5

Conformal geometry

Conformal geometry is concerned with the properties of angle-preserving geomet-
ric transformations. Conformal geometry, as a branch of differential geometry,
has a long story going back to the work of Cotton, Schouten and Weyl; see,
for example, Cotton (1899), Schouten (1921) and Weyl (1918, 1968). It remains
an active area of research; compare the monograph by Fefferman and Graham
(2012).

The approach to the use of conformal methods in general relativity followed
in this book goes back to the seminal work by R. Penrose in the 1960s; see
Penrose (1963, 1964). Penrose’s ideas allowed to reformulate, in a geometric
manner, the study of the asymptotic behaviour of the gravitational field. Since
then, conformal methods have provided a valuable tool for the analysis of global
aspects of the Einstein field equations and their solutions. Conformal methods
have also been useful in the construction of exact solutions to the Einstein field
equations; see Stephani et al. (2003).

This chapter provides an introduction to the notions of conformal geometry
to be used in the later parts of this book. The organisation of this chapter is
geared towards applications.

5.1 Basic concepts of conformal geometry

This section discusses the basic notions of conformal geometry that will be used
throughout this book.

5.1.1 Conformal rescalings and transformations

The key notion in conformal geometry is that of a conformal rescaling. In
what follows, let g and g denote two metrics on a manifold M. The metrics
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g and g are said to be conformally related (or simply conformal) to each

other if there exists a positive Z € X(M) such that

[1]

9="2%. (5.1)
The scalar Z is called the conformal factor. Throughout this book, the symbol
= will be used to denote a generic conformal factor on a four-dimensional
manifold.

The conformal rescaling in Equation (5.1) gives rise to an equivalence relation
among the set of metrics over M. The conformal class of a metric g, to be
denoted by [g], is the collection of metrics conformally related to g. A conformal
class is also called a conformal structure. From Equation (5.1) it follows that
the contravariant metrics §* and g? are related by

g = =7

that is, g% = 27239, so as to ensure that §,,3° = 6,¢ and gap9"¢ = 64°.

Closely related to the notion of conformally related metrics is the concept
of conformal transformations. To discuss this idea, let M and M denote two
manifolds with metrics g and g, respectively. A conformal transformation
(also called conformorphism) is a diffeomorphism ¢ : M — M such that the
pull-back of g is conformal to g. That is, one has that

*

Yg=

(1]

g. (5.2)

Notice that as ¢ is a diffeomorphism, then (p*)~! is well defined and the last
expression could have been written, alternatively, as g = (p*) 7! (EQQ).

A special case of the previous discussion occurs when g is a flat metric — in the
Lorentzian four-dimensional case the Minkowski metric 7 and in the Riemannian
three-dimensional case the Euclidean metric 4. In these cases one then says that
g is conformally flat. Determining whether a given conformal class contains
the flat metric is a classical problem in conformal geometry; see Section 5.2.3.

The conformal group

As before, let [g] denote the conformal class of a Lorentzian metric g on a
manifold M. Consider a frame {&4} which is orthonormal with respect to g. If
{@?} denotes the associated coframe, one has that

G = Nap@® @ @°, that is, 9(€a,€a) = Nap.

In order to investigate the type of transformations of {w,} which lead to another
metric g € [g], write

a)a — I('G‘c("}c7
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with (K%.) denoting some transformation matrix and {w, } another orthonormal
frame. The condition on the matrix (K®.) so that it leads to another member
of the conformal class, say, g = 22§, is then given by

G = Nap KK qw® @ w? = 27 2nqw @ w.
The latter expression suggests writing
Kab _ E—lAab7

where (A%) is a Lorentz transformation; that is, A®.A%gnap = 7eq. The
group of (four-dimensional) Lorentz transformations will be denoted
by O(1,3). It follows that at a point p € M the group of transformations
taking a g-orthonormal frame to a frame which is orthonormal with respect
to another metric in the conformal class [g], the so-called conformal group
CO(1,3), is given by CO(1,3) = RT x O(1,3). The previous discussion can
be adapted to the case of three-dimensional Riemannian metrics. In that case,
the conformal group, denoted by C'O(3), is given by CO(3) = R™ x O(3), where
O(3) denotes the group of three-dimensional orthogonal transformations
(rotations).

5.1.2 Conformal extensions and conformal compactifications

If a smooth mapping ¢ : M — M satisfying condition (5.2) is injective

but not surjective (i.e. p(M) C M), then one says that M is a conformal
extension of M. An important type of conformal extensions are the so-called
conformal compactifications. A conformal compactification of a manifold M
with metric g is a conformal transformation ¢ : M — U where U is a relatively
compact (i.e. the closure of U is compact), connected, open set of a manifold M

such that
g=(")""(Zg i U,
with a conformal factor = such that:

>0inU.
= 0 on JU, the boundary of the open set U. The set OU is called the
conformal boundary of M.

(1] [1]

(i)
Examples of conformal extensions will be discussed in Chapter 6.

5.2 Conformal transformation formulae

The discussion of Section 2.4.4 can be applied to obtain the transformation
formulae relating the curvature tensors of the Levi-Civita connections V and V
of two metrics g and g related to each other by Equation (5.1).
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5.2.1 Transformation formulae for the connection

As a first step, one needs to find the specific form of the transition tensor Q%
— see Equation (2.13). The first observation is that as the connections V and
V are torsion free, it follows from Equation (2.15) that the transition tensor is
symmetric; that is, one has that

Qacb = Q(acb) :

Using formula (2.14) one has that

vu,gb(: - Vagbc = _Qadbgdc - Qadcgbd-

From Vg = 0 and Vagpe = @Q(EQEJIJC) = 22V Edbe (as Veadbe = 0) one finds
that

Q(E’IVGE)gbC = Qadbgdc + Qadcgbd'

Two further companion equations can be obtained from the latter by permuting
cyclically the indices 4p.. Adding two of them and subtracting the third one, one
can solve for @), to find

Qus = E (VaB6° + VE0,° — V=g gas)-

This last expression can be rewritten in a more concise form as

Qa‘b = Sap™(27'V4E), (5.3)
where

Sap = 840" + 6,40 — gapg“®.
To simplify the presentation of the various transformation formulae, let
T, =E"'V,E, b = Sap“ .
Hence, one can write schematically that
V-V =_58(7), (5.4)

and Equation (5.3) yields Q,% = Y.%%. The tensor S appeared in Section
2.5.2 in the decomposition of the Riemann tensor; see Equation (2.21b). Using
Equation (5.1) one finds that

