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Abstract

A (k+ r)-uniform hypergraph H on (k + m) vertices is an (r, m, k)-daisy if there exists a partition of the
vertices V(H) = K U M with |K| =k, |[M| = m such that the set of edges of H is all the (k + r)-tuples K U P,
where P is an r-tuple of M. We obtain an (r — 2)-iterated exponential lower bound to the Ramsey number
of an (r, m, k)-daisy for 2-colours. This matches the order of magnitude of the best lower bounds for the
Ramsey number of a complete r-graph.
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1. Introduction

For a natural number N, we set [N]={1,...,N}. Given a set X, we denote by X the set of
r-tuples of X. For two sets X, Y we say that X < Y if max (X) < min (Y). Unless stated otherwise,
the elements of a set X will be always displayed in increasing order. That is, if X = {x1, ..., x¢},
thenx; < ... < x;.

A (k + r)-uniform hypergraph H on k 4 m vertices is an (r, m, k)-daisy if there exists a partition
of the vertices V(H) = K U M with |K| = k and |M| = m such that

H={KUP:PeM"}

We say that the set K is the kernel of H, the elements of M are the petals of H and M is the
universe of petals. We will often refer to an edge of H by X and its correspondent petal by P.

Daisies were first introduced by Bollobas, Leader, and Malvenuto in [1]. They were interested in
Turan-type questions related to (r, m, k)-daisies, i.e., the maximum number of edges that an (r +
k)-graph has with no copy of an (r, m, k)-daisy. In this paper we will study the Ramsey number
D,(m, k) of an (r, m, k)-daisy. The number D, (m, k) is defined as the minimum integer N such that
any 2-colouring of the complete hypergraph [N]*+") contains a monochromatic (r, m, k)-daisy.

Those numbers were already studied in [5]. Although the main focus of their paper is on daisies
with kernel of non fixed size, they noted that

R,_(Tm/(k+ 1)1 — k) < Dr(m, k) < R(m) + k, 1

where R,(m) is the Ramsey number of the complete graph K, ie., the minimum integer N such
that any 2-colouring of [N 1%) contains a monochromatic set X of size m.
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2 M. Sales

A natural question raised in [5] is whether D, (m, k) behaves similarly R,(m). Erdés, Hajnal, and
Rado (see [3, 4]) and Conlon, Fox, and Sudakov [2] showed that there exists absolute constants
c1, ¢ such that for sufficiently large m,

tr—a(c1m?) < Ry(m) < ty_1(cam), )

where t;(x) is the tower function defined by fy(x) = x and t;11(x) = 2t In this paper, we provide
for k > 1 alower bound of D,(m, k) in the same order of magnitude as the best current bounds of
the Ramsey number R,(m) for sufficiently large m. We remark here that for k = 0, the problem is

equivalent to the Ramsey number, since an (r, m, 0)-daisy is just the complete graph K.

Theorem 1.1. Let r >3 and k>1 be integers. There exist integer mo = my(r, k) and absolute
constant ¢ such that

Dy(m, k) > tr_o(ck2m?" )

holds for m = my.

In order to prove Theorem 1.1 we will actually study the Ramsey number of a subfamily of
daisies. We say that a hypergraph H is a simple (r, m, k)-daisy it H is an (r, m, k)-daisy and its kernel
K can be partitioned into K = Ky U K; such that Ky < M < K;. We define the Ramsey number of
simple (7, m, k)-daisies D;"P(m, k) as the minimum integer N such that any 2-colouring of the
complete hypergraph [N]%**" yields a monochromatic copy of a simple (r, m, k)-daisy.

In [5], the authors observed that the Ramsey number of daisies can be bounded from below by
the Ramsey number of simple daisies.

Proposition 1.2 ([5], Proposition 5.3). D,(m, k) > D;"F ([m/(k + 1)1, k).

Our main technical result is an (r — 2)-iterated exponential lower bound for the Ramsey num-
ber of simple (r, m, k)-daisies. Note that Theorem 1.1 is a corollary from Proposition 1.2 and
Theorem 1.3.

Theorem 1.3. Let r >3 and k> 1 be integers. There exist integer mo = my(r, k) and absolute
positive constant ¢ such that

D™ (m, k) >ty o (k> 2m® )

holds for m = my.

Our proof is a variant of the stepping-up lemma of Erdés, Hajnal and Rado [3, 4]. There are
k + 1 distinct simple (r, m, k)-daisies depending on the sizes of Ky and K;. While it is not hard
to construct a colouring avoiding a monochromatic copy of one of these simple daisies, the main
challenge is to define a colouring that avoids all k + 1 simple (r, m, k)-daisies simultaneously. To
this end, we will introduce in Section 2 some auxiliary trees using the vertices of our ground set.
A big portion of the paper consists on the study of those trees and how to use them to obtain a
stepping-up lemma.

The paper is organized as follows. We introduce some auxiliary trees and most of the terminol-
ogy in Section 2. Section 3 is devoted to give a general overview of the proof. We briefly describe
the stepping-up lemma in [3, 4] with our setup and later describe the colouring of the variant.
Sections 4 and 5 are the heart of the proof. We prove a key lemma (Lemma 5.1) that allows us to
identify an important auxiliary tree containing the petal of an edge and then show how to reduce
the stepping-up argument to this tree. We finish the proof of the stepping-up lemma and Theorem
1.3 in Section 6.
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Figure 2. The auxiliary tree Ty for X = {2, 3, 7}.

2. Auxiliary trees

Given an integer N, we construct a binary tree Tj,n; of height N with 2N*1 _ 1 vertices and iden-

tify its leaves with the set [2N]. We also identify each level of the tree with the set [N + 1], where
the root is at level 1, while the leaves are at level N + 1 (see Figure 1). For a vertex u € Tj,n) we
denote its level by  (u).

Given two vertices u, v in T,n), we say that u is an ancestor of v if 7w (u) < 7 (v) and there is a
path u=x1,x3, ..., x¢ = vin Tppn) such that 7 (x;) # 7 (x;) for every 1 < i, j < £. For two vertices
x, y € [2N] we define the greatest common ancestor a(x, y) of x and y as the vertex of Tpny of highest
level that is an ancestor of both x and y. Also define

8(x, y) = m(a(x, y)).

Let X = {x1,...,x:} € [2N] with x; < ... < x; be a subset of the leaves of our binary tree. We
define the auxiliary tree Tx of X as the subtree of Tjpn} whose vertices are X and all their common
ancestors. That is,

Tx =XU{a(xi, xi41): 1 <i<t— 1}

Note that T’ is a tree of 2t — 1 vertices (see Figure 2). Moreover, we denote the set of non-leaves
by a(X) and its projection by §(X), i.e.,

a(X) = {a(xj, xi11): 1<i<t — 1}
S(X) = {8(xp, xip1): 1 <i<t—1}.

Since the auxiliary tree Tx is uniquely determined by its ground set X, sometimes we will denote
TX by X.

Given a vertex u € a(X), we can define the set X(u) of descendants of u as the leaves of T that
have u as an ancestor. That is,

X(u) = {x € X : uis an ancestor of x}.

The set of descendants of u can be partitioned into the left descendants and right descendants
as follows: Since Ty is a binary tree, the vertex u has two children ul and uR. Let ul be the left
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u

v

Figure 3. The interval {2, 3,4} is closed, since X(u) = {2, 3, 4} for u=a(2,4). The interval {4, 5} is not closed, since X(v) =
{1,2,3,4,5} #{4,5} forv=a(4,5).

children of u and u® be the right children of u. Then we define the left descendants of u by
ul iful e X,

Xi(u) =
X(ub) if ul € a(X),
and the right descendants of u by

uR ifuR e X,
Xp(u) =

X(u®) if uR € a(X),

Note that by this definition X7 (1), Xr(#) # ¥ and max X; (1) < min Xg(u).

Although an auxiliary tree is not uniquely determined by its ancestors, we can at least determine
the “shape” of the tree Tx by looking at a(X). In a more precise way, the following can be proved
by a simple induction.

Fact 2.1. If X and Y are subsets of [2N] such that a(X) = a(Y), then |X| =|Y|. Moreover, ifX=
{x1,...,xeyand Y ={y1,..., yt}, then a(xi, xiy1) = a(yi, yir1) forevery 1 <i<t — 1.

Now we devote the rest of the section on classifying our auxiliary trees.

Definition 2.2. Given X = {x1,...,x:} C [2N]. We say that an interval I ={xp, ..., x4} € X for
some 1 < p < q< tisclosed in X if the following condition holds:
(%) I =X(a(xp, xq)).

In Figure 3, one can see examples of a closed interval and a not closed one. Alternatively, one
can replace (x) by the useful equivalent condition:
(%x) For every vertex y € X \ I, the vertex a(x,, x;) is not an ancestor of y.

The following proposition shows that closed intervals cannot have proper intersections.

Proposition 2.3. Let I}, I, be two intervals in X with |I;| < |I1|. If I) and I, are closed, then either
Il ﬂIz =0 01’[1 glz.

