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Jackson's Theorem for finite products

and homomorphic images of

locally compact abelian groups

Walter R. Bloom

Let G be a Hausdorff locally compact abelian group. The author

has shown {Bull. Austral. Math. Soo. 10 (1971*), 59-66) that,

given E > 0 and a certain base |F.}..r of symmetric open
7s 1s KJ.

neighbourhoods of zero, the algebra L (G) admits a bounded

positive approximate unit {k.}.CT such that for every p-th
Is Is tx

integrable function f on G ,

(p; f; Vj , i € j ,

where w[p; / ; V.) denotes the mean modulus of continuity with

exponent p of f . The purpose of th is paper is to obtain

{k.}.CT (as above) with a simple dependence of supp(£.) on
% Is t-I 1s

V. ; this is achieved for finite products and homomorphic images
1s

of groups for which such a simple dependence is known. The

results obtained are used to give a simplified proof of the

classical Jackson's Theorem for the circle group, and an analogue

of this theorem for the a-adic solenoid.

We shall firstly examine extensions of the Corollary on p. 60 of [/].

Throughout this paper \n will denote a chosen Haar measure on the locally
u

compact abelian group G . If G. is an open subgroup of G then A.,
0 Go
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3 0 2 W a l t e r R. B l o o m

w i l l j u s t be the r e s t r i c t i o n of A,, to G . Where no confusion should

a r i s e (for example in i n t e g r a l s ) t h e subscr ip t to the Haar measure w i l l be

omit ted .

We sha l l say t h a t G has p roper ty P[l, V., k., T . , K) i f t he re i s a
Is Is Is

base {V.} . T of symmetric open neighbourhoods of zero, and a correspond-

ing family {k.}-CT of non-negative continuous functions on G such that
Is Is K.J-

for each i € I , k .d\ = 1 , supp(k.) c: \J. (the open subgroup of G
J /"» Is Is

generated by V. ) , supp(fc.) c T. , T. is compact, and
Ts Is Is %

m k.d\ £ K ;
Vi l %

here m_, is the integer-valued function on V. defined by

mv {
i

= min{m € { l , 2 , . . . } : x € mV.} .
%

Using the first part of the proof of [7], Theorem 2, we can readily

obtain the following result for finite products of groups:

THEOREM 1. Suppose G, G' have properties P[l, V., k., T., K) ,
Is Is Is

P[l, V'., k'., 7'., K') respectively. Then G x G' has property
Is Is Is

P ( J , V^Vl, l v Tl, KK') , where

l.Ux, x')) = k.(x)k'.(x') , (x, x') € G x G' ,
Is Is Is

and

VI = {[y, Y 1 ] : Y € T Y
r € T ! } ,

Is Is U

( [ Y , Y ' ] ( U , X ' ) ) = y ( x ) y ' ( x ' ) f o r ( x , x ' ) € G * G ' ) . I I

To obtain an analogous result for a homomorphic image of G we

require some preliminary work. Let H be a closed subgroup of G and

denote by IT the natural homomorphism of G onto G/H . For each i € I

it is clear that the restriction TT|M of IT to the open subgroup V. of
Is

G i s a n o p e n c o n t i n u o u s homomorph i sm o f V. o n t o ^ ( ^ 0 • ^ f o l l o w s ,
Is Is
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J a c k s o n ' s Theorem 303

using [2] , 5.27, that TTfC/.) and V./[V.nH) are topologically isomorphic,
Is Is Is

the natural topological isomorphism v. being given by
Is

v.(x+H) = x + V. n H , x € I/. .
1s 1s 7s

Haar measure X^/rj on G/H will be chosen so that Weil's formula
G/H

holds (see [ 3 ] , (28.3k) ( i i i ) ) . I f we def ine Haar measure X^ . /-,, \ on

\1.1 f V . nH] b v

1s is I

then [ 5 ] , 7 . 8 , p . 87, shows t h a t X^ , X,, and X,, ,r^ ^ a l so s a t i s f y

Weil ' s formula. We s h a l l assume these r e l a t i o n s throughout .

The charac ter group I'n/u °^ ^/H i s t o p o l o g i c a l l y isomorphic wi th

A[TQ> H) ( t h e a n n i h i l a t o r of H in YQ) where, t o each Y € A (rf f, H) ,

there corresponds Y f ̂ r/H s u c n that

, * € G .

Given = c j (r H) we write

H+ { Y
+ € r : Y € H} .

For an open subgroup G of G the restriction map

defined by a_ (Y) = Y I ^ , is an open continuous homomorphism of F_ onto

the character group of G , with kernel A [V , G ) .

Finally the adjoint \)~. of V- is a map
Is Is

g i v e n by V J ( Y ) = Y ° v . ; see [ Z ] , ( 2 U . 3 7 ) -
Is Is

With the notation as above we now have:
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3 0 4 W a l t e r R. B l o o m

THEOREM 2 . Suppose G has property P[l, V., k., T . , K) . Then
Is "Is 7s

G/H has property P(l, v [ v . ) , I . , Q,., K] , where
Is 1s 1s

[l\ o v^x+H) , x + H € T r ^ ) ,

3 , otherwise,

::(x+i/.rw) = |

Proof. Clearly ^ > 0 and s u p p ^ ) <= Tr(l/̂ ) (note that ir(l/.) is

the open subgroup of G/H generated by v[v.) ). Since k. € L (G) and

supp(fe .) c I/, we have fe. € LX{V.) a n d , b y [ 3 ] , (28.51*) ( i i ) ,
Is 1s 1s Is

V. € L1 ((/./(I/.nff)) . It follows that I. € LX{G/H) and, appealing to

Weil's formula,

[ I .d\ = f I l o v . d A

ZldX

= [ fe.dX

h. v

= i .