(Sacébd + 6ad6bc _ gabng _ 6ac(5bd + 6ad6bc _ gab§0d'

Hence, the tensor S is independent of the representative of the conformal class;
that is, it is an invariant of [g].
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5.2.2 Transformation formulae for the curvature

Combining the results of Section 2.4.4 with the expression for the transition
tensor of Equation (5.3) one obtains a transformation rule for the Riemann
tensor:

Rgab — Reaap = 2(V (o Lo)%a + TaCe) T a)- (5.5)
Some of the transformation formulae for the various concomitants of the
Riemann tensor are dimension dependent; thus, they are analysed separately.
The 4-dimensional case

In the four-dimensional case one has that the Ricci and Schouten tensors and
Ricci scalar of the connections V and V are related to each other, respectively,
by the expressions

~ 2 ) 1 3
Ry — Ry = _Evavbg _ gabgcd (:VCVdE - mVCEVdE> , (b.6a)

. 1 A R

Loy — Loy = —Evavb: + @VC:V = Gab, (5.6b)
1 - 6 12

R— —=R= fEVCVCE + —=V_.EV°E. (5.6¢)

=2
Using the tensor Sq;,¢, one can rewrite the transformation formula for the
Schouten tensor, Equation (5.6b), in the alternative form
~ 1
Lap — Loy = Vo Xy + §SadeTch. (5.7)
By letting ¥ = Z7!, the transformation rule for the Ricci tensor can be
rewritten as
6V, V™ — RY = —Rv>.

Using the irreducible decomposition of the Riemann tensor, Equation (2.21b), as
a definition for the Weyl tensor, together with Equations (5.5) and (5.6b), one
finds that

CCab = Cab-

In other words, the Weyl tensor is an invariant of the conformal class [g]. Using
this invariance and the transformation law for the connection, a calculation leads
to the important identity

V(BT 0% ) = 271V, 0%cq. (5.8)

A further tensor which will play a role in the present treatment of conformal
geometry is the so-called Cotton tensor of V. This tensor is defined as

Yabc = @aibc - @bffac-
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Notice that by construction Yape = fﬁab]c. The Cotton tensor is closely related
to the Weyl tensor. To see this, consider the second Bianchi identity

ViR pjeq) = 0, (5.9)

satisfied by the Riemann tensor of the metric g; see Section 2.4.3. Now, as seen
in Section 2.5.2, for a Levi-Civita connection, the Riemann tensor R%.q can be
decomposed in terms of the Weyl tensor C'%,.q and the Schouten tensor L, as

R%eq = C%eq + 2(3"(cLap — GojeLa®)- (5.10)
Substituting the latter into Equation (5.9) one obtains
2(GoeVeLa® — 3 VeLap) = VieCpjea-
Contracting the indices * and . one obtains
VeLay = VaLey = VaC%%ea. (5.11)
That is,
Year = VaC%ea- (5.12)

In particular, one sees that if C%,.q =0, then chb = 0. Moreover, as a consequence
of the first Bianchi identity for the Weyl tensor, }7[,1;,0] =(. The Riemann tensor
R%cq of the connection V satisfies equations analogous to (5.9) and (5.10). It
follows by the same computation described above that

VeLay — VaLey = VaCeq. (5.13)

Alternatively, defining the Cotton tensor of V, Y.qp = V.Lg, — V4L.p, one can
write

Yeab = VaC%ca- (5.14)

Combining Equations (5.8), (5.12) and (5.14) one finds that the transformation
rule for the Cotton tensor is given by:

Yeay — Yedr = YaC%%ca- (5.15)

The three-dimensional case

In the case of a three-dimensional manifold, let h = Q2h — throughout, the
symbol €2 will be used to denote a generic conformal factor on a manifold of
dimension three. One has that

1 1 2
Tij — Tij = _ﬁDiDjQ - hijhkl (QDleQ - kaQDlQ> , (5.16&)
= 1
lij = lij = —qDiDi + 5 DkQDkQ hij, (5.16b)
14 6 )
r—@r:—ﬁDDQ—i— — D;QDQ. (5.16¢)
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where D; denotes the Levi-Civita covariant derivative of the metric h, and
35, lij, v correspond to its Ricci and Schouten tensors and its Ricci scalar,
respectively. The transformation law of the Schouten tensor is of particular
interest. Comparing Equations (5.6b) and (5.16b) one sees that although the
definition of the Schouten tensor is dimension dependent, its transformation
formula is not.

Letting ¥ = Q~1/2, the transformation law for the Ricci scalar can be recast as

8D; D9 — ri) = —i9°. (5.17)
This expression plays an important role in the discussion of the Einstein
constraint equations; see Chapter 11.

Given the three-dimensional Schouten tensor /;;, its associated Cotton tensor

Yijk is given by

gijk = Di[jk — Djiik. (518)
Using the transformation rule (5.16b), a computation shows that

Yijk = Yijk-

That is, in three dimensions the Cotton tensor is conformally invariant.

Sometimes it is more convenient to work with its Hodge dual, the so-called
Cotton-York tensor, given by

N 1.
Yij = _iykljﬁikl

It can be readily verified that
Yij = Yji yi' =0, D'y;; = 0.
Moreover, the Cotton-York tensor satisfies the transformation rule

yij = Qi (5.19)

5.2.3 Characterising conformal flatness

Given a conformal class [g] on a manifold M, an important question is whether
the flat metric belongs to it, so that g is conformally flat. Conformally flat metrics
are a source of geometric intuition in general relativity as they have a simpler
curvature tensor depending on the Schouten tensor only. Conformal flatness is
characterised by the following classical result:

Theorem 5.1 (Weyl-Schouten theorem)

(i) Let (M,g) be a manifold with metric of dimension n > 3. The metric g is
conformally flat if and only if the Cotton tensor of g vanishes.

(ii) Let (M,g) be a manifold with metric of dimension n > 4. The metric g is
conformally flat if and only if the Weyl tensor of g vanishes.
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Proof A direct computation shows that if a metric is conformally flat, then
both its Cotton and Weyl tensors vanish; this proves the if part.

