AN ELEMENTARY PROOF OF THE PRIME-NUMBER
THEOREM FOR ARITHMETIC PROGRESSIONS

ATLE SELBERG

1. Introduction. In this paper we shall give an elementary proof of the
theorem

(1.1) lim Pei) o L
T o(k)’

where ¢(k) denotes Euler's function, and
(1.2) Fpa(x) = X logp,

p<x

p = Uk)
where p denotes the primes, and & and [ are integers with (k,/) = 1, k positive.

The proof proceeds essentially along the same lines as in a previous paper!

about the case £ = 1. However we also need in this case some of the ideas
from my paper? on Dirichlet’s theorem in order to prove that

(1.3) fim  2e®) 5 o
x H» O X

a result which we will need for our proof of (1.1).

It is possible to shorten the proof in several ways, which however would
make it less elementary. For instance one could consider also the complex
characters mod k, and in this way avoid Lemma 2 and most of the proof of
Lemma 3. Also, by using results about the decomposition of primes in the
quadratic field K(1/D), we could make the proof of Lemma 1 much shorter.

As we shall see, the following proof is completely constructive, in the sense
that it gives for any fixed positive ¢, a way of finding, in a finite number of steps,
an xo—depending on e and k—such that

(%) _ _1_| <e
x o(k)

for x > xq.

Actually, it is possible in this way to prove more than (1.1). By careful esti-
mation it is possible to show by the method below that
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1 x
r,1(x) —m x+ 0 ((log x)") ,

where ¢ is a positive constant.

Throughout the paper kdenotes a fixed positive integer;ldenotes an integer
with (I, ) = 1, while a, 8 and v are used to designate numbers from a reduced
residue system mod £; p, ¢ and 7 denote primes. The letter K denotes positive
constants, depending on k only; x, denotes a constant (not necessarily the
same at each occurrence), depending on k only. In the same way x, denotes
a number depending only on % and the positive number ¢. The constants
implied by the O’s are generally dependent on % and in secs. 4 and 5 also on o.

From my two previous papers mentioned above I make use of the prime-
number theorem in the case £ = 1, the formula

(1.4) S log?p+ 2 logplogg = 2xlogx + O(x),

< % ¢ < %

and the further formula

(1.5) > log?p+ X logp logg
ss e <

4 q x
p = I(k) g (k)

L {5 logrp + 5 log p logq} + O).

(k) p< = pg < x

Finally I make use of the well-known formula

(1.6) > 922 _joex 4 00).
p<=x P

By partial summation it is easily seen that one may also give (1.6) the forms

.7 ) _ logx + 0 (1),
n<x ne

(1.8) > o(’f> = xlog x + O(x),
n<x n

where d(x) denotes 4, ;(x) for k=1.
Trivial estimations are often not carried out in detail, but left to the reader.

2. Fundamental formulas and inequalities. From (1.4) and (1.5) we get

(2.1) > log*p + Z logplogq——-xlongrO(x)
1< x »q o(k)
? = l(k) pg = l(k)
which may also be written?
(2.2) di(x) log x + Z log p zm( > = —x log x + O(x),
»<x v/ o(k)

where p denotes a solution of the congruence p = 1 (mod k).

3We write ¢4(x) instead of ¥, ;(x) where no misunderstanding can occur.
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Since

(2.3) ;Z logp—{; > 1£g_1’1_°_g_€1=_2_x+0< x )
=T »

ST e<x, logbg o(k) log x

which follows by partial summation using (2.1), then

2 1
> logPIqu—Z Iogp}: log ¢ = xZ g

S T LS o®) 2 < p
log q log » < log p )
- > lo —=2 2 _ 4+ 0\x _
ﬂ%x g pgzzi: x/i’ log gr ;x p (1 + log x/p)
2 log g log 7
= —xlogx — — = Y5 + O(x log log x).
o(k) o<z loggr ar

Inserting this for the second term on the left-hand side of (2.2), we get

(2.4) Hi(x) logx = X logp logq Fi57 ( ) + O(x log log x).
ra< = log pg pq
Writing now

(2.5) Hx) = —— % + Ri(x),
o(k)
we get from (2.2)
(2.6) Ri(x) logx = — Z log p Rlp(p) + O(x).
< x

In the same manner (2.4) yields
@.7) Rix)logx = 5 98P1Ra ( ) + 0 (x log log x),

re <z log pg pq
since

log p log ¢

= log x + O (log log x),
w2« palog pa g (log log x)

which follows by partial summation using
log p lo

> g p log g
g < x Pq

which again follows from (1.6).