I t i s easy to prove that for a l l y € V. n H and

x + I/, n H € l/./fl/.nff) ,

M )̂
From th i s we deduce
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m_frr - , £ , d \ = I m / - , 1 ! o v .c

- f "V^ f

5 m (a;+t/)fe.(a;+y)iX(!/)dX(x

mT, fe .d\
I/. F ^

^

For y € ^ | r t / » v ^ \ w e k n o w ( t 3 ^ (31.1*6) ( i i ) ) t h a t

whence i t f o l l o w s t h a t

supp(2') c fau (

Also, for Y € T w , we

which, combined with the previous equation, gives

L) c

Now A[V' I , TT(1 ' . ) ) i s compact ( s i n c e TT(1/.) i s open) , whence i t f o l l o w s ,

u s i n g [ 2 ] , (5.2U) ( a ) , t h a t fi. i s compac t .
Is

Finally, as I. € L {G/H) has compactly supported Fourier transform,

we have I. equal almost everywhere to a continuous function. //
Is
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I t appears t h a t for groups having proper ty f(-Z", V., &., T . , K\ t he re

i s a ready analogue of Jackson ' s Theorem. For each i € I we l e t

u(p; / ; vj = suV{\\Taf-f\\p •• a e vj

denote the mean modulus of continuity with exponent p of / t L (G) , and

put

(for the definition of the spectrum Z(g) of ^ , see [1], p. 59).

THEOREM 3 . Let G be a locally eompaet dbelian group having

property P[l, V., k., T . , K) . Then

tr Is 7s

(1) Il^*/-/Hp ̂

(2) ET (p; f) < Jilo[p; / ; ^ )

i
for every f € IP{G) if p ( [ l , • ) , or /br every bounded uniformly

continuous f if p = °° .
Proof. For / as in the statement of the theorem we have

= f
(interpreting the right-hand side as a vector-valued integral) and

IIM/-/IL - f I IV -
i

s o>(p; / ; F )̂ f'(/. i
If

5 m[p; f; V€) ,

thus proving ( l ) ; (2) now follows immediately. / /

As our f i r s t application of the preceding resul ts we give a straight-

forward proof of Jackson's Theorem for the circle group, which does not

rely on the existence of the somewhat complicated kernel of Fejer-Korovki n

(see [4 ] , p. 75). With k and K (= C) as i n " [ / ] , Theorem 3, we see
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that the real l ine R has property ? N, - jj, M, k^, [-n, n], K\ (

identify r» with R ) . Theorem 2 then shows that R/Z has property

Q = {[-n, n]nA(R, I)) ,
Yl

so that 1 is a trigonometric polynomial of degree at most n . From

Theorem 3 (with a slight change of notation) we obtain

En(p; f) S m^p; f; ij

for / € LP(R/Z) if p € [1, °°) , or for continuous / if p = °° ; for

p = °° this is just the classical statement of Jackson's Theorem.

Our other application is for functions on the a-adic solenoid. For

this we shall use many of the results in [2], Section 10. Let A denote

a

the 0-dimensional compact Hausdorff abelian group of a-adic integers,

where a = (a , a , ...) and each a is greater than 1 . The a-adic

solenoid is the compact Hausdorff abelian group defined by

where B = {{n, nli)} _ is an infini te cyclic discrete (closed) subgroup

of R x A, , and U = ( l , 0, 0, . . . ) .
a

Now R has property P N, - -, -I, k , [-n, n], K\ , and the

remarks on [?], p. 61*, show that A has property

P N, A , k , A\T. , A , 1 , where A is the compact open subgroup of

A given by
a

A = {x ? A : x = 0 for k < n] ,Ja • -7c

and k^ = X. (A ) ~ £^ . Theorems 1, 2 now combine to show that Z^ has
" a w

property ? N, TT - i-, ̂  *A I, I , fi , K\ ; here
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^ n> [ R x A '

where S ^ l R x A a • Y l
a

n ] ,

and

|]JJ

V n

remains to simplify the above expression for ft

Firstly observe that for n > 1 ,

(RxA ) n B = {{m, m\i) : m £ a a . . . a 2

o D y . [ E . J = { [ Y , O ] : y f [ - n , n ] } .

I t

Thus

°RxA (
5 J

M

Z and
a a . . .a

0 1 n - l
I t f o l l o w s t h a t t h e members of ft can be i d e n t i f i e d (as i n [ 2 ] , (25 .3 ) )

w i t h r a t i o n a l numbers of t h e form
0 1 n-1

, where I is an integer

and a a . . .a
0 1 n-1

- n . We then have

THEOREM 4. The algebra L ( l ) admits a bounded positive

approximate unit {k } such that for each n , k f ' '(^a) •>

c fi =
* 0 1 n-1

: I € Z
0 1 n-1

and, for some K > 0 ,

(2)
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for every f C l"(Z 1 if p (. [l, °°) , or for every continuous f if

p = oo . //
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