In order to prove the only if part, one uses the fact that if the Weyl tensor
vanishes then, for dimensions n > 4, the Cotton tensor vanishes; compare
Equation (5.14). In view of Equation (5.15) one concludes that the vanishing
of the Cotton tensor holds for any metric in the conformal class. From this point
onwards, the proofs for the various dimensions are similar. For simplicity, only
the four-dimensional case is considered.

Given a metric g in the conformal class, one needs to find a conformal factor
= such that g = =Z%n where 7 is the flat Minkowski metric. Motivated by
the transformation law for the Schouten tensor, Equation (5.6b), consider the
equation

1
Voo + agop — §acacgab = —Lgp. (5.20)

The latter can be read as an overdetermined partial differential equation for the
covector «,. Given a solution to Equation (5.20), an antisymmetrisation yields
that V,ap = 0 so that a, is a closed covector. Thus, locally «, is exact and
can be written as a, = V,(InZ) = Z71V,= for some function =. Comparing
Equatlon (5.20) with (5.6b) one concludes that the Schouten tensor of the metric
g = Z72g must vanish. As C%.4 = 0, the whole Riemann tensor of § must
vanish. Consequently, one concludes that g = 7.

Hence, to conclude the proof one needs to show that Equation (5.20) admits
a solution under the assumption that C%..; = 0 and Y, = 0. Applying V.
to Equation (5.20), antisymmetrising on ., and finally using the commutator of
covariant derivatives, one finds the integrability condition

Rpeqorq + 201,V i + 20 V(o gapp, = 0. (5.21)
Now, as C%.q = 0 one has that
R%cq = 2(0%cLap — gojeLa)®)-

Using the latter expression for the Riemann tensor together with Equation (5.20),
one finds that the integrability condition (5.21) is automatically satisfied.
A general version of the Frobenius theorem ensures the existence of a solution
ap to Equation (5.20); see, for example, Choquet-Bruhat et al. (1982) or Spivak
(1970). O

5.3 Weyl connections

As in the previous sections, let V denote the Levi-Civita connection of a metric
g on M. Some of the applications of conformal geometry to be considered in this
book give rise to connections which are not necessarily the Levi-Civita connection
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of a metric but, nevertheless, respect the conformal class. A Weyl connection
is a torsion-free connection V such that

@agbc =-2 fagbw (5'22)

for some arbitrary covector fa.

The transition tensor @, relating the connections V and V can be obtained
using an argument similar to the one employed in Section 5.2.1 to compute the
transition tensor of a conformal rescaling. One finds that

Qus = Sav“ fa.
Schematically one writes

V-V =58().

If the covector f is exact, so that on suitable open sets it can be written in the
form f = —=~'d= with some smooth function = > 0, then the Weyl connection
V is, in fact, the Levi-Civita connection of the metric g = =24.

The condition V,8,° = 0 satisfied by a generic connection together with
the relation 6,° = g% and the defining property of a Weyl connection,

Equation (5.22), show that
Vai" =2 fug".
Using the above expressions one readily obtains that
VeSap™ = V(800" + 0,°02" = §ang*)
= —Ve(Gad*) = ~Vegard* — §arVeg* = 0.
R In what follows, let Rabcd denote the Riem::mn tensoerf the Weyl connection
V. This tensor possesses the basic symmetry R%,.q = —R%pq4.. As the connection

V has vanishing torsion, it follows that Rabcd satisfies the first and second
Bianchi identities in the form:

R [bed] = 0, (523&)
ViR pjea) = 0. (5.23b)

5.3.1 Weyl propagation

To investigate the relation between Weyl connections and the conformal class [g],

consider a curve y with parameter s € I C R on (M, g) with tangent & € T'(M).
A vector u € T (M) is said to be Weyl propagated along  if it is parallely
propagated along v with respect to a Weyl connection V; that is, u satisfies the

equation

Vd:u =0.
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Writing the latter in terms of the Levi-Civita connection V one has that

j:avaub — —jfaSacbeucfe,

Geaui® fo —ul foi® — ¢ foul.

In index-free notation one has that

Veu = g(u,)F — (F,u)z — (F, &)u.

Let {eq} denote an arbitrary frame which is Weyl propagated along ~ so that
Vieq =0. Letting gap = g(€aq, €p), a computation then shows that

Vidab = Vi(g(ea, ep)) = —2(f,2)Gab. (5.24)

Consequently, one obtains @¢(ln§ab) = —2(},:'3). The latter equation can be
solved to give

Gab(1) = Gab(nx) exp (—2 /f(},:b)ds’)

along the curve x(s). Thus, one finds that Weyl connections respect the conformal
class in the sense that parallel propagation of a metric using a Weyl connection
leads to a metric in the same conformal class. Notice also that Equation (5.24)
allows one to conclude that if the frame is orthogonal at some point along the
curve, then it is orthogonal elsewhere on v — the normalisation, however, is lost.

5.3.2 Transformation formulae for the curvature

The transformation formulae between the curvature tensors of the Levi-Civita
connection V and the Weyl connection V follow directly from the general
discussion of Section 2.4.4.

In what follows let facb =9, fd. If Rade denotes the Riemann tensor of @,
then one has that

R%eq — R%eq = 2(Vefas + fe(cfa%), (5.25a)
= 200"V fo + Vief“Gap — 6“6V o fay
—0%fafo + Gojefay [+ 0% (cGap fef©)- (5.25b)
Note that the above transformation law involves both the symmetric and
antisymmetric parts of the covariant derivative V fj.