Proof. Suppose that I} NI, is a proper intersection. Thatis,; NL # @, 1 \I, #@and L, \ I; # .
Write X = {x1,...,x:} and Iy = {xp;, Xpy 415 - - > Xgy > 2 = {Xpys Xpyt15 - - -5 Xg, } for L <pyp <pa <
q1 < g2 <t Letu=a(xp, x4,) and v = a(xp,, x4,). We claim that either u is an ancestor of v or v
is an ancestor of u. Let z € I} N I,. By definition, both u and v are ancestors of z. This means that
there exists descending paths connecting z to u and z to v in Tx with vertices in different levels.
However, every vertex in Tx has at most one father. Therefore, either the path z to u contains the
path z to v or vice-versa. If the path z to u contains the path z to v, then u is an ancestor of v. Hence
u is an ancestor of I \ I}, which contradicts the fact that I; is closed (Condition (x%) of Definition
2.2). The other case is analogous.

We classify the closed intervals of X by three classes: left combs, right combs, and broken combs
(see also Figure 4).

Definition 2.4. Given a closed interval I in X we say that
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A B B 4 A
Figure 4. An example of a left, right, and broken comb, respectively.

AV

Figure 5. A left and right 1-comb.

(a) IisaL-left comb if € is the least positive integer such that there exists a partition = AU B
with |A| = € and B £ @ and

(al) A <B.
(a2) Aisa closed interval in X
(a3) If z=max (A) and B={by,..., b}, then §(z,b1) > 8(b1, by) > ... > 8(bs_1, bs).

(b) IisaL-right comb if £ is the least positive integer such that there exists a partition = AU B
with |A| =€ and B £ @ and

(b1) B<A.
(b2) Aisa closed interval in X
(b3) If z=min (A) and B={b, ..., bs}, then §(b1,by) < ... < 8(bs—1,bs) < 8(by, 2).

(c) Iisabroken comb ifit is neither a left or right comb.

We will use the convention that an £-left/right comb will be described by its partition I =AU B
with |A| = £ that verifies the condition on Definition 2.4. As we can see in the picture above, the set
A should be thought as the “handle” of the comb, while the set B should be thought as the “teeth”
of the comb. For broken combs we will adopt the same convention by assuming that B = @.

One may remove the use of the projection §(b;, b;1) in conditions (a3) and (b3) of the right/left
comb by using the following equivalent alternative conditions:

(a3x) If B={by,..., b}, then the intervals AU {b, .. ., b;} are closed in X for every 1 < i

< s
(b3%) If B={by,..., b}, then the intervals {b;, . . ., bs} U A are closed in X for every 1 < i

<
<s.
Those conditions have the advantage of describing a comb only using closed intervals. This will
be useful later in the proof.

Example 2.5. A important type of comb in the stepping-up lemma [3, 4] is the 1-left/right comb
(see Figure 5). Those are the combs I = {y1, ..., y;} satisfying that the sequence {5(y;, yiy1)}1<i<s is
monotone. Indeed, the interval I is a 1-left comb if §(y1,y2) > ... > 8(yi—1, y1), while it is a 1-right

comb if §(y1,y2) < ... <=1, y1)-
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Figure 6. An example of a maximal left, right, and broken comb, respectively.

For the proof of Theorem 1.3 we will be interested in maximal comb structures inside our
auxiliary trees.

Definition 2.6. Given X = {x1, ..., x:} C [2N], a interval I = {xp, ..., xq}isa

(a) Maximal left comb in X if I is a left comb and I U {x441} is not a closed interval in X.
(b) Maximal right comb in X if I is a right comb and I U {x,_1} is not a closed interval in X.

(c) Maximal broken comb in X if I is a broken comb and neither I U {x,_1} or I'U {x441} are
closed.

Figure 6 illustrates Definition 2.6. The next proposition shows that given two maximal combs
they are either disjoint or one is contained in the “handle” of the other.

Proposition 2.7. Given a closed inteval I) and a maximal comb I, = A, U B, with ||| < |L| in a
set X C [2N], then one of the following holds:

1. [ NL=0
2. I; CA;.
3. Iy = Ay U By for some initial segment By C B,

Moreover, condition (3) only holds if I, is not a maximal comb.

Proof. By Proposition 2.3 we obtain that either I NI, =@ or I; C I,. If the first case happens, then
I; and I satisfy condition (1) and we are done. Hence, we may assume that I € I,. If I, is a broken
comb, then by definition Ay = I,. Thus in this case I) C A», satsifying condition (2). Now suppose
without loss of generality that I, = A, U B; is a left maximal comb and write A, = {x1,...,x¢},
By={y1,...,ys}. IfI; N B, =0, then I; C A, and again condition (2) holds.

At last, it remains to deal with the case that I; N B, # @. Since I; is an interval of X and I; C I,
then in particular I; is an interval of I. Write Iy = {x,, ..., x¢} U {y1,...,y4} for 1 <p < £ and
1 < g <s. By condition (a3%) of Definition 2.4, the set Ay U {y1, ..., y4-1} is closed. Therefore for
any z€ Ay U {y1,...,y4-1} the greatest ancestor a(z, y;) of z and y, is the same as the greatest
ancestor of a(xi, y4). In particular, this implies that a(xy, y;) is an ancestor for the entire set A,.
Hence A; C I; and consequently I; = A; U B; is a left comb satisfying condition (3), because A} =
A and B is an initial segment of B,. Note that I; is not maximal in this case, since the set I; U
{yq+1} is also a left comb. Thus if I; is a maximal comb, then it either satisfies (1) or (2). O

3. Stepping-up lemma and our colouring

3.1 Erdds-Hajnal-Rado stepping-up lemma

For instructional purposes, we will briefly go over the stepping-up lemma in [3, 4] using our
notation. For k >4, let N=Ry_((n —k+4)/2) — 1 and ¢ : [N]*~D — {0,1} be a colouring of
the (k — 1)-tuples in [N] with no monochromatic subset of size (1 — k 4 4)/2. Our goal is to find
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a colouring v : [2N]® — {0, 1} with no monochromatic subset of size n. This will give us that
Rk(l’l) - ZN — 2Rk,1((n—k+4)/2)—1.

Fix an edge X = {x1,...,x¢} € [2N]®) and let §; = 8(x;, Xit1). We describe the colouring ¥ by
the structure of Tx and the colouring of the vertical projection ¢ of [N] in the following way

0, if8k_3 > (Sk_z < 8k_1

1, if(Sk_3 < 8k_2 > 8k_1
Y(X)=
({815 .. .»8k—1})s otherwise if |§(X)|=k—1

0, otherwise if |§(X)| < k — 1.

Suppose by contradiction that 1 contains a monochromatic subset Y C [2V] of size n. We can
use the structure of Y to find a large 1-comb.

Proposition 3.1. There exists an interval I of Y with |I| > (n — k+ 6)/2 such that I is a 1-comb

Proof. We may assume without loss of generality that Y is monochromatic of colour 0. Write
Y={y,...,yn} and let SiY = 8(yi, yi+1) for 1 <i<n— 1. Since all edges in Y are of colour 0,
then for any edge X = {x1,...,x} € Y® we do not have that

8(xg—35 Xk—2) < 8(xk—2, Xx—1) > O(xk—1, Xp)- (3)

In particular, by taking the edge {y;_k;1, . - -, y¢}, inequality (3) implies that 8} , <38} , > 8} ,
does not hold fore every k < £ < n. Hence, the sequence {8,-Y };’:_kl_3 has no local maximum.

A standard calculus argument says that between two local minimums there is always a local
maximum. Therefore, the sequence {BiY }?:_kl_3 has at most one local minimum, which means

that there exists an interval [p, q] of size (n — k + 4)/2 such that {(SiY }iclp.q) is monotone. Thus
by definition the interval I = {xy, xp11, . .., X441} is @ 1-comb of size (n — k + 6)/2. g

LetI ={zi, ..., 2} be the 1-comb of Y obtained by Proposition 3.1 and denote 81-1 =6(zi> zit1)
for 1 <i<i— 1. Note that because {81.1 }f;ll is a monotone sequence, every edge X € I ®) will be
also a 1-comb. Moreover, for every (k — 1)-tuple Z € §(I) there exists an edge X € I (®) such that
dX)=2Z.

( F)inally, by the definition of the colouring v, if X is a 1-comb, then ¥ (X) = ¢(8(X)). Thus if
1™ coloured by v is monochromatic, then 8(I)*~1) coloured by ¢ is also monochromatic. This
implies that [N] has a monochromatic set of size (n — k + 4)/2, which contradicts our assumption
on ¢.

3.2 Overview of the proof

In order to obtain a lower bound for simple daisies, we will define a variant of the stepping-
up lemma described in the previous subsection. Suppose for a moment that our goal is to
avoid a monochromatic simple (r, m, k)-daisy with in [2N] with |Ky| = ko and |K;| = k; fixed.
Then for every edge X = {xi,..., X4} of the daisy, we know that the petal of size r of X is
P = {Xky41>- - - » Xky+r}. That is, we know the exact location of the petal prior defining the colour-
ing in our stepping-up lemma. In this case a natural way to define the colouring would be to
just assign for every edge X with petal P C X the colour x(X) = ¥ (P), where ¥ (P) is exactly the
stepping-up colouring defined in the previous subsection. Since the petal is the only part of the
edge changing when we run through all edges, a similar proof as in the previous subsection works.