= 1log?x 4+ O (log x),

Combining (2.6) and (2.7) we get

21 R log £ <X logp| Ro{ )1+ B L1080 1 (2
P < pq<x log pg g

+ O(x log log x),

or if a runs over a reduced residue system mod &,
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<(3)

\p

+ ‘m"gf""gq R( )l}+0<xloglogx)
Shw P

9a log pg
From this we get by partial summation, using (2.3),

Pq
AR logx S F F {z logp + % E)_gﬂo_gﬁ}

2 |Ri(x)|log x Z{p 2y logp
?

a < x
= [q(k)

anLx\p<n pq<n Ingq
p = la(k) pq = la(k)
x
. { R, i | R"(n——i- 1) .} + O(x log log x)
= o) = n + f
x
0 —
+ ( Z 1+logn a(” ('+1)‘>

2
+ O (xlog logx) = —(5 azng Rﬂ(

x x
+ 0<n§xn (1 + log n)) + O(n <Zx 1+ log n(ﬂ(n) - ﬂ(ﬂ + 1)))
+ O (x log log x) —@Za ng Ra< >
—I-O(Z ————1—-——0<3£>)+0(xloglogx)
n<zl 4 logn \n

AL
1

2z
tp(k) a n<Lx
ek)logx @ n<«

x

x

+ O (x log log x)

R (f) (x log log x)
\n log x )

3. A lower bound for ¢;(x). From (2.4) in the form

P < par < = log pg
b =1k par = 1(k)

or finally*
(2.8) |Ry(x)| <

‘Instead of (2.8) we might use the somewhat sharper inequality

2 X
|Ri()] Spm Ea néxlog n|Rq ( )] +0(@),

which can be proved in a similar way.
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we get by partial summation

3 log? p log? x _ 5 log pl log g log r Io
St popr<s og Pq

par =

g2 piqr + O(xlog log x)

e
log x par < =

> 1 > logplogqlogr log? x + O(x log log x).
par = 1(k) par

Now it is easily seen® that if pgr < «x,

log2i =2 3 l-{—0((1—%1)(1 + log i))
pgr ML S T P q pgr

Inserting this expression in the preceding inequality, we get

Y log? p log?
<
=]

p< P
p (k)
s 2 1
z > logplogglogr 3 — + O(xlog log x).
log x par <« P g< v Wy
par = I(k) wy < x/r
2 1 x
= Z Z - 1’,1(#) 05(”) 07 - + 0 (x log log x)r
logx a8y =ik) wr<s py wy
or
. WX 2 1 x
(3.1) X log*plog*—2 1 P P2 — 3, (1)9p(»)0, —
2S F P logxesy =1k Hseszm wy
+ O (x log log x).
LeEmMma 1.

If x is a real non-principal character mod k, then for x > xo we have
> Fu(x) > Kw, X da(x) > K.

x(a) =1 x(a) = —

It is obviously sufficient if we prove that

(3.2) 82 _ L1ogx + 0O(1),

P x
x(p) =1

because then, if 0 < § < 1 is a fixed number, we get -

S o) > Y RP_ %(a log 1) x + 0(5x) > K,
x(a) =1 axx<(p)p z p )

A

if 8 is chosen small enough and x > x,. The second part of the lemma follows
in the same way by combining (1.6) and (3.2).

1 1 1 1
SFor example, by noting that z - = 2z -+ 0f - +1 .
a<r<x/wV p<v<x/grV g M
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To prove (3.2) we remark that® to each such character x there corresponds
an integer D, which is not a square, with |D| < k2, and such that x(p) = (D|p)
for all primes p. Here (D|p) is the usual quadratic residue symbol. Hence
(3.2) is equivalent to

(3.3) T P iiogx+ o).
p < x 4
(Dlp) =1

To prove (3.3) we consider the product

(3.4) P= T1U |u? — Do,
lul < V=/2.
lv] < Vx/2ID]
where the dash I’ indicates that the term # = v = 0 is omitted. It is easily
seen that’
(3.5) log P = 2x log x + O(x)
VD[