A transformation formula for the Ricci tensor Rpg = R%qeq can be obtained
directly from Equation (5.25b):

Rcd - Rcd = _3@dfc + 6c.};d +2 fcfd - gcd (@efe + 2f€f€) . (526)
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Now, as there is no canonical metric to lower or raise indices in expressions
involving a Weyl connection, it is conventional to choose a representative of the
conformal class, say, g, and use it to compute traces. In this spirit one defines
the Ricci scalar of the Weyl connection via R= gabRab. It can then be directly
computed that

R—R=—6Vaf*—6f.f (5.27)

Combining the transformation formula for the Riemann tensor, Equa-
tion (5.25a), with the irreducible decomposition of the Riemann tensor ]:Z“bcd
given by Equation (2.21b), one can find an analogous decomposition for the
Riemann tensor Rabcd of V:

R gap = Cdab + 254a° Lbe,

= Cab + 2(3°{aLja — 0°aLiar) — GajaLls)®), (5.28a)

where

1/, 1. 1 .
Lab = 5 (R(ab) - iR[ab] - 6gabR>

is the Schouten tensor of the Weyl connection V. This definition is
independent of the choice of the representative of the conformal class. Making
use of the transformation laws for the Ricci tensor and scalar, Equations (5.26)
and (5.27), one finds that

i/ = ? f f b+ gabf fca (5293‘)
- % b, (5.20D)
= Vufo b gSufus (5.29)

Finally, it is observed that letting Rabcd = gaeRebcd, it follows from the
discussion in the previous paragraphs that

Rabcd = R[ab]cd + 2§ab@[cfd]a (530&)
= Riabjea — 2Jav Lica)- (5.30b)
These formulae show in an explicit way how the usual symmetries of the

curvature tensor are obstructed by the covector defining a Weyl connection.

5.4 Spinorial expressions

This section discusses the spinorial counterparts of the tensorial expressions
obtained in the previous sections of this chapter.
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5.4.1 Conformal rescalings

As in previous sections, let g and g denote two metrics on M related to each
other by the conformal rescaling (5.1). Following the discussion of Chapter 3,
the spinorial counterparts of g and g are given by

JAA'BB’ = €ABEA'B/, JAA'BB' = €ABEA'B’;

compare Equation (3.15). Hence, it is natural to consider the transformation
laws

. AB  ——
€AB = Zéap, €7 =E

’ !
ewp =EZéwp, AP =8

lgAB

3

’ ’
—1A'B"
Let {64,24} and {oa,t4} denote two spin bases satisfying, respectively, the
conditions
€AB = 0AlB — LAOB, €AB = OALB — LAOB.

There are several possible transformation rules between the two spin bases which
are consistent with the above equations and with the rescaling (5.1). Namely,
one has:

04 =04, 1a=25la, or=="154 A=74, (5.31a)
04 =564, ta=1ia, or=0" A=2"14, (5.31b)

1/2~ A

o4 =264, 14 =CY214, or=5"124 A=="1%A (5.31c)

The choice of the most convenient transformation rule depends on the nature of
the application at hand; see, for example, Chapter 10.

Transformation rules for the connection and curvature

In what follows let Y44/ = E7 1V 44/E denote the spinorial counterpart of the
covector Y,. Let also YT,¢, = S,,°?T 4. Its spinorial counterpart is given by

YTan Y 5e =644 Yo + 6565 Yan —eapearp T
By rewriting
5404 Tpp + 0505 Yan =04 e Ypp + 5% ea” Tapr,
and using the Jacobi identity (3.5), one finds that
Yan S g =Tan50p +Taa posc,
where

c _scC
YTaa"B=04a"Tpa.
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The reduced coefficient T 44/€ 5 can be used to obtain the transformation laws
relating the covariant derivatives of spinors. In particular, one has for arbitrary
spinors k4, pas, €4 and nA/ that

Vaakp =Vankp+Tpaka,
Vaarpp =Vaaup +Yappar,
Vank® =Vaa€? —54%Ycnt”,
Vaan® =Vaan® =647 Tacm.

These expressions can be extended, in a direct way, to higher valence spinors.
For the curvature spinors, it can be verified that

Vapcep = VYapep,

= -1 -
Daagpr = Paapp +2 VyuaVp)pE.

5.4.2 Weyl connections

In what follows, let V 44 denote the spinorial counterpart of the Weyl connection

V defined by Equation (5.22). To determine expressions for Vaaépe and

\V/ 44€B% one notices that the spinorial version of Equation (5.22) is

Vaa(Epcépce) = =2 fanépcépcr,
so that
€pcVanépe +EpcVanépo = —2 fanépcépicr.
The latter is satisfied if one sets
Vaaépe = —fanépe.

From this expression and using that \V/ 4408¢ = 0, one can readily compute
Vaar ¢BC_ One finds that

VanéBY = faaeBC.

Decomposition of the spin connection coefficients of a Weyl connection

Let {4} denote a spin basis with respect to 4. Following the general discus-
sion on spin connection coefficients of Section 3.2.2 — compare Equation (3.33)
— the spinorial counterparts of the connection coefficients fabc and f‘abc admit
the decompositions

= BB’ - B B | T B’ B
F'aa”" cer =Taa"céc™ +Taa” cdoc”,

& BB’ & B B | T B’ B
F'aa”" ccr =Taa"céc™ +Taa” coc”.
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The spinorial counterpart of the equation

[0 =Tale+ 60" fe + 6c° fa — Nacf®
is given by
PanPPcor =TaaBP cor+64854 7 foor
+0cPoc P faar — eaceac fPE.
Now, by rewriting
548047 focr =6aBeaP e fopr, 66P0cP fan =6cPec P ea® fap
and using the Jacobi identity (3.5), one finds that
54804 % foor +6cB0cP fan — cacearc fPP
= 64008 foa + 060048 fac:.
Hence,
PanPPcor = CaaBo+a8fca)ic®
+(Taa® o +6a® fac)ic®,
so that
TaaBe=TanBc+0a8fca. (5.32)
In particular, as f‘AA/BC = f‘AA/(BC)7 it follows that

Q

Faa™q = faa’

Decomposition of the curvature tensors

The discussion of the decomposition of the spinorial counterpart of a general
Riemann tensor given in Section 3.2.3 can be applied to the case of a Weyl
connection. In particular, if RAA BB'cc'pp’ denotes the spinorial counterpart
of the Riemann tensor of a Weyl connection @, one has that Equation (3.35)
gives, in the present context, the decomposition

Raappcc'pp’ = €apRapce'pp + €apRapccppr,

where
R . 1 . . . .
Rapccepp’ = Riapyco'ppr + §€AB(VCC'fDD' — Vppr feer),

= RaBycc'pp’ — §6AB(LCC/DD' — Lpprccr),

https://doi.org/10.1017/9781009291347.007 Published online by Cambridge University Press


https://doi.org/10.1017/9781009291347.007

126 Conformal geometry

and L s pp denotes the spinorial counterpart of the Schouten tensor of V.
A more detailed expression is given by

Rapcc'pp = —VYapepéec'p' + Lperppr€éac — Leprccreap. (5.33)

The spinorial counterpart Laapp of the Schouten tensor admits, in turn, the
decomposition

. 1 _
Laagp = ®Paapp — ﬂREABGA’B’ + ®apearp +Papean

where ® 4 4B’ represents the trace-free part of %R(ab), while ® 4 describes the
antisymmetric tensor iR[ab].