Unfortunately, in the original problem we want to avoid all possible monochromatic simple
(r, m, k)-daisies, which means that we need to avoid simple daisies for all the values of |Ky| and
|K1|. The obstruction now is that the location of the petal within the edge is no longer clear to us.
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To fix that we are going to pre-process our potentially monochromatic simple daisy (Lemma 5.1)
to satisfy the following property: Every petal P of an edge X is either a closed interval in X or is
in the “teeth” of a maximal comb in X. This gives us partial information about the location of the
petal. A good strategy then is to define an auxiliary colouring xo for every maximal comb in X and
use those colourings to define a colouring for X. This is the content of Section 3.3.

Some technical challenges remain. By Proposition 2.7, the maximal combs in X do not need to
be disjoint. Therefore, it might happen that for the colouring x different maximal combs inter-
fere with each other. To solve that we need to construct a careful colouring taking the issue into
consideration. In Section 4 we provide an analysis showing that distinct maximal combs do not
interfere with each other in our colouring. Section 5 is devoted to the pre-processing described
in the last paragraph. One of the consequences of the section is that for an edge X the colouring
X (X) is essentially determined by a unique maximal comb inside of it. Finally, we finish the proof
in Section 6, by showing, similarly as in Subsection 3.1, that a monochromatic simple daisy in [2V]
corresponds to a monochromatic simple daisy in the vertical colouring of [N].

3.3 Avariant of the stepping-up lemma
Let N = minggsgr—1 {Dirffl’(ckﬂ, t) — 1} for r > 4 and ¢, some constant depending on k to be
defined later and let {¢;},_1<icktr—1 be a family of colourings such that ¢; : IN]D - {0,1} is a
2-colouring of the i-tuples without a monochromatic simple (r — 1, cxo/m, i — r + 1)-daisy. Note
that by the choice of N is always possible to find such a family.

Given an (k + r)-tuple X € [2N]*+7) we define

Ix ={I € X :1is a maximal comb in X}

as the set of maximal combs of X. We will construct now an auxiliary colouring xo : Zx — {0, 1}
depending on the structure of Ty and in the family of colourings {¢:}o</<k. The colouring is
divided in several cases depending on the type of the maximal comb I.

Remember that a maximal £-comb is always identified with the partition I = A U B, where
|A| = £ is the handle and B is the set of teeth of the comb. Also write I = {x,...,xs} and let
8{ = 8(xj, xiy1) for 1 <i<s— 1. Aiming to simplify the discussion, we will only describe ¢ for
left and broken maximal combs. We define xo for right combs by symmetry. Some Figures are
provided to illustrate some of the types (see Figures 7-9).

Type 1: I is broken or left comb, |I| =r and there is no maximal comb I’ = A’ U B such that
I=A.
0, ifs! ;> , <ol |

1, ifsl <ol ,>60
xo(I) = ! !
s ({875 - -5 8,1 1) otherwise if |8(I)|=r—1
0, otherwise if |6(I)| <r —1
Type 2: I is left comb, |I| = r and there exists a maximal comb I’ = A’ U B such that [ = A’
xo(I) =0
Type 3: Iis left comb, £ = |[A| <randr+ 1< |I| <2r —2.
0, ifs! ;>80 <ol |

o) 1, ifsl <ol >0l
0

go‘a(m({(S{, R 851_1}), otherwise if |§(I)| > r — 1
0, otherwise if |§(I)| <r—1
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B’ A =1

Figure 7. An example of left comb of type 2.

{6{7 c '>6£—1}

{61,601}

Figure 8. A left comb of Type 4 and its projections.

A B = {Z’[+1,...,(Es}
—

{07,051}

Figure 9. A left comb of Type 5 and its projections.

Type 4: I is left comb, £ = |A| <rand |I| > 2r — 1.

@s—r({8], ... 811}, ifsl >80, <8l
xo)={1—g.({8,....80 1, ifsl ;<8 ,>8 |
¢|8(I)|({5{> BN 551_1}), otherwise
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Type 5: I is left comb, £ = |A| > rand |B| > r.

xo) = @ipy(8f, ..., 8y)
Type 6: All other broken or left maximal combs.

xo(I) =0

Finally, the auxiliary colouring xo define a colouring y : [2V 1+ 5 {0, 1} as follows:

XX =" xo(D) (mod 2)

IeZy

4. Colouring data

Given an edge X and a maximal comb I C X, one can determine the colour xo(I) by looking
at the type of the maximal comb I. Some of the types do not use information on the ancestors
to determine its colouring. For instance, if I is of type 2, then its colour will be always 0. The
projection of the ancestors 8{ has no influence in defining xo(I). However, if I is of type 1, then
the colour crucially depends on the projection of the ancestors.

This observation suggests the following definition. Given an edge X € [2N]**") and a maximal
comb I C X, let the colouring data F(I) of I be defined as the ordered set of ancestors whose pro-
jection determine the colouring xo(I). More explicitly, we can define directly the colouring data of
I'by looking its types. We may assume here that I = {x1, . . ., x} is a broken or left maximal comb.

« Type 1,3 and 4: F(I) = {a(x;, xi+1)}1<i<s—1
o Type2and6: F(I) =0
o Type 5: F(I) = {a(xj, Xit1)}e<i<s—1

Our first observation is that maximal combs with same data have same colour. We say that two
combs have the same orientation if they are of the same class (e.g., both are left combs).

Proposition 4.1. Let X, X' € [2N]%+7 be two edges. If 1 and I are maximal combs of same type
and orientation in X and X', respectively, such that F(I) = F(I'), then xo(I) = xo(I').

Proof. The proof basically consists of checking the consistency of our definition. If F(I) = F(I') =
@, then I and I’ are either of type 2 or 6. In both cases xo(I) = xo(I') =0.

fI={x,...,x}andI' ={x1,... ,x’s/} are of type 1, 3 or 4, then since a(I) = F(I) = F(I') =
a(I') we obtain by Fact 2.1 that s =" and a(x;, x;+1) = a(x’;, x141) for every 1 <i <s. Therefore
8(xi, xi41) = 8(x'j, x/i41) for every 1 < i < s and by the colouring defined in Section 3.3, it follows
that xo(I) = xo(I').

The last case that we need to check is when I=AUB={x,...,x} and ' =A’UB =
{x'1,...,xy} are of type 5, where |A| =€ and |A’| = ¢€'. As usual, we assume that [ and I are
left combs. Since a({x¢,...,x}) =FI)=FI') = a({x’z/, ... ,x/s/}), it follows again by Fact 2.1
that s — £ = |B| = |B'| =5 — ¢/ and a(x;, xi+1) = a(x';, ¥'141) for € <i<s— 1. Thus 8(x;, xit1) =
3(x's, X i41) for £ < i < s — 1 and by the colouring of type 5 we obtain that yo(I) = xo(I'). O

Although maximal combs in the same edge do not need to be disjoint, the next result shows
that they do not share the same colouring data.

Proposition 4.2. Let X € [2N1%*7 be an edge. If I=AUB and I' = A’ U B’ are maximal combs
in X, then FI) N F(I') = 0.
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Figure 10. Apicture of /and {a(x, Xi+1)} y ;s ;-

Proof. Suppose without loss of generality that |I| < |I'|. By Proposition 2.7 either INI' =@ or
ICA. If INI =0, then by the fact that I, I’ are closed we obtain that a(I) Na(I’) = . Since
F(I) C a(I) by definition, it follows that F(I) N F(I') = @.

Now suppose that I € A’. We may assume that F(I), F(I') # @ and consequently that I, I are of
type 1, 3, 4 or 5. Since maximal combs of types 1, 3, 4 and 5 have size at least r, our assumption
implies that |I'| > |I| > r.

We claim that |A’| > r. Suppose that |A’| =r. Since r < |I| < |A’| we obtain that I = A" and
|I| = r. The maximality of I implies that it is either a left or right maximal comb (otherwise
we could extend the comb to I U B). However, in this case I is of type 2. Thus F(I) = ¢, which
contradicts our assumption on I. Therefore, |A’| > r and consequently I’ is of type 5. Write
I'={x1,..., %y} with |A’| = ¢’ and assume that I is a left comb. Then by definition

F(I') ={a(x'ss X'ix1)} i d -

Since I C A’ we obtain that F(I) C a(A’). By the structure of a left comb (see Figure 10) we have
that

S(x/l,x’e/) > S(x’/,x’(/H) > S(x/e/+1,x/£/+2) >...> 8(x’s/_1,x’s/).

Thus a(I) N {a(x';, x'i+1) = ) and consequently F(I) N F(I') = @. O

b gicd—1

5. Pre-processing

As discussed in Subsection 3.2, we now turn our focus to show that a simple daisy H can be pre-
processed in a smaller simple subdaisy H' with the property that for every edge X with petal P we
have that either P is a closed interval in X or is part of the “teeth” of a maximal comb in X.
Lemma 5.1. For any simple (r, m, k)-daisy H with vertex set V(H) C [2MN], Ko <M < K3, |Ko U
Ki| =k and |M| = m, there exists a subset M' C M of size |M'| = %k‘l/zml/2 such that the simple
(r, %k_l/zml/z, k)-daisy H = H[Ky U M’ U K1] satisfies one of the following (see Figure 11):

1. M is a closed interval in V(H').
2. There exists a maximal comb I =AU B in V(H') such that M’ C B.

Proof. Let V:= V(H). Given a closed interval I C V, by condition (ii) of Definition 2.2 there

exists a vertex u € a(I) such that I = V(u). Consider the partition of I given by I = IF U IR where
IL = Vi (u) are the left descendants of u and IR = Vg(u) are the right descendants of u. Let ul be
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Figure 11. An example of H’ satisfying statement (1) and (2).