Let us estimate the highest power dividing P of a prime p < x.
First assume that (D|p) = 1. We first estimate how many solutions the
congruence
(3.6) u* — Dv? = 0 (mod p),
has in the given range for # and ». Since (D|p) = 1 there clearly exist solu-
tions of (3.6) which are nontrivial i.e. with («, p) = (v, p) = 1. Let now u,, 9o be
a fixed such nontrivial solution. Then if #, v also is a solution we have
(uv0)? — (uw)? = 0 (mod p),
or one of the congruences
3.7) u v F up. 2 =0 (mod p),
must be satisfied. Conversely a solution %, v of (3.7) is a solution of (3.6).
Consider (3.7) with the upper sign. Obviously the ‘‘vectors’ (u, v) satisfying
(3.7) form a two-dimensional lattice. Since there exist integers (%, v) with
uve — uw = p, the area of a “‘period-parallelogram” or single “cell’” in the
lattice is p, because it obviously could not be less than p. Also no “vector”
in the lattice has a length less than 4/5/[D], since for (u, v) (0,0) we have
u*+ 9 2 |u? — Do*|/|D| 2 p/|D|.

From this it is easily seen® that the lattice has a_t_tiasis” of two vectors both
<2+/|D|p, and hence that the rectangle |u| < v/%/2, |v] < v/x/2|D| with area
2x/+/|D| contains

See for instance Dirichlet-Dedekind: Vorlesungen tiber Zahlentheorie (the beginning of §135).

"For example, by showing that the number of terms with |u? — D Tis OW/xT).

8For example, by noting that a ‘“‘period-parallelogram’ may always be chosen so that
neither of its sides is greater than a diagonal.

Or, otherwise expressed, that the lattice may be built up of “‘period-parallelograms” with

both sides < 2V/|D|p.
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rom oW

such lattice points (%, »). Hence we have as many solutions of (3.7) with the
upper sign.
Treating the case of the lower sign in the same way, we get altogether

W.D; (1/ p) + 0(1)2)

solutions of (3.6) in the given range for # and v, because the two congruences
(3.7) only have common solutions with # = v = 0 (mod ), the number of
which is O(x/p?) since we exclude the solution # = v = 0.

h p\/ |D| (1/ p) (ﬁ)

of the factors |u* — Dv?| of P contain p as a factor.
In the same way we find that O(x/p?) of them contain p? as a factor for > 1.
Thus the highest power of p dividing P has the exponent

w5+ ol/3)+o3)

On the other hand, if (D|p) = — 1, we see that p has to divide both » and
v in order to divide |#? — Dv?. From this it is easily seen that P in this case
contains p only to a power with exponent O (x/$?).
Finally if (D|p) = 0 or p divides D, we see that P contains p to a power
with exponent O(x/p). Combining these results we get
4x log P ( log p) ( lgg_g)
logP \/lDIp;x + \/Dgx\/p +0 Pzé:x p?

' log p 4x log p
+o(xz_—_)= : 5 + 0(x).
2/D P ViDlgSz, P

Comparing this with (3.5) we get (3.3), which proves our lemma.
LEMMA 2. Let b = Yp(k), and suppose that we have three sets of h different

restdues®® mod k: a1, @z, . .., an; 81,82 - -+ 5 B YL Y2y - - -5 Yh Further suppose
that for each non-principal real character x mod k there is at least one a; with x(a;)
= 1, and at least one with x(a;)= — 1. Then there exists a itriple a, B, v

belonging to the sets, such that aBy = I (mod k).

Suppose that always aBy # I (mod k), or a8 # Iy (mod k). This implies
that there are % different values the product a8 cannot assume, or since
h = $o(k), that the product af can assume only % different values. Writing
a; = aya’;and B;=B16; for i=1, 2,3, ..., h, this means that the products
a’B’ can assume only & different values. Since '8’ can assume the values 1,

1By residues, we understand here residues belonging to the reduced residue system.
1By values we mean here residues mod k.
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o'y, ..., a's and also the values 1, 8, . . ., 8’5, the sets o’ and B’ are identical,
and it follows easily that the set 1, @'y, . . ., a’3, forms a group with respect to
multiplication. Now we define a character x having the value 1 for all resi-
dues of the set a’, and the value — 1 for all remaining residues of the reduced
residue system. Then we have x(a;) = x(a1)x(a’;) = x(a1), which contradicts
the assumption that the set a contains both a;'s with x(a;) = 1, and such
with x(a;) = — 1. This proves our lemma.

