Can. J. Math., Vol. XXXIV, No. 5, 1982, pp. 1091-1096

LOCALLY COMPACT NORMAL SPACES
IN THE CONSTRUCTIBLE UNIVERSE

W. STEPHEN WATSON

Arhangel’skii proved around 1959 [1] that, for the class of perfectly
normal locally compact spaces, metacompactness and paracompactness
are equivalent. It is shown to be consistent that this equivalence holds
for the (larger) class of normal locally compact spaces (answering a
question of Tall (8], [9]).

The consistency of the existence of locally compact normal non-
collectionwise Hausdorff spaces has been known since 1967. It is shown
that the existence of such spaces is independent of the axioms of set
theory, thus establishing that Bing's example G cannot be modified
under ZFC to be locally compact.

All topological spaces are assumed to be Hausdorff.

First, a definition and three standard lemmata are needed.

Definition. A family {4;};c; is separated (by {Bi}ics) if {Bi}icrisa
disjoint family of open sets such that for each z € I, 4 ;is contained in B,.

LemMA 1. If X is normal, K is a subset of X and V is an open set
containing K, then there is an open F,-set U which contains K and is con-
tatned in V.

Proof. Applying normality, define inductively V, for 2 = 0 as follows:
Let V, be an open set containing K such that the closure of V, is con-
tained in V. Let V,,, be an open set containing the closure of V, such
that the closure of V,,; is contained in V. U = {V;: ¢ = 0} contains K
and is contained in V. Since U = {V;: 4 = 0}, U is an open F,-set as
required.

LEMMA 2. If X is a compact space and A 1is a closed subset of X, then
the pseudocharacter of A in X equals the character of A in X.

Proof. Suppose that 4 is the intersection of a family of open sets
{Us: @ < «}. By applying normality, assume without loss of generality
that 4 is the intersection of {U,: @ < «}. Claim that the family of all
finite intersections of elements of {U,: @ < «} is a neighbourhood base
for 4 in X. Let W be an open set containing 4. X — W is a compact
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set which is covered by {X — U,: a < «}. If
(X =T ) U X =T U...U X = Ty)

contains X — W, then U,, N\ U, N ... N U,, is contained in W and
thus a finite intersection of elements of {U,: @ < «} is contained in W
as required.

LEmMA 3. If X s a locally compact space and G is a compact subset of
X, then there is a compact set K of countable character which contains G.

Proof. Applying Theorem 3.3.2 of [4], let U be an open set with com-
pact closure such that U contains G. Applying normality in the compact
set U, define inductively V; for i = 0 as follows:

Let V, be an open set which contains G such that 7, is contained in
U. Let V,;1 be an open set which contains G such that V,,; is contained
inV, LetK = U{V,: #20}. K=\U{V,: n=0}andso K is a compact
set containing G. K is a Gs-set and so, since K is a closed set contained in
the open set U which has compact closure, applying Lemma 2 shows that
K has countable character in the closure of U and thus also in X.

Second, the main lemma is proved.

LEMMA 4. Let X be a locally compact normal space. If there is a dis-
crete unseparated family of compact sets {Gq: a < «} and if k s minimal
with respect to the existence of such a family, then there is a discrete un-
separated family of compact sets { Lo: « < k} such that each L, has character
at most cf (k).

Proof. Let {.S,: v < cf(x)} be a partition of « into subsets of cardinality
less than k. Since « is minimal, for each v < cf(x), we may choose a
family {O.: « € S,} of disjoint open sets such that, for each a € S,,
0. contains G,. By Lemma 5.1.17 of [4], each such family may be
assumed discrete. For each a < «, by normality, let O, be an open set
containing G, whose closure is disjoint from the closed set \U {G;: 8 # a}.
Apply Lemma 1 to assume, without loss of generality, that each O, is
an open F,-set contained in O,'. \U {O,: a < «} contains U {G,: a < k},
so, by normality, let 4 be an open set containing \U {G.: @ < k} whose
closure is contained in U {O,: @ < «}. By Lemma 3, for each a < «, let
K, be a compact set of countable character which contains G,. Without
loss of generality, assume that each K, is contained in A. For each
a < «k, define

Lo = Ko — \U {O5: B 5 al.

We claim that each K, — L, is covered by a subfamily of {Op: 8 # «f
of cardinality at most cf(x). For each a < x, K, — L, is contained in
U {0g: B # a}, each K, intersects at most finitely-many elements of each
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{Og: B € S,} (since K is compact and each {Os: 8 € S,} is a discrete
family of sets) and so each K, intersects at most cf(k)-many elements
of {Os: B % a}. Since each K, — L, is contained in \U {Og: 8 # a},
while intersecting at most cf (x)-many elements of {Os: 8 # «}, the claim
is proven. Each Og is an F,-set, so each K., — L, is contained in the
union of at most cf(x)-many closed sets. Each of these closed sets is
contained in Og for some B # a. For each 8 # «, O3 is disjoint from L,
so that K, — L, is the intersection of K, with the union of, at most,
cf(k)-many closed sets. That is, the pseudocharacter of L, in K, is at
most cf(x). K, is compact, so applying Lemma 2, the character of each
L, in K, is at most cf(x). The character of each L, in X is at most the
product of the character of L, in K, and the character of K, in X (see
3.1.E of [4]) which is at most cf (k) -w = cf(x) as required.

Third, two results of Fleissner are stated in the general form needed
here.

TueoreM 1. (V = L) If « is regular and X s normal and \-collection-
wise Hausdorff for each o < «k, then any closed discrete set of cardinality «
whose points have character at most « is separated.