Figure 12. Partition of a closed interval into two other closed intervals.

the left child of u and u® be the right child. Hence, E=vV(@t) and IR = V(uR) and consequently
I=TFUIR is a partition of a closed interval in V into two non empty closed intervals in V' (see
Figure 12).

We will construct our set M’ iteratively. This is done in two stages. In the first stage we start
with the closed interval Yy = V and proceed recursively as follows: For a closed interval Y; C V,
let Y; = YiL U YlR be the partition described above in two closed intervals. The choice of Yiy; is
determined by the conditions below

(P1) SetYip:= YFif|[YENM|>|YRNM]|.
(P2) Set Yi:= YRif|[YEn M| <|YRn M)

We stop the process whenever Y; N Ky =@ or Y; N K; = (. Note that since YiL and YiR are non
empty, at each iteration of the process the size of [(Ky U K1) N Y;| reduces at least by one. Thus, in
a finite amount of time the process terminates. Let Y be the closed interval obtained in the end.
We may assume without loss of generality that Y N K; = @. Write Y = Ky U My, where Ky C Ky
and My C M. It is not hard to check by the construction that |My| > m/2.

For the second stage, let Zy =Y. Given a closed interval Z; C V, let Z; = ZiL U ZlR be the par-
tition into two non empty closed intervals. By definition we have that Z- < ZR. We say that a
partition ZiL U Z,R is of type A ifo2 N Ky = and of type B if Z,R N Ko # . The choice of Z;; will
depend on the type of partition as follows:

Type A: ZRN Ko = 0.

(A1) SetZiyy:= ZLif |ZR) < Jk=12m1/2,
(A2) SetZi:= Zf if |ZZR| > %k’l/zml/2 and stop the process.
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Figure 13. Sequence of closed intervals Z%, . . ., Z

Type B: ZR N Ky # 0.

(B) SetZijy:= ZR.

We terminate the process if we either reach condition (A2) or if Z;1; is a singleton. Since
|Zit1] < |Zi|, the process is finite. Let Z be the closed interval obtained at the end. We split into
two cases.

If the process terminates after some instance of condition (A2), then it means that Z = ZlR isa
closed interval in V with |Z]| > %k‘l/ 2m'/2 for some index i. Because we are in a partition of type
A we also obtain that Z € M. Thus, if we set M' = Z the simple subdaisy H[Ky U M’ U K; ] satisfies
condition (1) of the statement.

Now suppose that the process terminates with |Z| = 1. Then it means that for every partition
of type A we had an instance of condition (Al). If Z;;, is a set obtained after condition (A1),
then |Z; 11 N M| > |Z;N M| — %k‘l/zml/2 and |Zj+1 N Ky| = |Zi+1 N Kp|. That is, condition (A1)
removes less than %k_l/ 2m1/2 element of M from Z; and no elements of K, from it. Moreover, if
Z;+ is obtained after condition (B), then |Z; 11 N M| = |Z; N M| and |Z;+1 N Ky| < |Z; N K. That
is, M remains unaffected, but Ky loses at least one element from Kj to K.

Consider the sequence of operations applied to Zy in order to obtain Z. Since we start with a
set Zy = Y with |Zyp N M| = |My| > m/2, we obtain that during our process we had at least

3

2 _11/2 1/2
—2 =k
%k—l/zml/z m

instances of condition (A1) in the sequence. Similarly, since |Zy N Ky| = |Ky| < k, we obtain that
we had at most k instances of condition (B) in the sequence. Hence, by the pigeonhole prin-
ciple there exists a sequence of consecutive applications of condition (A1) of length at least
m' =k2m2 ) (k+ 1) > 17V 2m!/2,

LetZj, Zjt1, . . ., Zjtm be the closed intervals involved in the sequence. That is, Z; 1 is obtained
from Z; by a condition (A1) for every j<i<j+m — 1. By the algorithm, we obtain closed
intervals Z]R, e ,Zﬁrm,_l C M all of them with size less than %k‘l/ 2m!'/? (Figure 13). For every

j<i<j+m' —1,choose a point z; € ZIR.

Set M' = {zj, ... <> Zjym'—1}. We claim that M’ is a set satisfying condition (2) of the state-
ment. Let H' = H[Ko UM UK;j] and V' = V(H’). To see that condition (2) is satisfied we just
need to find a maximal combI=AUBC V' suchthat M CB.Let K’ =Ko N Zj,n and consider
the interval I’ = K’ U M’ in V. By construction, the intervals K and K’ U {zjy, . . ., Ziym—1) are
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closed in V' for every 0 < i < m’ — 1. Therefore, by condition (a3%) of Definition 2.4, the inter-
val I'= A" U B is a left comb and M’ C B'. Since every comb can be extended to a maximal one,
there exists a maximal left comb I = A U B with A = A’ and B’ C B such that M’ C B and we are
done. O

One of the main consequences of our pre-processing is that it allows us to identify certain
closed and non-closed intervals in an arbitrary edge of H'. To be more precise, given an edge
X € E(H') with petal Pand V' = V(H'), let

Cy oy = {I:Tisan interval in V" and either M’ C T or M' N I =}

Cx,p={I:Iisan interval in X and either PC I or PN I =@}

be the set of intervals in V’ and X such that the intervals either contain or are disjoint of M’ and
P, respectively. The next proposition shows that there is a one-to-one correspondence between
Cy ,y and Cx,p preserving the property of being closed.

Proposition 5.2. For a given edge X € E(H') with petal P, there exists a bijection W : Cyr o = Cxop
given by
() =INX
such that I is a closed interval in V' if and only if W(I) is a closed interval in X.
Proof. If I € Cyr 18 such that I N M’ = (3, then either I C Ky or I C Kj. Since X =Ko UPUK;

for some P € M’(r), we obtain that W(I) =IN X =1I. This shows that W is a bijection from the
intervals of V' disjoint of M’ to the intervals of X disjoint of P.

Now suppose that I € CV/’M/ is such that M’ C I. Then I can be written as I = K; U M’ with K; C
Ky UK. Thus W(I) =INX = K;UP. Since K; # Ky for I # I, we obtain that W is an injection
from the intervals of V' containing M’ to the intervals of X containing P. To check surjectivity,
just notice that K; U P is an interval if and only if K; U M’ is an interval.

It remains to prove that I is closed if and only if W(I) is closed. Throughout the rest of the
proof, for a set S € V we define

xs=min (S), ys=max(S), us=a(xs,ys).
Note that the backwards direction is straightforward from the definition of being closed.
Proposition 5.3. If I is closed in V', then I N X is closed in X.

Proof. Suppose by contradiction that INX is not closed in X. Then by condition (%x) of
Definition 2.2, there exists y € X \ I such that ujnx is an ancestor of y. Since INX C I, we have
that vy is an ancestor of ujnx. Therefore, y € X \ I € V' \ I is an ancestor of u; which contradicts
the fact that I is closed in V. O

The following observation will be useful for the rest of the proof.

Fact 5.4. Let W = V(uw) be a closed interval in V. If x and y are two vertices such that x € W and
y ¢ W, then a(x, y) = a(y, uw) (see Figure 14).

In particular, Fact 5.4 applied to W = M’ says that an element y ¢ M’ have the same common
ancestor with any x € M’. We split the proof of the forward implication depending on the structure
of H' given by Lemma 5.1.

Case 1: M’ is a closed interval in V'.
The proof of Case 1 is slightly different depending on the location of the interval I in V’.

Casel.l: 1 e CV/,M/ such that IN M’ = 0.

As seen before, we have that W(I) =I. By condition (xx) of Definition 2.2 there is no vertex
x € X \ I such that u; is an ancestor of x. If there is a descendant of uy in V' \ I, then the descendant
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a(z,y) = aly, uw)

Figure 14. A picture of Fact 5.4.

is in the set V' \ X = M’ \ P. Since I N M’ = ¢}, Fact 5.4, applied to the closed interval M’, implies
that for every y € I’ and x € M’ we have a(x, y) = a(y, uM/). Thus, if u; is an ancestor of some
x € M’, then uy is an ancestor of u, /. This implies that u; is an ancestor for the entire set M" and
in particular of P, which contradicts the fact that I is closed in X. Therefore, I is a closed interval
in V.

Case 1.2:1€Cyy v such that M’ C I.

Suppose thatI = K; U M’ is a interval in V’ containing M’. We need to prove that I = K; U M is
closedin V' if W(I) =INX = Ky U Pis closed in X. If K; = @, then I = M’ which is by assumption
closed in V’. Otherwise, we claim that u; = uy (). That is I and W(I) have the same common
ancestor.

The assumption that K; # @ gives us that either x; < min (M’) or y; > max (M’). Assume with-
out loss of generality that y; > max (M’). Thus, y; € K; and we have that y; = yy () = max (Kj).
If x; ¢ M, then similarly we have x; = xy(;) and consequently u; = a(xy, yr) = a(xw(1), yw ) =
uy (). Now if x; € M', then x; ¢ K. This implies that xy) € P S M. Since both xp, xy () €
M’ and yr = yg() ¢ M, by Fact 5.4 we obtain that u; = a(xs, yr) = auyp, yr) = alu,y, ywa) =
a(xw(1), yw(n) = ww(r). Hence, I = K1 UM’ and W(I) = K7 U P have the same common ancestor.