LemMA 3. We have for x > x,,

Fi(x) > Kox.
From (2.3) follows for all @ and x > x,,
2 x 2 ( 1

(3.8) B (x) § —x 40 ( >< 14 )x

0 logz/ ~ oW\ " 20(k)
Also from the prime-number theorem in the case & = 1, we get for x > x,,

1

(3.9) > F.(x) = x + 0 (x) >(1 ———)

a 2¢(k)

The inequality
Fa(x) >

2(/e)

must hold for at least & = %¢(k) values of a. For if 3,(x) < x/¢*(k) for m > h
values of a then, by (3.8) and (3.9),

<1 2¢l(k)) <20 < <¢2Z> +H 1+ 2¢1<k))> .

which leads to a contradiction.
Also, from Lemma 1, there is at least one a with x(a) = 1 and at least one
with x(a) = — 1 satisfying

2K1x
d.(x) > o)

Hence there exists a set of # = $¢(k) different residues a;, as, . . . , ay mod &,
for each p in the range x* < p < %, x > xo such that

(3.10) Fai(p) > Kap,
fors=1,2,...,h where

Ks = min (—?—— Kl, —:‘l—"> ’
e(k)  ¢*(k)
and such that for any real non-principal character x mod & there is an a; in
the set with x(a;) = 1, and another with x(a;) = — 1.
Arguing in the same way for d4(v) and 9, (x/pv) where wt<psat x
x > x9, we find from Lemma 2 that for each pair y, v in the ranges xt <
x* < v € xt for x > x, there is a triple a, 8, ¥ with

<y <ad,
"

<

x?,
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3.(1) > Ksu, 9p(v) > K, 8,(x/pv) > Kyx/pv,
and afy = I (mod k). Hence (3.1) gives
2
2 log?p log2— > 2 K3 x ( > l) + O(x log log x)
r<x p logx A<agatp
p = I(k)
= li K3 x ({5 log x)? + O(x log log x) > K, x log x,
og x
forx > xo.

Thus if & < 1 is a fixed positive number, we get
log x log? 1/8 . ¢1(x) 2 Z log? p log?x/p

5 T
— > log?plog?x/p > Ksxlogx

p < o
— Ksox log x log21/86 = (K4 — K56 log? 1/8) x log x,
or if 8 is chosen small enough,
%i(x) > Kox,
for x > x9, which proves Lemma 3.

From (2.2) we get, using Lemma 3,

) < 2w - K g 1B o(E ),

<p(k) logx s<x p log x
or
Fi(x) < ( 2 K ) x
1 — — K
e (k)
for x > x,. This combined with Lemma 3 and (2.5) gives
3.11) |Ri(x)] < —= «,

(k)

for x > xo, where o9 < 1 is a positive number depending on k only.

4. Properties of R;(x). From (2.1) we get by partial summation

(4.1) Y log?p log = + Z log p log ¢ log —
P < x P ta<«x g
p = (k) g = U(k)
=2 5 lognlog® +0%) = -2 xlogx + O ()
(p(k) n << x n ﬁﬂ(k)
Now
1 1
log> = ~+0(=),
8 p<nx N o (P)
and
1 1
log = = -+ O(—>
o0~ sezean T 00
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Inserting this in (4.1), we get
2 1l/n Ylg’p+ 32 1/n ; logp 2. logg

%< x b ” n < x P q
p =1k h g

LAY

= ga—(axlogx + O(x),

which may be written in the form

> ‘°g"0< y+ » L z, O ,s( )=;%xlogx+0(x>.

nx n<x N afsi
This gives
log n 1 1
> Ri(n) + — xlogx + O(x) = — x log x
im0 k) o(k)
1 1
-s ! ZR(ﬂ)a() s & &(2)
n< xN af =I(k) (k)n<x a n
x