TueoreM 2. (GCH) If « is singular and X is normal and \-collection-
wise Hausdorff for each N < «, then any closed discrete set of cardinality
whose points have character bounded in « is separated.

Proofs. The proofs for first-countable spaces are in [5]. Those proofs
work in the general case.

Fourth, these two results of Fleissner are combined with the main
lemma:

TureoreM 3. (V = L) Locally compact normal spaces are collectionwise
Hausdorff (and collectionwise normal for compact sets).

Proof. If not, let X be a counterexample. Apply Lemma 4 to X to
obtain «. If « is regular, apply Theorem 1 to obtain a contradiction. If
« is singular, apply Theorem 2 to obtain a contradiction. These theorems
apply when we identify each element of a discrete family of compact
sets to a point since this identification is a perfect mapping and the
hypotheses of these theorems are preserved by perfect mappings.

TureoreM 4. (V = L) Normal spaces of countable type are collectionwise
Hausdorff (the spaces of countable type include the Cech-complete spaces
and the p-spaces of Arhangel skii (2]).

Proof. The proof of Lemma 4 incorporates a strengthening due to
T. Przymusiiiski which allows us to avoid the use of local compactness
except in Lemma 3 which states that locally compact spaces are of
countable type.
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LEMMA 5. Locally compact metacompact spaces which are collectionwise
normal for compact sets are paracompact.

Proof. The Michael-Nagami theorem (Theorem 5.3.3 of [4]) that
metacompact collectionwise normal spaces are paracompact requires
only collectionwise normality for compact sets in a locally compact
space (refine any cover to consist of open sets with compact closure).

THEOREM 5. (V = L) Locally compact normal metacompact spaces are
paracompact.

Proof. Combine Theorem 3 and Lemma 5.

THEOREM 6. (V = L) Locally compact normal submetacompact spaces
(submetacompact = 6-refinable) are paracompact.

Proof. The proof of Lemma 5 holds for submetacompact spaces.

These results may be put into perspective by considering the following
theorem of Arhangel’skii:

THEOREM 7. Perfectly normal locally compact metacompact spaces are
paracompact.

Proof. See [1] or [8].

Local compactness is a necessary hypothesis in Theorem 7 since
without it, the Bing—Michael space (see exercise 5.5.3 of [4]) is a counter-
example.

Metacompactness may not be a necessary hypothesis in Theorem 7.

Question 1. Is there a perfectly normal locally compact nonpara-
compact space under ZFC?

The Kunen line [7] under CH and the rational sequence topology
over a Q-set (8] under MA + 71 CH are consistent examples of such a
space. If there were such a space, it would be collectionwise normal for
compact sets under V = L by Theorem 3 but would fail to be collection-
wise normal for compact sets under MA + 7 CH by a result of Gruen-
hage [6].

Perfectness is not a necessary hypothesis in Theorem 7 under V = L
by Theorem 5.

Question 2. Does ZFC imply that normal locally compact meta-
compact spaces are paracompact?

P. Daniels [3] has shown, under ZFC, that if X is a normal locally
compact space which is boundedly metacompact (that is, such that
each open cover has an open refinement % and an integer # such that
any element of X lies in at most # elements of %) then X is paracompact.
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TuEOREM 8. It is independent of the axioms of set theory whether there is
a locally compact normal space which 1s not collectionwise Hausdorff.

Proof. Theorem 3 shows that such a space cannot exist under ¥V = L.
Under MA + 7 CH, the rational sequence topology over a (Q-set is
such a space.

THEOREM 9. It is independent of the axioms of set theory whether there
is a compact hereditarily normal space which is not hereditarily collection-
wise Hausdorff.

Proof. The Alexandroff compactification of the (hereditarily normal)
rational sequence topology over a Q-set under MA + 7 CH is heredi-
tarily normal. Any space which is not hereditarily collectionwise Haus-
dorff has an open subspace which is not collectionwise Hausdorff and
open subspaces of a compact space are locally compact.

Question 3. Is it consistent with the axioms of set theory that locally
compact normal spaces are collectionwise normal?

TaEOREM 10. (V = L) Locally compact normal spaces are collectionwise
normal for paracompact sets (and thus for metrizable sets).

Proof. Let {A,: @ < «} be a discrete family of closed sets such that
each A, is paracompact. As a closed subspace, each 4, is locally com-
pact (Theorem 3.3.8 of [4]). By Theorem 5.1.27 of [3], as a space, 4. is
the free union of Lindelof subspaces and thus, by 3.8.C of [4], s-compact
subspaces. As a closed set each A4, is the union of a discrete family of
o-compact closed sets and so, without loss of generality, we assume that
each A, is s-compact. Let

Ae = U {4 n 2 0}

where each A4," is compact. Define {O,": a < «} inductively on » = 0
such that:
1. {O*: n = 0} is an increasing sequence of open sets for each a < «.
2. {O": @ < «} is a discrete family of open sets for each n = 0.
3. 0," contains A," for each » = 0 and & < «.
4. The closure of 0," does not intersect A for any 8 #* « and # = 0.
5. O," does not intersect Og"~! for any #n = 1 and 8 # a.
Let

O, = {0 n = 0}.

{Os: @ < k} is a disjoint family of open sets such that, for each o < x,
O. contains A, and the proof is complete.

Question 4. Does ZFC imply that locally compact normal collection-
wise Hausdorff spaces are collectionwise normal?

https://doi.org/10.4153/CJM-1982-078-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1982-078-8

1096 W. STEPHEN WATSON

Alas and Tall have observed that Lemma 5 and the results of [10]
are sufficient to show:

THEOREM 11. If the continuum function is one-one, and X s a locally
compact normal space, then e(X) £ c(X).
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