5.5 Conformal geodesics

This section discusses a class of invariants of the conformal structure of a
spacetime (M, g). To motivate the discussion let z(s), s € I C R, denote a

curve on M with tangent given by @’ = dxz/ds. The curve z(s) is a geodesic
if it satisfies the equation V&’ = 0. The transformation rule of the covariant
derivative V under the conformal rescaling (5.1) implies, in turn, the equation

Vex' =2(Y,z)a’ — g(z', )Y (5.34)

Let 7 = 7(s) denote a new parameter. Writing & = dz/dr and 7/ = dr/ds, the
chain rule yields @’ = 7'&, so that Equation (5.34) implies

Vi = (2(Y,&)7"% — 7")i — 72g(&, &) XF.

This last expression suggests choosing the parameter 7 so that it satisfies the
condition

7= 2<T,:i:>7'/2.

As Y is known along the curve, this equation can be read as a second-order
ordinary differential equation for 7. Thus, it can always be solved locally so that

Vi = —1"g(x’ ') X"

It follows that only when the curve z(s) is null (i.e. g(a’,2’) = 0) is it possible
to reparametrise so that z(s) is a geodesic. Hence, timelike or spacelike geodesics
are not, in general, conformal invariants.
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5.5.1 Basic definitions

A conformal geodesic on a spacetime (M, g) is a pair (z(7),3(7)) consisting
of a curve z(7) on M, 7 € I C R, with tangent &(7) and a covector 3(7) along
x(7) satisfying the equations

Vad = —2(8, )& + §(&, &), (5.35a)
~ . 1_ . =
VaB = (8,2)8 — 56*(8,8)%" + L(#,"), (5.35b)
where L denotes the Schouten tensor of the Levi-Civita connection V. Associ-

ated to a conformal geodesic, it is convenient to consider a frame {e,} which is
Weyl propagated along x(7) so that

Vieqs = —(B.eq)t — (B,2)eq + §(ea, )" (5.36)

Initial data for the conformal geodesic Equations (5.35a) and (5.35b) consist
of an initial position, an initial direction for the curve and an initial value for
the covector:

r, €M, &, €T|,, (M), B, €T, (M). (5.37)

Piccard’s theorem — see, for example, Hartman (1987) — ensures the existence of
a unique conformal geodesic (z(7),3(7)) near z, satisfying for given 7, € R

(1) =y, @(Th) =&y, PB(1i) =B,.

A direct computation using Equations (5.35a) and (5.35b) yields the relations

Va (§(&, &) = —2(8, ) (&, ), (5.382)
ValB.8) = —(8,8) + 19(&,)5°(8.0) + Lo, &), (5.38)
Vi (3°(8,8)) = (8,2)5°(8, 8) + 2L(x, BY). (5.38¢)

In particular, from Equation (5.38a) it follows that if g(&, &) = 0 at some point
along the conformal geodesic, one has that g(&,&) = 0 everywhere else. This
null conformal geodesic can, in turn, be reparametrised so that it coincides with
a null geodesic of g.

Ezpressions in abstract index notation

For later use, it is observed that the conformal geodesic equations can be written
in abstract index notation using the tensor Sq;°¢ as

i°Voi* = —Sep i3 B,
~ 1 ~
i'cvcﬂa = iscaefﬂeﬁf{tc + Lca:.rc7

T°Veeg® = — cd“feadjccﬁf.
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5.5.2 Conformal geodesics and changes of connection

The motivation behind the notion of conformal geodesics is not directly apparent
from the defining Equations (5.35a) and (5.35b). Their relevance becomes
apparent only once one considers their transformation rules under conformal
rescalings and transitions to Weyl connections.

As in the previous section, let (z(7),3(7)) denote a solution to the conformal

geodesic Equations (5.35a) and (5.35b) on a spacetime (M, g). Given f € T*(M)
one can define a Weyl connection V via the relation

V=V+S8(F). (5.39)

A computation using Equations (5.35a) and (5.35b) shows that (x(7), 8()) with

B(r) = B(r) - f(7) (5.40)

is a solution to the V-conformal geodesic equations:

Vai = ~2(8,&)a + §(@, &),
S o vn Loy o ol <
VaB = (8,4)8 - 56°(B.B)a’ + L(#, ),
where L denotes the Schouten tensor of the Weyl connection V. The latter is
given by
. ~ S 1 S
Loy = Lap — Vafo — 3 v fefa-
Thus, one concludes that conformal geodesics are invariants of [g]. Notice, in
particular, that one could have chosen f = —=~1dE for some positive = € X(M)

so that the change of connections given by Equation (5.39) corresponds, in fact,
to a conformal rescaling of g.

Now, choosing f(7) = B(7) one has that B3(7) = 0, so that the V-conformal
geodesic equations reduce to:

Vaz =0, L&) =0. (5.41)

Hence, given a congruence of conformal geodesics on (M, g), there exists a Weyl
connection V on [g] with respect to which the curves x(7) are (affine) geodesics
and the frame {e,} is parallely propagated. This observation justifies the name
conformal geodesics given to a solution to Equations (5.35a) and (5.35b). Thus,
conformal geodesics mot only are an invariant of the conformal structure, but
also single out a particular Weyl connection on the conformal class [g].
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5.5.3 Reparametrisations

Given two solutions to the conformal geodesic Equations (5.35a) and (5.35b),
(x(7),B(7)) and (z(7), B(F)), it is natural to ask under which conditions (7)
and Z(7) coincide locally (as sets of points) so that 7 = 7(7) and z(7(7)) = z(7).
Let € = da/dr and &' = dz/d7 denote the corresponding tangent vectors and
assume that g(@, ) # 0 and g(&’, ') # 0. By definition, the tangent vector a’

satisfies
Ve =—2(8.2)z +g§@, a8, (5.42a)
VaB=(8.2)8 - 33 (B.B)2" + L(@.) (5.420)