To finish the proof note that by condition (x) of Definition 2.2 there are no descendants of
ug( in X \ W(I). Since u; = ug () and V \ I' =K \ K; =X \ W(I), we conclude that there are no
descendants of u7 in V' \ I and consequently I is closed in V'.

Case 2: M’ C Q for some maximal comb Q = AQU B? in V’ with M’ € BR.

We may assume without loss of generality that Q is a maximal left comb. Let KOQ =KoNQ
and K? =K; NQ.Clearly, Q= KOQ UM U K? with KOQ <M < K?. Moreover, Q = A2 U BQ with
AR < BR and M’ € BR (Figure 15). Thus, AQC K(? and by condition (a3x) of Definition 2.4, we
obtain that K(? is closed in V’. As in the first case, we split into two cases depending on the type of
the interval.

Case2.1:1€Cyy v such that INM' =

Suppose that I is a closed interval in X. We claim that V' (u;) N M’ = @3, i.e., the descendants of
uy are disjoint of M'. Applying Proposition 2.3 to the closed interval V'(us) and maximal comb Q
gives us that either V/'(u;) NQ =0, V'(ur) CQor Q C V'(uy). If V'(u7) N Q = ¥, then we immedi-
ately obtain that V'(u;) N M’ =, since M’ € Q.1fQ C V'(uy), then M’ C V'(u) and consequently
P=M NXC V'(u) N X =X(us). This implies that X(uy) # I, which contradicts I being closed
in X.

Thus, we may assume that V'(u;) € Q and M’ Z V'(uj). Then, by Proposition 2.7, we have

/ / / /
that V/(u) = AY @) U BV () where either V/(u;) € AQ or AV () = AQ and BV ) C BQ. For
the first case, note that A2N M’ =@ and therefore V'(u;) N M’ = . For the second case, note
/
that since M’ € V'(uz), then M’ ¢ BV 1) This implies that V(uy) € Ko U M'. Together with the
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Figure 15. Maximal comb Q and sets Kg and KIQ.

fact that IN M’ =@ and I C V'(u;), we obtain that I C K(?. Since K(? is closed in V', we have that

the common ancestor u, o = a(min (K(?), max (K(?)) is an ancestor of the entire I and therefore
0

of ur. Hence, V' (ur) C K(?, which implies that V' (u;) N M’ = (. The fact that I is closed in V' now

follows because V' (up) = X(uy) =1.

Case 2.2:1€Cyy s such that M CI.

Let I = Ké UM U K{ be an interval in V' containing M’ with Ké C Ky and K{ C K. Suppose
that ¥ (I) = K, UPUKY is closed in X. Since KOQ U M is closed, by the same argument of Case
1.2 (by considering Kg‘) U M’ instead of M’), we can show that if x; < min (K(?) or y; > max (M’),
then ur = a(xy, y1) = alxw ), yw()) = uw() and consequently I is closed in V.

Now suppose that min (KOQ) < x7 < min (M) and y; = max (M’). Since both M’ and P are not
closed intervals in their respective ground sets, we have that x; # min (M’) and consequently

xy() =1 and yy() = max (P). Hence, in this case, Ké - K(? and K; =0, which implies that
I= K(I) UM’ and ¥(I) = K(I) U P. Because Q is a maximal left comb with M’ C Q, then both sets
K(? and K(? UM’ are closed in V. Therefore, by Proposition 5.3 the intervals K(? and K(? UP
are closed in X. Fact 5.4 applied to K(? gives us that a(z, yw(r)) = a(Z, yw(r)) for every z,z' € KOQ .
This implies that uy ) = alxy ), yu(r)) = a(min (K(?),y\p([)), ie., K(? UPand ¥(I) = Ké U P have
uy (1) as the same common ancestor. Since Kg U Pand K] U P are both closed in X, we obtain that
K(? = Ké. Thus I = KOQ U M’, which is closed in V'.

The next result shows that we can always find in an edge the location of the maximal comb

with colouring data containing a(P). This will be extremely important, since the comb will be the
only maximal comb such that colouring data changes while we run through different edges of H'.

Proposition 5.5. Let H' be a fixed pre-processed daisy obtained by Lemma 5.1. There exists a unique
interval | C [k + r] such that for every edge X =Ko UPUKy ={x1, ..., Xky,} in H', the interval
Xy = {xj}jej is a maximal comb of type depending only on H' with

a(P) € F(X).
Moreover, writing X; = AX1 U BX1 we have one of the following:

1. If H’ satisfies statement (1) of Lemma 5.1, then AX1 C P and Xj is the smallest maximal
comb containing P with non-empty colouring data.

2. If H' satisfies statement (2) of Lemma 5.1, then X; =1 N X, where I = A U B is the maximal
comb in V' such that M' C B, and X satisfies P C BX/.
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Proof. The idea of the proof is to identify certain maximal combs in V' with maximal combs in
an edge X. Because the structure of those maximal combs in V’ only depends on H’, we will obtain
the same for the corresponding combs in X. Proposition 5.2 will be useful here, since by condition
(a3x) and (b3x) of Definition 2.4 a comb can be defined by looking at certain closed subintervals.
The proof is split into cases depending on the structure of the tree T,/

Case 1: M’ is a closed interval in V.

We will construct a maximal comb in X by looking at a maximal comb in V’ containing M'.
Write Ko = {x1, ..., %} M ={y1,...,yw} and Ky ={z1, ..., 2, }. There are two possibilities
here:

Case 1.1: Either M U {21} is a closed interval in V" or M" U {xy,} is a closed interval in V.

Suppose without loss of generality that M’ U {z;} is closed in V’. In this case M' U {z;} is
a left comb. Let M’ U{zy,. .., 2]} be the maximal left comb obtained by extending M’ U {z;}.
We will assume during the entire proof that ¢ < k;. For t = k;, the same proof work by remov-
ing any claims and sets involving z;11. By condition (a3x) of Definition 2.4 and Definition 2.6,
M'U{z,...,z} being a maximal left comb is the same as saying that the intervals M’ and
M' U{z, ..., z} are closed for every 1 <i < f, but the interval M’ U {z1, . . ., z;41} is not closed.

Set J={ko+1,...,ko+ 1+ t}. Let X be an edge of H" with petal P. We claim that Xj is a
maximal left comb in X with A¥/ C P. To see that consider the intervals

Ji={ko+1,....ko+r+i, 0<i<t+1

In particular J;=]. Note that Xj=M'NX=P and X;; =M N{z1,...,z})NX for
1<i<t+1. Thus, by applying Proposition 5.2 with I=M' and I=M U{z,...,z}, we
obtain that Xj, is closed in X for 0 <i<t and Xj,,, is not closed in X. Hence, by condition
(a3%) of Definition 2.4 and Definition 2.6, we have that X; =Xj, is a maximal left comb.
Since P=Xj;, CXj;, C...CXj, =Xj are all closed intervals, we have that A% C P. Thus,
|A%| < |P| = r and we have that either Xj is a maximal comb of type 3 or type 4 depending on the
size of | Xj| = r + t. Because ¢ is a parameter that depends on the size of the maximal comb in V7,
i.e., on the structure of H', we conclude that the type of Xj is independent of our choice of edge X.
It remains to show that a(P) € F(Xj) and X is the smallest maximal comb containing P with
non-empty data colouring. For the first, note that F(X;) = a(Xj) because Xj is of type 3 or 4. Thus,
a(P) C a(Xj) = F(Xj). For the latter, note that the only potential maximal comb smaller than Xj
containing P is P itself. However, if P is a maximal comb, then it is a comb of type 2 and therefore
F(P) = . Hence, X] is the smallest maximal comb containing P with non-empty colouring data.

Case 1.2: Both M’ U {z;} and M" U {xy,} are not closed in V".

By Definition 2.6, M’ is a maximal comb. Set J ={ko + 1,..., ko + r}. Note that X; = P. By
Proposition 5.2, the set P=M" N X is closed in X and PU {z;} = (M" U {z;}) N X and PU {x;,} =
(M’ U {xx,}) N X are not closed in X. Thus, P is a maximal comb in X. It is clear that AX C X;=P.
Since |P| =r and PU {z1}, PU {xi,} are not closed, we have that X; = P is of type 1. Therefore,
the type of Xj does not depend on X. Moreover, the fact that Xj is of type 1 gives us that a(P) =
a(Xj) = F(Xj). The minimality of X; is immediate from the fact that all combs with non-empty
data has size at least .

Case 2: M’ C B for a maximal combI=AUBin V.

Suppose without loss of generality that I=AUB is a maximal left comb. Let A=
{Xkg—p—t415 -+ > Xkg—p}> BN Ko = {xXky—pt1>- - -» Xk} and BN Ky ={z1,...,2}. Set J = {ko — p —
£+1,...,ko+r+t}. Let X be an edge of H' with petal P (see Figure 16). Clearly, X; =I N X. We
claim that X; is a maximal left comb with P C BY. By Definition 2.4 and 2.6 we have that A is a

https://doi.org/10.1017/50963548324000208 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548324000208

18 M. Sales

Ky Ky
/—/% /—/H
A BNKjy P BN Ky
N —— =
[ —— >

Figure 16. Case 2 of Proposition 5.5.

closed interval in V', A\ {xy,—,} and T U {211} are not closed in V’ and
8(Xkg—p> Xkg—pa1) >+ -+ > 8(Xpy—1, Xky) > 8 (X ¥1) > 8(y1, ¥2) > -+ . > (Y15 Yr')

> 8(Ym>21) > 8(z1,22) > ... > 8(ze—1, 2¢).

