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Jackson’s Theorem for finite products
and homomorphic images of

locally compact abelian groups

Waiter R. Bloom

Let G be a Hausdorff locally compact abelian group. The author
has shown (Bull. Austral. Math. Soc. 10 (197h), 59-66) that,

given € > 0 and a certain base of symmetric open

Wikier
neighbourhoods of zero, the algebra Ll(G) admits a bounded

positive approximate unit {k.}

clier such that for every p-th

integrable function f on G,
leg*f=fll, = (eedulps £3 V) , T eI,
where w(p; s Vi) denotes the mean modulus of continuity with

exponent p of f . The purpose of this paper is to obtain

{ki}iGI (as above) with a simple dependence of supp(ii) on
Vi 3 this is achieved for finite products and homomorphic images

of groups for which such a simple dependence is known. The
results obtained are used to give a simplified proof of the
classical Jackson's Theorem for the circle group, and an analogue

of this theorem for the a-adic solenocid.

We shall firstly examine extensions of the Corollary on p. 60 of [I].

Throughout this paper AG will denote a chosen Haar measure on the locally

compact abelian group &G . If (G, 1is an open subgroup of (G then A

0 Go
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will just be the restriction of AG to G Where no confusion should

0 °
arise (for example in integrals) the subscript to the Haar measure will be

omitted.

We shall say that G has property P(I, Vi, ki’ Ti’ K) if there is a

base of symmetric open neighbourhoods of zero, and a correspond-

V:ier

ing family {ki}iEI of non-negative continuous functions on G such that
for each 7 € [ , J kidk =1, supp(ki) c Vi (the open subgroup of &
G

s T. 1is compact, and

generated by Vi ), supp(ii) < T. ;

7z

f mV.kidK =K
v 7

here m;, is the integer-valued function on Vi defined by
z

mVi(.r) = min{m € {1, 2, ...} : x € mVi} .

Using the first part of the proof of [1], Theorem 2, we can readily
obtain the following result for finite products of groups:
THEOREM 1. Suppose G, G' have properties P(I, Vs koo Tos X,
p(1, Vé, ké, Té, K') respectively. Then G x G' has property
! n !
P(I, V,xVi, 1., T5, KK') , where

Zi[(x, x')) = ki(x)ké(x') > (x, z') €Gx G,

and
2=y, ¥ sy €T, v eTl},
([v, v'1{(z, =) = v(@)¥'(z') for (x, z') € 6xG') . //

To obtain an analogous result for a homomorphic image of (G we

require some preliminary work., ILet H be a closed subgroup of & and

denote by T the natural homomorphism of G onto G/F . For each 7 €I

it is clear that the restriction ﬂlU of T to the open subgroup Vi of
7

G 1is an open continuous homomorphism of Vi onto ﬂ(vi) . It follows,
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using [2], 5.27, that “(Vi) and Vi/(VinH) are topologically isomorphic,

the natural topological isomorphism vi being given by
vi(x+H) =z + Vi nH, x € Vi .

Haar measure A on G/H will be chosen so that Weil's formula

G/H
holds (see [3], (28.54) (iii)). If we define Haar measure kVi/(VinH] on

V./(V,rH) by

-1
A (E) = X [v. (E)] ,
v,/ (v;nH) n(vi) 1
thep [51, 7.8, p. 87, shows that AV.’ AV.OH and AV./(V.OH] also satisfy
i i AR A
Weil's formula. We shall assume these relations throughout.
The character group FG/H of G/H 1is topologically isomorphic with
A[FG, H) (the annihilator of H in FG ) where, to each Y € A(FG, H) R

+
there corresponds Yy €T such that

G/H
Y (xHB) = y(z) , z €G .

Given E C A(TG, H) we write

For an open subgroup GO of G the restriction map

GGo : FG > FGQ .

defined by GGO(Y) = YIGO , is an open continuous homomorphism of [, onto
the character group of GO , Wwith kernel A(FG, GO] .
Finally the adjoint v; of v, is a map
v, :+ T > T .
iV (V) T (V)
given by VE(Y) =Yo v, ; see £21, (2k.37).

With the notaticn as above we now have:

https://doi.org/10.1017/5000497270002390X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270002390X

304 Walter R. Bloom

THEOREM 2. Suppose G has property P(I, Ves kos Ty XK) . Then

G/H has property P(I, "(Vi)’ ;s 9 K) , where
Zé o \)i(x+H) s X+ HE ﬂ(Vi) s
Zi(x+H)

0 , otherwise,

1} (w+V i)

J K (a+y)dMy) ,
ViﬂH

+
-1 ~
5; = oty Lillow, oy, v ] -
i i i
Proof. Clearly Zi = 0 and supp(li) C“(Vi) (note that 'IT(Vi) is
the open subgroup of G/H generated by W(Vi) ) Since ki € Ll(G) and

supp(ki) < Vi we have ki € Ll(l/i] and, by [3]1, (28.54) (ii),

1} €' (v,/(v,#)) . It follows that 1. € L'(G/H) end, appealing to

Weil's formula,

j 1.dx = J 1! o v.dr
¢/n m(Vv *
1
= f 11dx
v,/ (v, ne)
= J k.dx
v, *
T
=1.