Now, letting 7/ = d7/d7T one has that

=1t Va@ =1"a + 1%V

Substituting the latter into Equation (5.42a) and using (5.35a) to eliminate V&
one obtains

i+ 272(B — B, &) + 72§ (x, 2)(B" — BY) = 0. (5.43)

It follows from this last equation that the difference Bﬁ — ﬁﬁ has components
only along x. Hence, one can write

B-p3=ai, (5.44)
for some scalar a.. Substituting into Equation (5.43) one obtains the differential
equation

™ +ar?g(x, &) = 0. (5.45)
Combining Equations (5.35a), (5.35b), (5.42b) and (5.44) one obtains

@ =2(B, )a + %g(a'c,:/i:)QQ. (5.46)

Equations (5.44), (5.45) and (5.46) encode the requirement that the curves x(T)
and Z(T) coincide as sets. Using Equation (5.38a) together with Equation (5.46)
one finds that

Ve (ag(,2)) = = (ag(,x))* .

N

This last equation can be solved to give

_ 20,9(s, )
1=, g(@e, &) (1 = 7))’

ag(@, )
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where o, = a(ry), . = @(7,) and 7. denotes some fiducial value of the
parameter 7. Using Equations (5.44) and (5.45) one finally finds that:

= 4 _
Tl 2mang (@ ) (T T (5.47a)

_ 200, (T, ) L

p=0= (1= ng(@n, ) (r — 1)) g(@, &) " (5.47D)

T T (5.47c)

14 20, g(x, ) (T — 7o)’

with s a non-zero real constant. One can summarise the previous discussion in
the following lemma:

Lemma 5.1 (admissible reparametrisations of conformal geodesics)
The admissible reparametrisations taking (non-null) conformal geodesics into
(non-null) conformal geodesics are given by fractional transformations of the
form

ar +b
—

_ 5.48
ct+d’ ( )

with a, b, ¢, d € R.

If a, = 0, then Equation (5.47c) shows that the reparametrisation reduces to
an affine parameter transformation. Notice also, that with a suitable choice of
constants, it is always possible to choose a parametrisation such that 7 — oo for
a given value of 7. This property of conformal geodesics is in stark contrast to
the behaviour of standard geodesics.

A final remark concerning the reparametrisation of conformal curves follows
from evaluating Equatlons (5.47a) and (5.47b) at 7,. One finds that &), = 4k,
and B, = 3, + a*:c . Consequently, the transformations of initial data given by

&, > A, B, B, + a.x’, (5.49)

preserve the set of points covered by the conformal geodesics. From the discussion
in the previous paragraphs it follows that the transformation of initial data (5.49)
implies a reparametrisation of the resulting curves.

5.5.4 Geodesics as conformal geodesics

It is of natural interest to investigate the relation between conformal geodesics
and metric geodesics. For a null conformal geodesic this relation can be readily
established. If (Z(7),3(7)) denotes a null conformal geodesic, it follows readily
from Equation (5.42a) that
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Thus, using an argument similar to the one discussed at the beginning of Section
5.5, one finds that null conformal geodesics are, up to a reparametrisation, null
geodesics.

The situation for non-null conformal geodesics is more complicated and
requires restrictions of the Schouten tensor of the spacetime. One has the
following result (see Friedrich and Schmidt (1987)):

Lemma 5.2 (standard geodesics as conformal geodesics) Any non-null

g-geodesic in an Finstein spacetime (M, g) is, up to a reparametrisation, a non-
null conformal geodesic.

Proof Let x(7) denote a solution to the metric geodesic equation Vg = 0.
Consider a reparametrisation of the curve of the form 7 = 7(7). The analysis
in Section 5.5.3 suggests completing z(7) to a conformal geodesic using an
ansatz of the form 8 = a(?)a’:b. Writing, as in the previous section, &’ = 7',
Equation (5.42a) readily leads to the condition

' +ar?g(x, &) =0,

where it is noticed that g(&, &) is constant along the curve as it is a g-geodesic.
To obtain an equation for o one substitutes the ansatz for 3 into (5.42b) and

notices that V33 = o/&” so that

1 ~
o/’ = §a27'g(a';, &)@’ + 7' L(x, ).

The solvability of this equation depends on the available information about L.
In the case of an Einstein space one has that L(&,-) = %)\a’cb so that one obtains
1 1
a = 50427'/9(.&:, )+ 6/\7'/,
which can always be solved — at least locally. O

A partial converse of Lemma 5.2 is given by:

Lemma 5.3 (conformal geodesics as metric geodesics) Let (M,Q) be a
Einstein spacetime and let g = 22§ be a further metric on M. A conformal
geodesic (T(7), B(T)) with respect to the metric g is, up to a reparametrisation,
a g-geodesic if there exists a function «(T) such that

B=-Y+ az”.

Proof The geodesic equation Vad =0 implies, under the conformal rescaling
g = £2g, the equation

Vei = 2(Y, &)k — g(&, &) X* (5.50)
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It follows from the analysis of Section 5.5.3 that, to reparametrise the conformal
geodesic equations for the metric g to yield Equation (5.50), one needs to have
a parameter « such that 8 = —Y + a&”. O

5.5.5 Conformal factors associated to congruences
of conformal geodesics

In what follows, for simplicity it will be assumed that the spacetime (M,Q)
can be covered by a non-intersecting congruence of conformal geodesics. The
congruence of conformal geodesics can be used to single out a metric g € [g] by
means of a conformal factor © such that

g(@,)=1, g=06%. (5.51)

That is, the tangent vector field of the congruence of conformal geodesics is g-
normalised — accordingly, the parameter T of the geodesics corresponds to the
g-proper time. It follows by applying V to the first equation in (5.51) and using
the conformal geodesic Equation (5.35a) that