Let P={y;,,...,¥:}. By Proposition 5.2, the set A=ANX is closed in X and the sets
AN\ {xgy—p} = (A\ {xg,—p}) N X and Xj U {z,} = (IU {z;41}) N X are not closed in X. Moreover,
since P C M’, we have that

S(Xky—p> Xkg—p1) >+ > 8(Xgy—15 Xky) > 8(Xkg» ¥iy) > 8(yip> ¥iy) > -+ . > 8(yi,_y» yi,)
> S(y,-r,zl) > 8(21,22) >L00> (S(Zt_l,Zt).

Thus, by Definition 2.4 and Definition 2.6, the interval X; is a maximal left comb in X with A%/ =
Aand |BY|=r+t+ p. Since A C Ky, we obtain that P C BY. Note that to determine the type
of X; we need to know the sizes of X;, A%/ and BY/. None of this parameters depends on the
choice of X. Hence, the type of Xj is independent of X. Finally, because |BX1| > |P| > r, we obtain
that |Xj| > r 4+ 1 and consequently the comb Xj is of type 3, 4 or 5. If it is of type 3 or 4, then
a(P) C a(X;) = F(Xj). If it is of type 5, then a(P) € a( max (A%/) U BX) = F(X;). O

To finish the section we prove that the maximal comb determined by the set J is the comb that
essentially determines the colour of the entire edge.

Proposition 5.6. Let X = {x1,..., %}, X' ={x'1,...,Xky,} be two edges in H' and let X; =
{(xi}ier, X'y = {Xj}jes. If x(X) = x(X'), then xo(X)) = xo(X')).

Proof. Let P, P’ € M’ be the petals of X and X', respectively. By definition, x (X) = x(X') implies

that
Y xoM= Y xoI) (mod 2).
IeTx I’EIX/
By the definition of colouring data, if F(I) = ¢}, then xo(I) = 0. Thus, we may rewrite the equality
above as
D xoM= > xo() (mod 2). (4)
IeZx I/EI ,
F(I)#0 n
F(I')#9
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We claim that if I = A U B is a maximal comb of X with F(I) # @, then eitherINP=@or P C I.
Note that, in the colouring defined in Subsection 3.3, whenever F(I) = @, we have that |I| > |P| =7.
By Lemma 5.1, the daisy H’ satisfies one of the following conditions: Either M’ is a closed interval
in V/:= V(H’) or there exists a maximal comb Q = A2 U B? such that M’ C BQ. If M’ is closed
in V7, then by Proposition 5.2 the petal P= M’ N X is a closed interval in X. Thus, Proposition 2.3
applied to the closed intervals I and P gives the desired result that either N P= or P C I. Now
suppose that we are in Condition (2) of Lemma 5.1. By Proposition 5.5, we have that P C BY,
where BY is the “teeth” part of the comb X; = AX/ U BY. Thus, Proposition 2.7 applied to the
maximal combs I and X implies that I N X; =@, € A% or X; € A C I. In the first two cases we
obtain I N P = {J, while in the latter we have P C I.

The idea of the proof of Proposition 5.6 is to show that there exists a bijection between {I €
Ix :F(I) # @} and {I' € N F(I') # #} such that Xj is sent to X'j and every I # Xy is senttoan I’ #
X'y with xo(I) = xo(I'). Hence, after some cancellation, we obtain from equation (4) that xo(X;) =
X0(X'7). Based on the last paragraph, we construct such a bijection by splitting {I € Zx : F(I) # 0}
into two parts:

Case 1: I € Ix is a maximal comb of X with F(I) Z@and INP = (.

We claim that I € Z,/ is a maximal comb in X' of the same type and consequently xo(I) is the
same in X and X’. Assume without loss of generality that I C Ky. Let x be the element preceding
min (I) in X (In the case that such x does not exists, we simply take x = min (I)). Let y be the
element after max (I) in X. Similarly, define x" as the element before min (I) in X" and ¥ as the
element after max (I) in X'. Since I € Ky, clearly x =x'. However, y and y' are not necessarily
the same. By conditions (a3%) and (b3x) of Definition 2.4 and Definition 2.6, to prove that I € Ty
is enough to check that IU {x}, L C I, TU {y} are closed intervals in X if and only if U {x'}, LC I
and I U {y’} are closed intervals in X', respectively. Since F(I) =# ¢, we have that I is of type 1, 3,
4 or 5. Note that one can distinguish between this types by determining the size of the “handle”
and ‘teeth” of I. Thus, by checking the properties above, we also obtain that I have the same type
in X and X'.

For an interval L C I, by Proposition 5.2 we have that L = L N X is a closed interval in X if and
only if it is a closed interval in V’. Another application of Proposition 5.2 gives us that L =L N X’ is
a closed interval if it is closed in V’. Hence, L is closed in X if and only if it is closed in X’. Similarly,
the same argument works for I U {x} and I U {x'}, because x = x" ¢ M’. Moreover, if y € Ky, then
¥y =y ¢ M’ and we also obtain that I U {y} is closed in X if and only if I U {y'} is closed in X".
Hence, the only case remaining is when y ¢ Ko, i,e, y = min (P) and y' = min (P').

We split the argument into two cases depending on the structure given by Lemma 5.1. Suppose
that M’ is closed in V' and let u = a(min (M’), max (M’)) be the common ancestor of M'. By
Fact 5.4, we have that a(z, y) = a(z,y’) = a(z, u) for every z € I. Therefore, the entire set M’ is
descendant of the common ancestors of I U {y} and I U {y'}, which by condition (iix) of Definition
2.2 implies that both sets are not closed. Now suppose that M’ € B? for some maximal comb
Q=AQUBQ. Since I is a closed interval in X, then by Proposition 5.2 it is a closed interval in
V’. Thus, by Proposition 2.3, applied to I and the maximal comb Q, one of the following three
possibilities holds: 1N Q =%, I € Q or Q C I. Clearly, the last possibility cannot hold, since P € Q
and I N P = . Suppose that I N Q = @. By Proposition 5.2, the interval Q N X is a closed interval in
X. Since (IU {y}) N (QNX) = {y} # ¥ and {y} # Q N X, we obtain by Proposition 2.3 that I U {y}
is not closed in X. Similarly, I U {y'} is not closed in X'.

Now we handle with the case that I C Q. By Proposition 2.7, either | C A2 or =AU B is
a comb with A =AQ and B C BQ. Since I C K, we have that Q is a maximal left comb. Let
K(? =KoNQ,B={zy,...,2zp} and let Q= AU {z,,...,z} be the subcomb of Q ending in
zi. By condition (a3+) of Definition 2.4, we have that AQ and Q; are closed in V' for every
z € B Moreover, note that min (I) € A2. Let v = a(min (A), max (AQ) and w = a(min (I), y) be
the common ancestor of A2 and I U {y}, respectively. By Fact 5.4 applied to AQ, we have that
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a(min (I), x) = a(v, x) = a(min (AQ), x) for every x € M. Thus, X(w)=V'(w)NX = QNX=
K(? U {y}, which implies that I U {y} is a closed interval in X if and onlyif I = K(? . Similarly, T U {y'}

is a closed interval in X’ if and only if I = KOQ . Hence, U {y} is closed in X if and only if I U {y'} is
closed in X'.

Case 2: I € Ty is a maximal comb of X with F(I) #@, P C I and I # X].

In this case, by Proposition 4.2 and Proposition 5.5, we have that F(I) N a(P) =@ and con-
sequently F(I) # a(I). Thus, by our colouring, we obtain that I is of type 5, i.e., [I=AUB is
a maximal left/right comb with |A| > r and |B| > r. We may assume that I is a maximal left
comb. Hence, F(I) = a({max (A)} U B) and the fact that F(I) N a(P) = ¥ implies that P C A. Write
A =Ky UPwith K4 € Ky UKj. We claim that I’ = K4 U P’ U B is a maximal comb of type 5 with
set of “teeth” B’ = B and “handle” A’ =K, U P'.

Write B={y1,...,¥:}. Let x = max (A), ¥’ = max (A") and let z be the element coming after
Bin V' (In case that such element does note exist, we take z = max (B)). By condition (a3x) of
Definition 2.4 and Definition 2.6 to prove that I = A’ U B is a maximal comb of type 5 with A’ =
K4 UPand B = Bitis enough to prove that A" and A’ U {y1, . . ., y;} are closed in X’ for every 1 <
i<t, A"\ {x'}is not closed in X" and A" U {y1, ...,y 2z} is closed if and only if AU {y1, ...,y 2}
is closed in X. Applying Proposition 5.2 with X and V’ and then V' and X’ gives us that A, AU
y1,...,yi} and AU{y1,...,y 2} are closed in X if and only if A’, A"U{y;,...,y} and A"U
{31, .., y1 2z} are closed in X', respectively. Since I is a maximal comb in X, this implies that A’,
A'U{yy,...,yi} are closed in X’ for 1 <i<t. If x ¢ P, then x=x" and by the same argument
A"\ {x} is not closed in X'.