It is easy to prove that for all y € V, nH and

z+ Vo nd eV /(VoH),

From this we deduce
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3
.
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by, Yo ™
|

V

=K.

For 7y € A[FV , Viny) we know ([33, (31.46) (ii)) that
7

+

Zi(Y ) = ki(Y) s

whence it follows that
. +
supp(lé) c [OV.(Ti)nA[FV.’ VinH)) .
7 7

Also, for } €T PR we have

G/

1.(y) =

|
~~
™
(o]
<
Nt
Q
3
~
<<
S
Nt
<
N

il
D
Q-
—
Z‘
—
Q
3
—
<
o
—
—_
<
~—
———r
—_—
-

which, combined with the previous equation, gives

supp(i ) < UW?V )( (SuPP(Z ))]

< ety Pl [ou, oy - v)) ]

Now A(FG/H’ n(Vi)) is compact (since n(Vi) is open],whence it follows,

using [2], (5.24) (a), that Qi is compact.

Finally, as Zi € Ll(G/H) has compactly supported Fourier transform,

we have Zi equal almost everywhere to a continuous function. //
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It appears that for groups having property P(I, Vi, ki’ Ti’ K) there

is a ready analogue of Jackson's Theorem. For each 7 € I we let

wips £3 Vi) = sup{”'raf'—f“p ta € Vi}

denote the mean modulus of continuity with exponent p of f € P , and
put

£y (o5 1) = wue{fsl, < g € @), o) < T} s

(for the definition of the spectrum I(g) of g , see [1], p. 59).

THEOREM 3. Let G be a locally compact abelian group having
property P(I, Vs koo Ty X) . Then

A

(1) Mkgxf=Al, Ke(ps 5 7V,

1A

(2) Ep (p; )
T

w(ps f3 Vi)

for every f € IF(G) if p € [1, ®») , or for every bounded wniformly

continuous f if p==.

Proof. For f as in the statement of the theorem we have
k,xf-f= JG (Trf—f)ki(x)d)\(x)

(interpreting the right-hand side as a vector-valued integral) and

A

Ik s-1, jv. It -1l s (=) ()

T

IA

w(p; £ Vi] JV mVikidk
Z

1A

ku(ps £3 V) »
thus proving (1); (2) now follows immediately. //

As our first application of the preceding results we give a straight-
forward proof of Jackson's Theorem for the circle group, which does not
rely on the existence of the somewhat complicated kernel of Fejér-Korovkin

(see [4]1, p. 75). With kn and X (=C) as in'[!], Theorem 3, we see
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that the real line R has property P[N, [— %3 %}, kn, [-n, n], K] (we

identify FR with R ). Theorem 2 then shows that R/Z has property

Ph,ﬂ“-%,ﬂ],aﬂs%,ﬂ . Now
Q= ([, n]MA(R, )t

so that Zn is a trigonometric polynomial of degree at most #»n . From

Theorem 3 (with a slight change of notation) we obtain
E (p. f‘) < K D3 f }.
AL - > > n

for f € P(R/7) it p € [1, ©) , or for continuous f if p = ; for

p = © this is just the classical statement of Jackson's Theorem.

Our other application is for functions on the da-adic solenoid. For

this we shall use many of the results in [Z], Section 10. Let Aa denote

the O-dimensional compact Hausdorff abelian group of a-adic integers,

where a = (ao, al, ...) and each an is greater than 1 . The a-adic
solenoid is the compact Hausdorff abelian group defined by

g, = (Ra,)/B

where B = {(n, nu)}:= . 18 an infinite cyclic discrete (closed) subgroup

of R x Aa ,and U=(1,0, 0, ...) .

s l%, kil), [, n], K] , and the

Now R has property P[N, [— ”

S -

remarks on [1], p. 64, show that A, has property

PIN, A , k(z), A[F , A J, lJ , where A 1is the compact open subgroup of
n® n Aa n n
Aa given by

An={x€Aa:x

= 0 for k< n} ,

() _

and kn A

)_lEA . Theorems 1, 2 now combine to show that Ea has

1 1
property P[N, TYH- o) g]xl\n], Zn’ Qn’ K] 5 here
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o gl B0, )]

vhere Z = {[Yl, 72] € FRXAa 1Y € [-n, n], Y, € A[FAa, An)} . It
remains to simplify the above expression for Qn

Firstly observe that for n = 1 ,

(RxAn) nB={(m mu) :m¢€ aa, ... @ 7}

and

Opup (B) = (v, 01 = v € [-n, n]} .
n

Thus

S () 1 [Ty » (o0} 8]
n n

B e A P et R R
01" "n-1 01" m-l
It follows that the members of { = can be identified (as in [2], (25.3))

with rational numbers of the form ——————— _ where [ 1is an integer

[2

aoal. . .an_l

and =n . We then have

THEOREM 4. The algebra Ll(Za) admits a bounded positive

approximate unit {kn}:=1 such that for each n , k ¢ C[Za) s
k,(0) =1,
supp(?n] cq = {a ~ L — L ¢ Z and |— L = < n}
01" "Tn-1 01" "n-l

and, for some K > 0 ,
@) kAl = fps 7 [[- 5 2

(2) E, (p; ) = Km[p; £ [[-
n
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for every f ¢ Lp[Za) if p € [1, ») , or for every continuous f <if

p=o. //
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