-2 v Ly rm+ow,

¢(k) n x n2 a
or, using (1.7) and (1.8), and noticing that
2 R.(y) =9y —y + 0Q),

we get finally

Erpm=- T 1 ¥ R(”)Ra<)+0(x)

x < xN af =1k

(4.2) ;

n

75

Suppose now that for a positive fixed number ¢ < oo, we have for x > x,,

(4.3) |Ru(x)| < ﬁ x,

for all (I, &) = 1. (4.2) then yields

B> lognR()l<_x > l+0(x)=“—2xlogx+0(x)
< e(k)

n<x N (k) n<x N

orif x; < x,

> ‘°g”R< | < =25 &+ ) log & + 0.

an<n<x ( )

Now let
1—o¢

x.
1+ 15¢

=(1—-obx <
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If Ri(n) does not change sign in the interval x; < # < x, then the above in-
equality implies that there exists a v in the interval x; < y < x, such that

Riy) > logn<—i(x+x1)logx+0(x),
Y |m<n<e o(k)
or
x — x1) logx < i (x + x1) log x + O(x),
o(k)
and
(4.4) lR’—(y) <—"2—x+x1+0( 1)
y o(k) x — x1 log x
< L o (1 4+ 70) +0( 1 )< 1 d(1+30)’
o(k) 8 logx/  o(k) 4

for x > x,. Obviously there exists such a y also in the case that R;(n) changes
sign!? in the interval x; < # < x.

For 1 < ¥, it follows from (2.3) that

0< X logp< -(y2—y1>+o( 2
n<pS o e(k) log y:
or
Riy) — R — (— ) + o 2
|Ru(y2) ()] < (k) (2 — ) + (l
so that if < »'/y < 2andx1<y x, 60 <y < x, we get
Ri(v') — R — -
|R:(y") )] < (k) ly" — o + ( )
Thus
RO < R+ o =) +0(:2),
o(k) log x
or
y y |y e(k) y log x
Now let
e? < Y <&
y
where
5 = a(l — o)
32

The above inequality then gives, by (4.4),

2For there is then a  in the interval with |R;(y)] < log y.
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RO .1 o(430) 5, 1 5 _ ( 1 )
{ v | Sem 1 CTaw TV N\
1 o3 +50) (J_) 1 (1 +0)
o(k) 8 +Ol%x <¢m 2

for x > x,. Thus we have proved, assuming (4.3),

LEmMA 4. For x > x,, any interval ((1 —0)® x, x) contains a sub-interval
(1 — o)

(y, €y) where § = —3 such that for all y < z < €’y we have
R(»| 1 o+
z o) 2

5. Proof of the prime-number theorem for the arithmetic progression. We
shall now prove the

THEOREM.
fim 9 _ 1
Tyo X o(k)

Obviously this is equivalent to

(5.1) lim R _ o,
x P X
We have that for all x > 1 and (&) = 1,
(5.2) |Ri(x)| < K,

and from (3.11), that for x > x,,

. Ri(x g0 x,
(56.3) [Ri(x)| < o
where ¢ < 1.

Now assume as in the preceding paragraph, that for a fixed positive num-
ber ¢ < &4, we have for all J,

(5.4) IRi(x)| < Z-x,
o(k)
for x > x,. Writing further p = (1— ¢)7%%, we have then from Lemma 4,
that for x>x, and all @ each interval ("7, p*) where p <}’ < x/x, contains a
c(1 — o)

sub-interval (y,, ¥",) with ¥, = ¢’y, and 6 = , such that for y, < n

" Ra(f) <
X n

<y, we have
1 o+ 62
o(k) 2
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(2.8) then yields

R < e T % IR, () +o (\frg')

K
< K= 1 ox > 1
log x s/z,<n<x n (k) logx #<z/x, n

_ (o= ax D s - + 0( )
20%(k) log x "o »’<w/z, 3,<n<9, Vlog x

LA (o —a)x > ( >
o(k) 20(k) log x p"<x/x¢ log x

_ 0 . dc(1 — o) x+0( ____)
o(k) 2¢(k) log p

21t ) o)

o(k) 1024 log 1/1—¢ Viog x
I (1 —o)®

< @(1 2000 )x

Since the iteration-process

a- an)3>
n = n 1 - ]
In =0 ( 2000

starting with 0 < g9 < 1, converges to zero (one sees easily that o, < e
this proves (5.1) and hence our theorem.

for x > x,.

—an)
’
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