has no non-zero nilpotent distributive eZemgnts.
4, Endomorphism near-ring of a relatively free group.

Let (RI’SI) be a division discrete d.g. near-ring, F a free group
of the variety U(Rt) of left (Rl,Sl)—groups generated by the left
(RI,SI)-group RT , N abasis of F and R the endomorphism d.g. near-
ring of F with the finite topology induced by A (see [51]).

Let A, = SlA and S ={x eR: A Z E_Ao} . Then by Proposition 2,2.

of [5), (R,S) 1is a topological d.g. near-ring.

PROPOSITION 4.1. Every closed right ideal of R is a d.g. right
(R,S)-module.

Proof. Let I be a non-zero clesed right ideal of R . Since
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ek n {x € R: xx = 0} = 0 we have e,R to be a discrete d.g. right

(R,S)-module for all A e A,

Now by the Corollary of Theorem 2 of [5] we have R =z AD—A e,R and

by Proposition 5.4 of [5], R 1is a simple topological d.g. near-ring.

Further, by Theorem 1 of [71, e)‘R e)\ = }?1 and so e)‘R e)\ is a division

discrete d.g. near-ring. Thus by Theorem 4 of [7], e}.R is an irreducible

d.g. right(R,S)*module and consequently I n eAR =0 or e)‘R for all A € A,

Hence I = )\'e'Al e)\R where A, = AedA:TITn e)‘R = e)\R} and so I 1is a

d.g. right (R,S)-module.
THEOREM 6. (R,S) 1is a regular topological d.g. near-ring.

Proof. Let % ¢ S* and [At] = {A € A : there exist 8, € Si‘ and

>‘1 € A such that Alt = Sl)‘} . For each A € [At] choose a A, -such

that )‘lt=sl}‘ for some 8, eSf and & € S by )\s=s;1>\1 if

A e [At] and As = 0 otherwise. Let Al e A . If Al =0 then

Altst = 0= 2't . suppose Alt # 0. fThen At =s,X where s, € 5

-1
and X € [At] . If now As = 5, )\2 then Azt = 32>‘ and so

Altst = 64 st = 5,5\t = 8,5,'8,0 = 8|\ = X\t . Thus ve have tst =t
and so by Proposition 4.1, (R,S) 1is a regular topological d.g. near-ring.
PROPOSITION 4.2, 1If R, is not a ring and 5, = TO{RI) then

= T,(R) .

Proof. suppose ¢ € T(R) . Then given X € A,
z:c)\ +§c‘7 (z; # 0)

where the )‘i are distinct and the cJ. are commutators of the form

[----[ly yk, Cylyl,y y ]],y3y1]-—--] and the representation chosen so that

m is minimal. Now
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1 .11
t(e}“A1 t e, .)‘11) = teA.AI + te}“An for all A ,A € A
7 i 7 7
- 1,11
and so Xt(elikl + ekixll) Atekikl + Atekikll for all A+,A*% e A .

Thus xi(xl + A1) = xixl + xikll for a1l Al all e A as

c.e =0 =c.e for all ec. .
J J d

ALl A1l
1 1

But F is a free group of the variety v(RT) and so xi(y1 + zl)

=%y, + %,z forall y, , 2 €R andso x ¢ T(R) .

1 1

n n
Thus At = Z S.A. + Z cj where s; € T(Rl) . Now suppose at least two of
1 1
8

. - . Th i A +
the §; s say 8§ are non-zero en since t(ekzkll ellkl)

m
- 1 11
= }‘texzxu + }‘teklkl we have s A+, Al + (§ e/ (e}\z)‘11+e>\1>‘1)

1
= Al 4 AT
8, 8,

But e for all Al, A1l e L

11 +te, ;1 =¢€ 1+ e 11
AZA AIA Alk AZA

m
Therefore 31A1 + szkll + (3 cj)(e

= 1 11
1 1+ e)‘lkl) sal + 32)‘

Al

2
m

and so (% Cj)(e)\z)‘ll + eklkl) =0.

Hence - szkll - SIAI + slel + SIAI = 0 for all Al,All e A,

+
Now as F 1is a v(R )-free group we have -sy -8 X +8y +s8x =20
1 21 11 21 11

-1
for all ZTs Yy € Rl . Thus 8, 84,

and so yl belongs to the centre
+ o ) -

of R1 for all ¥, € R and consequently Rl is abelian. This is a

contradiction since Rl is not a ring. Thus at most one of the si is

non-zero and so
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m
At=sl)\1+2cg.
1
Suppose m 2 1 . We choose Ai occuring in N such that Ai # Al and
let k; ...A; be the other elements of A occurring in the cés 5
J=1,...m. let z=e,y3 and y =e,1 +....+ €, Then
A3 Ay kz

M(x +y) = AMx + Aty and so

m m m
s M (x +y) + (Y cj) (x+y) =srx+ (3 cj)x + slkly + () cj)y

1 1 1

m

1 7

m m m
That is, s\ y + § e; = slxly + (g ¢ely andso } e, = g (cjy) .

This is a contradiction of the minimality of m and so m= 0 . Hence

At = slAI € A for all e A and t € S . Consequently S = TO(R)

THEOREM 7. If (Rl’To(Rl)) is a division discrete d.g. near-ring

then (E;TO(R)) i8 a regular topological d.g. near-ring.

Proof. The result is known to be true when Rl is a ring and

follows from Theorem 6 and Proposition 4.2 when Rl is not a ring.

€7

2]

£31

[4]
£51]

[é]

{7
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