0 = (3,40, (5.52)

where © = V0. Thus, by prescribing 6, = O(7,) at some fiduciary value 7, € R
along the conformal geodesic one finds that the value of © is fully determined
by Equation (5.52). If the initial value ©, is chosen to vary smoothly along the
curves on the congruence, one readily obtains a conformal factor for the whole of
the spacetime. It is important to remark that this conformal factor depends on
the particular congruence of conformal geodesics; a different choice of congruence
would lead to a different © and, hence, to a different conformal metric g. Thus, if
the congruence of conformal geodesics is specified by a prescription of initial data
of the form given in (5.37) on an initial hypersurface S, then g is determined in
an implicit way by the initial data for the congruence and by ©. In the remainder
of this section it will be shown that for metrics g satisfying the vacuum Einstein
equations this correspondence can be made explicit.
A direct consequence of Equations (5.38a) and (5.52) is that

Vi (g(&,2)) = 0.
Hence, one sees that a conformal geodesic that is, respectively, timelike, null
or spacelike at a given point in M preserves its causal character through-
out the whole curve. Further computations using the conformal geodesic

Equations (5.35a) and (5.35b) and the relations (5.38a)—(5.38¢) and (5.52) show
that

6 = 20q(é )(8, 8) + OL(a &), (5.530)

6 = (Va(L(&, &) + L(z, B g (&, &) + (8, &) L(&,2))0.  (5.53b)
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Moreover, if {es} denotes a g-orthonormal frame, that is, g(eq,ep) = 7ab,
propagated according to Equation (5.36) with eq = @, one readily finds that

Va8, ea) = OL(#, ca) + 505 (8. B)ildca).  (5.54)

Notice that for the frame {eq} one has, in addition, that V4 (g(eq,€p)) = 0. The
expressions discussed in the previous paragraph lead to the following result first
proven in Friedrich (1995):

Proposition 5.1 (the canonical conformal factor associated to a
conformal geodesic) Let (M,§) denote an Einstein spacetime. Suppose that
(x(7), B(7)) is a solution to the conformal geodesic equations (5.35a) and (5.35Db)
and that {eq} is a g-orthonormal frame propagated along the curve according to
Equation (5.36). If g = ©2g is such that g(x,x) = 1, then the conformal factor
O satisfies

O(r) =0, +O,(r— ) + %é*(f . (5.55)

where the coefficients ©, = O(r,), e, = (;)(7'*) and ©, = é(T*) are constant
along the conformal geodesic and are subject to the constraints

O.= (B.2)0.,  0.6,= gB.A) N (550)
Furthermore, along each conformal geodesic

6B = O, O8; = 0. fix, (5.57)
where Ba = (B, €q).

Proof For an Einstein spacetime the Schouten tensor is given by L= %/\g.
Substituting this expression into Equation (5.53b), one finds that © = 0 so that
Equation (5.55) follows. The constraints (5.56) follow from Equations (5.52) and
(5.53a). Finally, the relations in (5.57) follow from (5.52) and (5.54). O

5.5.6 The g-adapted equations

As a consequence of the normalisation condition (5.51), the parameter 7 is the
g-proper time of the curve z(7). In some computations it is more convenient to
consider a parametrisation in terms of a g-proper time 7. To this end, consider
the parameter transformation 7 = 7(7) given by

dr T ds

— =0, so that T ="+ —_—, 5.58

dr )L 0(s) (5:58)
with inverse 7 = 7(7). In what follows, write Z(7) = x(7(7)). It can then be
verified that

o,

o dr _drdr .
TEE T a0 (5.59)

[N
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so that g(@',@’) = 1. Hence, 7 is, indeed, the g-proper time of the curve #. Now,
consider, consistent with Equation (5.47b), the split
~ T
B=ptwi, w= o (5.60)
g(x,x)
where the covector 3 satisfies

B.&)=0,  ¢"B,8) = (B.%)* + ¢*(B, B)- (5.61)

It can be readily verified that
g(z,z)=072  (B,x)=0"'09, w=00. (5.62)
Using the split (5.60) in Equations (5.35a) and (5.35b) and taking into account

the relations in (5.59), (5.61) and (5.62), one obtains the following g-adapted
equations for the conformal geodesics:

Vord =, (5.63a)
VaB=p22" + L@, — L@, z)a", (5.63b)

with g2 = —gﬁ(B,B) — observe that as a consequence of (5.61) the covector 3
is spacelike, and, thus, the definition of 4% makes sense. The Weyl propagation
Equation (5.36) can also be cast in a g-adapted form. A calculation shows that

Vi (0eq) = —(B,0e,)& .

Equation (5.63a) provides a clear-cut interpretation of the covector ,@ — it
corresponds to the physical acceleration of the conformal curve. Recalling that
g = ©2g and using (5.61) together with Equation (5.57) of Proposition 5.1 one
finds that

5% = —g"(B.B) = —©%¢* (B, B) = 026" B;3; = ©25 ;. B;.. (5.64)

That is, 2 is a constant along the conformal geodesic. Using Equation (5.63a) to
eliminate 3 in Equation (5.63b), one obtains a third-order differential equation
for the curve Z(7):

VaVad = 52% + L@, ) - L@, &7 (5.65)
A computation making use of the expressions derived in this section shows that
Ve (9(8.8)) = 2L(', B).

Consequently, unless (M,Q) is an Einstein spacetime the acceleration of the
curve cannot be constant. This is related to an open question concerning the
behaviour of conformal geodesics discussed in Tod (2012): if a conformal geodesic
~ enters every neighbourhood of a point p, does = necessarily pass through

p with a finite limiting velocity and acceleration? This potential pathological
behaviour is known as spiralling; see Figure 5.1. This does not happen for
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Figure 5.1 Spiralling of conformal geodesics: (left) a standard geodesic vy
entering a geodesically convex ball Y must leave it in finite proper time; (right)
by contrast, a conformal geodesic 4’ may not leave U and spiral towards a
point.

standard geodesics, for if a geodesic enters a geodesically convex ball, then it
must leave it too; see Section 11.6.2 for a discussion of the notion of geodesically
convex ball. Using Piccard’s existence theorem for ordinary differential equations
— see, for example, Hartman (1987) — on Equation (5.65), it follows that spiralling
can occur only if either ,5' or &’ diverge.

5.5.7 The conformal geodesic deviation equations

An important issue arising in applications involving congruences of conformal
geodesics is that of deciding whether the congruence develops caustics, that
is, points where it becomes singular. To address this one needs to consider the
conformal geodesic deviation equations for the congruence. The deviation of these
equations is analogous to the one leading to the geodesic deviation equation for
standard geodesics; see Section 2.4.5.