It remains to deal with the case that x € P, i.e., x = max (P) and x' = max (P’). The proof is split
into two cases depending on the structure of H' given by Lemma 5.1. If M’ is a closed interval in
V’, then by Proposition 5.2 the interval P’ is closed in X’. The intersection A"\ {x'} is proper since
|A’| =|A| > r=|P'| and &’ € P'. Therefore, by Proposition 2.3, we have that A"\ {x'} is not closed
in X'

Now suppose that M’ C BQ for some maximal comb Q= AQ U B2, By Proposition 5.5, the
maximal combs X; and X'} satisfies P C B/ and P’ C BX. Applying Proposition 2.7 to the max-
imal combs I and X; gives us that either I C A% or X; C A. Since PN A%/ =, it follows that
Xj; C A. Because x = max (A) € P, we have that max (K4) < min (P). This implies that Xj is a
maximal left comb. Hence, by Proposition 5.5 both Q and X'y are maximal left combs.

We claim that A"\ {x'} N X'y is a proper intersection. Since |X'j|=|X;| < |A|=4"|, by
Proposition 2.3 applied to A" and X'j, we have that X'; C A’. Note that we already proved for
1<i<tthatA’and A" U {y,...,y;} are closed in X'. Hence, by the maximality of X’; we have that
A’ # X'y (otherwise we could extend to the left comb X’y U B). Thus, X'j is strictly contained in A’,
which implies that K4 \ X'y # @. This concludes that A"\ {x'} N X is proper and by Proposition
2.3 the interval A \ {x} is not closed in X'.

Therefore, the interval I’ = A" U B is a maximal left comb in X’ of type 5 with A’ =K, U P’
and B’ = B. It is not difficult to check (by Proposition 5.2) that the correspondence between I
and I’ is a bijection. Moreover, since A =Ky UP is closed in X, we obtain by Proposition 5.2
that K4 U M’ is closed in V. It follows by Fact 5.4 that a(x, y;) = a(x’, y1) and consequently thar
F(I) = a(BU {x}) = a(B' U {x'}) = F(I'). Hence, by Proposition 4.1 we have xo(I) = xo(I'). O

6. Main proof
The proof of Theorem 1.3 follows by a simple induction of the following stepping up theorem.

Theorem 6.1. Let m > 100kr?, N:minogjgk{Di'fI;(ék‘l/zml/z,j)} be integers and let

{9i}r—1<i<ktr—1 be a family of colourings ¢;: [N]® — {0,1} without a monochromatic copy
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of a simple (r—1, ék‘l/zml/z, i—r+ 1)-daisy. Then, the colouring x : [2N]k+7) 5 10, 1}
described in Subsection 3.3 does not contain a monochromatic simple (r, m, k)-daisy.

Proof. Suppose by contradiction that there exists a monochromatic simple (r, m, k)-daisy H in
[2N]%+7) with kernel K = Ko UK of size k, universe of petals M of size m and Ky < M < K;.
By Lemma 5.1, we obtain a monochromatic simple (r, %kil/ 2m'/2, k)-daisy H' with same kernel
and universe of petals M' = {y1, ..., Y} C M of size m’ = $k~1/>m1/? satisfying that either M’
is a closed interval in V' = V(H’) or M is part of the “teeth” of a maximal comb I=AUB, i.e,
M CB.

Note that every edge X € H’ can be written in the form X = Ko U P UK where P € M)") is a
petal of H'. Since H' is monochromatic, we have that

X(X)= )" xo() (mod 2)

ICTx

is constant, for every X € H'. Thus, by Propositions 5.5 and 5.6, there exists a unique interval
J C [k + ] such that for every X € E(H’) the interval X; = {xj}jes is maximal comb with colour
Xo0(Xj) constant.

As in the proof give in Subsection 3.1, our goal is to use the fact that the combs Xj are
monochromatic with respect to xo to find a large 1-comb. Let t =|J| — r and let G be the sim-
ple (r, %k’l/ 2m'/2, t)-daisy constructed by taking as edges the combs X; for every edge X € H'. To
be more precise, let Kj be the subset of ¢ vertices of Ky U Kj in the interval . Note that every comb
Xj can be partitioned into X; = Ky U P, where P C M is the petal of X. We define G as the simple
(r, 3k=1/2m1/2, 1)-daisy given by

V(G) =K UM’
G={X;:XeH}

As discussed in the last paragraph the (t 4- r)-graph G is monochromatic under the colouring xo.
The following lemma is a variant of Proposition 3.1 for simple daisies.

Proposition 6.2. If M’ is a closed interval in V(H') and G is monochromatic with respect to the
colouring xo, then there exists an interval M C M’ of size IM"'| = (IM'| — r + 6)/2 such that M"
isal-combin V'

Proof. By Proposition 5.5, all the edges X of G are combs of the same type. Thus we may assume
without loss of generality that Xj is either a broken comb or a £-left comb in X. Since M’ is closed,
by the same proposition we obtain that AX/ C P and consequently K; € BX/ for every edge X € H'.
Therefore, we either have Ky = ¥ (and Xj is a broken comb) or P < Kj for every X, which implies
that K; C Ky, i.e.,, M’ < Kj. Moreover, if X is an £-left comb, then AX/ C P implies that £ < r. This
implies that Xj is either of type 1, 3 or 4.

We split the proof into two cases according to the size of t = |Kj|. Write M' = {y1, ..., ym},
Ki={ym+1>-- s Ym4t} Gf Ky #0) and 8iG =8 yiy1) for 1 <i<m' +1t— 1.

Casel:0<t<r—2.

Since |Xj| =r+t < 2r — 2, we obtain that Xj is either of type 1 or 3. The proof follow the
same lines of the proof of Proposition 3.1. Write P = {y; ,...,y;,} € M forindices 1 <ij <... <
i, < m'. Suppose without loss of generality that G is monochromatic of colour 0, i.e., xo(X;) =0
for every Xj € G. Thus, by the definition of xo for combs of type 1 and 3, we do not have that
85’;3 < 8572 > 81-?71. In particular, because Xj is arbitrary, this implies that there are no indices

r—3<p<qg<s<m —1 such that SPG < SqG > 8. That is, the sequence {8?};1;_13 has no local
maximum.
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Now the same argument as in Proposition 3.1 gives that there exists an interval M =
V> - - -»yq} €M’ such that {(SiG}?Z_; is monotone and [M"'| > (|]M'| — r 4 6)/2. By the definition
given in Example 2.5, it follows that M" is a 1-comb.

Case2:t>r—1.

In this case Xj is a left comb of type 4 for every Xj € G, since |Xj|=|P|+ |Kj|=r+t>
2r — 1. Suppose without loss of generality that G is monochromatic of colour 0 and that
got({San/, s 8$,+t_1}) =0. Let u = a(min (M), max (M")). Fact 5.4 applied to M’ gives us that

3(2, Ypy41) = 8(u, yyr11) for every z€ M'. In particular, this implies that §(z, y,,y11) =8$, for

everyze M.

Write  P={yj,....,y;,} SM  with 1<i<...<ip<m and X;=PUKj=
{Vits o> Vi Ymrs - - > Ym+t—1}. Since xo(Xj) =0, S(yij,ym/+1) = ‘San’ for every 1<j<r and
got({SYGn/, R 8$,+t_1}) + 1=1 we obtain by the definition of xo for combs of type 4 that the

inequality 85_3 < 85_2 > (Sicj_l cannot hold. Because Xj is arbitrary, we have that there are no
indices r —3 < p <gq <s<m' — 1 such that (SPG < SqG > 89 Hence, similarly as in Case 1 we find
an interval M"" C M’ of size at least (|[M'| — r + 6)/2 such that M"' isa 1-comb in V. O

To finish the proof of Theorem 1.3 we are going to show now that if G is monochromatic with
respect to xo, then there exists a monochromatic simple (r — 1, %k‘l/ Zml/2, j)-daisyin 6(G) C [N]
with respect to some colouring ;;,—1. The proof is split into several cases depending on the
structure of H' given by Lemma 5.1 and on the possible types of Xj.

Case 1: M’ is a closed interval in V’.

As usual, we may assume that an edge of G is either a broken comb or a left comb. By
Proposition 6.2, there exists an interval M”" C M’ of size h = (|JM'| — r + 6)/2 such that M" is
a 1-comb. Consider the colouring xo over the monochromatic subdaisy G’ := G[K; UM"] C G.
As in the proof of Proposition 6.2, we have that either X is a broken comb and t = |Kj| =0 or X;
is an £-left comb with £ <rand M’ < Kj. Write M = {y;;, ..., y;,} with 1 <iy < ... <ip <m/,
Ki={ym+1>- > Y4t} (f Ky #0) and (SiG =8(yi> Yit1)-

Let X;=PUK;={x1,..., %} U {¥m'+1>- . .>Ym++} be an arbitrary edge from G with P C
(M), Note that since M” is a 1-comb, then 8(x,_3, Xr—2), 8(xr—2, Xr—1), 8(x,—1, x,) forms a
monotone sequence. Moreover, as discussed in Proposition 6.2, the comb Xj is of type 1, 3 or 4.
Thus, by the colouring defined in Subsection 3.3, we have xo(X) = ¢,4+:—1(8(X))), i.e., the colour
of Xj is determined by its full projection on the levels [N].