In what follows let

(xn(T)7ﬁn(T)) = (!L‘(T, 77)7/8(7—7 77))

denote a family of conformal geodesics depending smoothly on a parameter 1 €
R. Following the notation used in previous sections for fixed 7, let & denote
the tangent vector to the curves of the congruence. The deviation vector and
deviation covector are defined, respectively, by

z = Oy, ¢=V.8. (5.66)
A short computation shows that
[&,2] = Vgz — Vi =0, (5.67)

so that z is a well-defined deviation vector; compare Section 2.4.5. Moreover,
making use of the definition of the Riemann tensor given by Equation (2.9), one
has that
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Riem|g|(&,2)& = VyV.d — V., V. (5.68)
Hence,
ViaVaz = ViV.d = V. Ve + Riem[g) (¢, z),

as a consequence of Equations (5.67) and (5.68). Now, using the conformal
geodesic equation (5.35a) in the form Vi = —S(8;&,&), where S(3;&, )
corresponds to Su¢la%2? 3. in abstract index notation, one finds that

ViVaz = —V.(S(B; &, &) + Riem[g(z, )&
= —8(V.B;&, &) — 28(8; V., &) + Riem[g)(&, z)x. (5.69)
A similar computation shows that
2V:B=V.V:p - B Riem[g|(, z)

V2(B-8(B;,) + Vz(L(&,-) — B Riem[g](¢, 2)

Vil —

o= <

= —B- Riem[g)(&,z) + V.L(&,-) + L(V., ) +
450 S(VuBii, ) + 56+ 5(8:Vaz, ) (5.70)
where, in the third line, Equation (5.35b) in the form
VaB = 58 5(B:4,) + Lis, )

has been used. Finally, taking into account the definitions in (5.66) in
Equations (5.69) and (5.70), one obtains the conformal geodesic deviation
equations:

V&Vaz = Riem|g|(&, z)x — S((; a0, &) — 28(8; &, Vaz), (5.71a)
V¢ = = Riemg)(, 2) + VoL@, ) + E(Ta,) + 3¢ S(3i,)
+588(Gw, )+ 3B S(B: ez, ), (5.71D)
where
S(B;u,v) = (B, u)v + (B,v)u — §(u, )8,
a-S(Biu,-) = (a,u)B + (B, u)a — g (o, B)u’,

for u,v € T(M) and a € T*(M). In standard abstract index notation S(3;u, v)
corresponds to the expression Sg,“u®v®s,, while o - S(B;u,-), to Sapclu®Boag.

A caustic in a conformal geodesic is a point along the curve for which z = 0.
Caustics of conformal geodesics are more complicated than caustics of metric
geodesics since, for a given tangent vector, there exists a three-parameter family
of conformal geodesics with the same tangent vector. Moreover, the analysis
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of Equation (5.71a) requires the simultaneous consideration of the evolution
equation of the deviation covector ¢, Equation (5.71b). This feature can be
useful in applications: Equation (5.71a) has two extra terms, —S({; &, &) and
-28 (,6;:b7@¢z), not appearing in the standard geodesic deviation equation;
under suitable circumstances these terms may be used to counteract the natural
tendency of the curvature to develop caustics.

The g-adapted conformal geodesic deviation equations

Following the strategy discussed in Section 5.5.6, one can rewrite the conformal
geodesic deviation equations in a way adapted to the metric g. To this end define
the g-adapted deviation vector and covector

z 8,\@, & = @g,@

Now, observing that [Z',2] = 0, a computation taking into account the g-
adapted conformal geodesic Equations (5.63a) and (5.63b) and the commutator
of covariant derivatives leads to the following g-adapted conformal geodesic
deviation equations:

<t
8

VaVaz = Riem[g)(#,2)& + &, (5.72a)
Vil =—B- Riem[g|(Z',2) + (V:42)a" + B>V 2. (5.72b)

A computation exploiting the fact that the connection V is assumed to be torsion
free gives

VaVzf® =V:Va 2 =0,

where the last equality follows from the fact that 52 is constant along a given
conformal geodesic; see Equation (5.64). Hence, the components of the terms
with " and Vz 2" in Equation (5.72b) are constant and can be evaluated at
some fiducial time.

5.6 Further reading

Basic references for applications of conformal geometry in general relativity
are Penrose and Rindler (1984, 1986) and Stewart (1991). A discussion of the
properties of the Weyl and Cotton tensor can be found in Garcia et al. (2004).
The first systematic treatments of conformal geodesics in the context of general
relativity can be found in Schmidt (1986) and Friedrich and Schmidt (1987).
A discussion of Weyl connections making use of the more general language of
fibre bundles is given in Friedrich (1995); a brief presentation of the subject
in the spirit of this chapter can be found in Friedrich (2002). A discussion of
the properties of conformal geodesics in the context of general relativity can be
found in Friedrich (2003a); a more technical discussion can be found in the earlier
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reference Friedrich (1995). Properties of conformal geodesics have been explored
from a different perspective in Tod (2012).

The results of Proposition 5.1 strongly depend on the hypothesis that (M, g)is
an Einstein space — in other words, g satisfies the vacuum Einstein equations. To
get around this restriction, a more general class of curves has been introduced in
Litbbe and Valiente Kroon (2012). These curves are a suitable generalisation
of the conformal geodesics which allow the recovery of the conclusions of
Proposition 5.1 for general spacetimes and, thus, provide a systematic way of
identifying the conformal boundary of non-vacuum spacetimes. A discussion
of the associated deviation equations with explicit expressions for the case of
warped-product spacetimes is given in Liibbe and Valiente Kroon (2013a).

A detailed mathematical theory of conformal connections can be found in
Ogiue (1967) and Kobayashi (1995). A more recent monograph on the subject
is Fefferman and Graham (2012). Conformal geometry is naturally related to
twistor theory; a discussion of this and related topics such as tractors can be
found in Eastwood (1996).

The reader interested in surveys on research in conformal geometry is referred
to Kulkarni and Pinkall (1988), Chang et al. (2007) and Branson et al. (2004)
as suitable entry points to the literature in the subject.
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