Let u=a(min (M’), max (M’)). Note that since M’ is closed, by Fact 5.4 we have that
a(xr, Ypr+1) = a(th, Yy 1+1) = AWpy> Yy +1)- Consequently, we have that §(xy, yyy41) = 82,, which
implies that 8(Xj) ={8(x1,x2),...,8(xr—1, %)} U {Sg,, R 82/44—1}' Therefore the projection
of all the edges of X; forms a simple (r —1,h — 1,t)-daisy D C [N] with universe of petals
8(M") an kernel Kp = {82,, .. .,8$/+t71} satisfying Kp < 8§(M"") (see Figure 17). By the fact
that G’ is monochromatic with respect to xo, we have that D is a monochromatic simple
(r — 1, h — 1, t)-daisy with respect to the colouring ¢,;¢—;. This leads to a contradiction since
h—1>m —r+4)/2> %k‘l/zml/2 for m > 100kr? and ;4,1 has no monochromatic simple
(r— 1, 2k~ /2m'/2, 1)-daisy.

Case 2: There exists a maximal comb I = A U Bin V(H’) such that M’ C B
We may assume without loss of generality that I=AUB is a left comb. Write A=

1.5y}, Bo=BNKo={yer15-- > Yeeph M ={yespt1>.. > Yerprm} and Bi=BNK; =
Vesprm+1> - - > Yerp+m+¢} (as in Figure 18). By Proposition 5.5, V(G) =1 and all the edges

X; =A% UBY € G are maximal left comb of same type with A%/ = A, B¥ = ByUPU B, and
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]\/[//

6(]V /l)

5(P)

Figure 17. Case 1 of Theorem 6.1.

Figure 18. Auxiliary tree of G in Case 2.

A < By < P < Bj. In particular, this implies that |BX/| >r and Xj is of type 3, 4 or 5. We
split the cases depending on the type of Xj. Let 8% = 8(y;, yi1) for 1 <i<l+p+m' +t—1.
For an arbitrary edge Xj € G, write Xj = {x1,..., X¢4ptrte} wWith x;=y; for 1 <i<L+p, P=

) X
{Xe4pi1s- - s Xepprr) S M and xeqpiryi = Yeyprm+i for 1<i<t and let T = 8(xi, xi41) for
1<i<e+p+r+t—1L

Case 2.1: Xj is of type 3.

Recall that if X; is of type 3, then [A%| < r and r < |Xj| =|A% |+ |B¥| < 2r — 2. Because
|BY| >r, we obtain that |[A%| <r—2. This implies that {x,_1,x,} €B% and consequently
5?13 > Sﬁz > Sﬁl. Therefore, by the fact that [6(X))| > [8({x¢, . . ., Xe4prrte) | =p+r+t =T,
we obtain that xo(X)) = ¢|5(x;)|(3(X)))-

Note that

G G Xy Xy G G
S(Xp) =1{3r,. .. ’8(Z+p71} U {‘Se+p’ T "Se+p+r—1} U {5£+p+m/’ T ’5£+p+m/+t—1}

X X
=8MUBMU%AWUqQ%HFJUMUHWWJU&)

Hence, the projection of the edges of G is a simple (r, ', |§(A U By)| + t)-daisy with kernel
8(AU Bo) US({ye+p+n} UB1) (as in Figure 19). Since G is monochromatic with respect to xo,
we obtain that §(G) C [N] is monochromatic with respect to the projection colouring, which is
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§(AU By)

I({Yetptmr } U B) O
Figure 19. Case 2.1 of Theorem 6.1.
a contradiction because any simple (r, #’, |§(A U By)| + t)-daisy contains a simple (r — 1,m’ —
1, [8(AUBy)| + t + 1)-subdaisy and m' — 1 > ék‘l/zml/z.

Case 2.2: X is of type 4.

If Xj is of type 4, then |A%| <rand I X;| = IAX’I +|B%| = 2r — 1. We split the proof into two
subcases depending on the sequence formed by {8r73, Sﬁ 20 85(1 NE

Case 2.2.a: Either § ’3>8r , <8, 10r8f13<6f(12>8f11.

Suppose without loss of generality that (Sﬁ 3> Sﬁ 5 < Si(i |- Hence, by the colouring definition,

we have xo(Xj) = §0[+p+t({55(], .. 8erp+r+t ). Thus, we just need to look at the projection
{(Sf/, e (Sﬁererl} for every Xj € G. Note that 8?13 > ‘Sﬁz < Si{il implies that AY | >7r—1.

Indeed, by the same argument made in Case 2.1, if |AX1 | r — 2, then Sﬁ 3> 85(1 5> Sﬁ 1> which
is a contradiction. So, it follows that r — 1 < |AY| =

Suppose that [A%¥| =7 —1and By =0, i.e, L =7 — 1,p =0and M ={yr, ..., ¥rim—1}- Then
the projection of the relevant part of an edge X; can be written as

X; G
{6, ’8€+p+r+t—1} = {57 821’ Y {5r+m’ v 02l
= S(P) @] {ST-H’VI/ 12> 57-G+m/+t_2}>
—5G G
since 82r = 8€+p+r+l 5(Z+p+m i =014 for 0<i <t — 1. Therefore, the projection
of the edges X is a simple (r — 1, m’ — 1, t)-daisy with kernel {(SH_m, Doeee ,5f+m/+t_2} (see

Figure 20). Because G is monochromatic under xo, the projection is also monochromatic under
@¥r+t—1, which is a contradiction.
Now suppose that |A% U By| = € + p > r. The relevant projection of X; in this case would be

X G G X X
{87 a8y = 8 8y VU8 o 0 gt
G
U {‘S£+p+m” - 813+p+m pio1h
where the set {SrG, e 5(3G+p71} is empty for £ + p = r. Since {513erp’ .. Z+p+r U =086{ye+p} UP),

we obtam that the pro;ection of all edges X; is a simple (r, ', £ + p + t — r)-daisy with kernel
{8,G, .. €+p Ju {(SHerm/, .. SZGerer ' 4¢_1)- Because every simple (r,m’, £ + p + t — r)-daisy

contains an (r —1,m' —1,£ + p+t — r+ 1)-daisy and the projection is monochromatic with
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{5r+m’71> ce 5T+m’+t72}

Figure 20. Case 2.2 of Theorem 6.1 when |A| =r — 1.

{65, .. .,5&1071}(
({ye4pt U P)

S({yerpt U M)

G G
{6€+p+m/’ T 6€+p+m’+t—l}

Figure 21. Case 2.3 of Theorem 6.1.

respect to @gipii—1, We obtain a monochromatic simple (r — 1, %kil/zml/z, L+p+t—r+
1)-daisy, which is a contradiction.

Case 2.2.b: Either 85(13 < 85(12 < 85(11 or (Sﬁ3 > 8522 > 6?11.
In this case we obtain that xo (X)) = ¢5(x))|(6(X])), i.e., the colouring of xo is just the colouring
of the projection of X;. The proof now follows similarly as in Case 2.1.

Case 2.3: X is of type 5.
If X; is of type 5, then |A%/| > r and |BX/| = p + r 4 t > r. By the colouring definition, we have

xo(Xp) = gppﬂﬂ({sff, L S?J]rpHH_l}). The projection here can be rewritten as

X X
(87 ey} = (875 -+ 8¢1p 1} UL8({yesp} UP)

G G
U8 i+ 6 pymri—1 -
Thus, the relevant projection over all edges X; is a simple (r, m’, p + t)-daisy with kernel
{8G’ el 86G+p_1} U {8?+p+m,, e 82G+p+m/+t—l} (see Figure 21). Therefore, by the same argument
did in the previous cases, we reach a contradiction since there is no monochromatic simple

(r—1, %kil/zml/z,p + t + 1)-daisy in the colouring ¢ /4. O
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Proof of Theorem 1.3. We will prove by induction on the size of  that there exists an absolute
positive constants ¢ and ¢’ not depending on k and r such that

D™ (m, k) =t 2(d GVRE THtmE ) > b o (kT 2m? )

holds for k> 1 and m > (25k)> ~1. For r =3, the result follows by the next proposition given
in [5].

Proposition 6.3 ([5], Proposition 1.2). There exists a positive constant ¢’ not depending on k such
that

Ds(m, k) = 2™
holds for m > 3.
Now suppose that 7 > 4 and that for any integer £ < r the induction hypothesis is satisfied, i.e.,

D™ (m, k) > teo(d (VR i)

form > (25k)%* 1 and k > 1. Let N = minggi<k—1 Dsmp( k=12m'/2,i). For i = 0, by equation (2)
we have that

1 1
D™ <gk1/2m1/2,0> =R (Ekl/zml/z) >t o(crk™'m)

for a positive constant c;. Since m > (25k)? ~, we obtain that %k‘l/zml/2 > (25k)2' 1. Thus, by
induction hypothesis we also have that

257)'
D™ (%k”zm”z,i>>n_3( (Vi (; ~if2 1/2) )

for i > 1. Therefore,

5—r
(1 2
N > min {tr_z(clk_lm), min {t,_3 (c’(S«/;)26 —4 (—k_1/2m1/2> )}}
1<i<k 5

> b3 (VR ),
Finally, Theorem 6.1, applied to m > (25k)* ~! > 100kr?, gives us that

D™ (m k) = 2N > A GVRE T T ),

]
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