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Sasaki projections on orthocomplemented
posets

P. D. Finch

It is proved that an orthocomplemented poset P 1is an orthomodular
lattice if and only if it admits a suitable defined set of order
preserving maps. These maps are called projections. They are, in
fact, just the projections of the Baer *-semigroup associated with
the orthomodular lattice.

1. Introduction

Foulis [1] has shown that orthomodular lattices arise whenever one has
a Baer *-semigroup and conversely, that every orthomodular lattice can be
coordinstised by a Baer #*-semigroup. In [2] Foulis showed further that a
necessary and sufficient condition that an involution poset be an
orthomodular lattice is that its associated involution semigroup be a Baer
t-gemigroup. This result is of interest in the axiomatic development of
non-relativistic quantum mechanics as in, for example, Mackey [3], where one
wishes to determine conditions under which a quantum logic which has the

structure of an orthomodular poset is, in fact, an orthomodular lattice.

A Baer *-semigroup is an involution semigroup in which the right
annihilator of each element is a principal right ideal generated by a
projection. If L is an orthomodular lattice, and S(L) 1is its associated
Baer *-semigroup, then the projections in S(L) are jJust the Sasaki

projections introduced by Sasaki in [4]; these are the maps L L~

defined for each x in L by the equation

(1) yﬂx=(ny'l7/\x, y €L .
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It is not difficult to show that for any x and any y in L one has
L 1
(2) (ymJ)m =xNy .

This equation suggests that if one could define an analogue of the Sasaki
projections in an orthocomplemented poset, without the use of lattice

operations, then one could establish the lattice structure directly by
verifying that (y‘nx)*nx is the g.1.b. of x and ¥y . This idea

motivates the discussion of the next section. The advantage of the
procedure developed there is that one does not work with the whole Baer
*_semigroup but only with its projections. It then becomes apparent that
the property which ensures a lattice structure is not primarily the
characteristic Baer property, namely that the right annihilator of each
element in the semigroup is a principal right ideal generated by a
projection, but simply the existence, on the orthocomplemented poset, of
suitably defined projections. In all fairness it should be stated that this

result is not very far below the surface in Foulis [1] and [2].

2. Sasaki sets of projections
Let P Dbe an orthocomplemented poset with least element 0 , greatest
element 1 and orthocomplementation x - mL « Aset S of maps P+ P
will be said to be a Sasaki set of projections on P when

(i) for each m in S, z £y implies am < ym,

(ii) if w , ' are in § then 1m < 1m' implies w'm

n
El

AL
(iii) for each 7 in S, (xw) W < xt for all z in P .

Note that (iii) is just the Foulis condition that T be a self-adjoint
element of the associated involution semigroup. We remark that a Sasaki set

of projections on P always exists; indeed define maps "o sy M ¢+ P> P

by writing xﬂo =0 and «m; =x for each x in P , then the set

{ﬂo,ﬂl} is a Sasaki set of projections on P .

The following lemma lists some immediate consequences of the definition
of a Sasaki set of projections. The results stated in it are used in the

proof of the theorem below.
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LEMMA. Let 5 be a Sasaki set of projections on P , then for w , '
in S
(a) ¢ =7,

1)

(b) 1w =1n' implies mw=71',

{e) 1m < 1m' <implies wm' =w =1

I
=
3

(d) 1w < in' implies (1lm)m' =

(e) xm =20 if and only if =x < (ln)“' .

Proof. (a) and (b) are immediate consequences of {e¢) and (ii). To
prove (e¢) we use (ii), make repeated use of (iii) and follow through the
following sequence of implications.

m L1’ =a'n =71
= (@m' ) = (emm!)tniw g (@m)w < oot
=z < {(m')"'n}i-
= m < xmW'
On the other hand
Im<ln' =n'n=mn
s (zmftint = (em'mtart < (@n' )t o< ot

= {(x'n)“”rr}kﬂ'rr' g zmw
4.

= zmm' £ {(xn)"‘n} LS 1 g

This proves (e¢), and (d) is now obvious. Finally to prove (e) we use (i)

and (iii), thus

L

xr=0=1r < x =x§(l1r)"'

and

z < (mft = 2w < Amte $0.

We say that a Sasaki set S of projections on P 1is full when to each
x in P there corresponds at least one (and hence, because of (b}, exactly

one) element m, in S with lnx =x . We prove now the

THEOREM. 4n orthocomplemented poset is8 an orthomodular lattice if (and
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only 1f) it admite a full Sasaki set of projections.
Proof. Suppose that S 1is a full Sasaki set of projections on the
orthocomplemented poset P . Let x and y be in P . Then
2 L
< =
(y nx) M, S 17 x
and, by (iii),

(yJ“frx)"‘nm <y .

Thus (y‘wx)*wz is a lower bound to & and Yy ; we show that it is their
greatest lower bound. To do this let ¢ in P be any lower bound of =z

and y . Since t £ x wve have W W, =T

. 1 L _
U and so, using y < tT = (lnt)L

t

and (e) above, we obtain
4 =yt =
(yrm ), =y =0 .

Using (e) again we deduce that ¢ < (y‘L'Trx)L . Since lﬂt =tg -

A
8
1]
[
=
)
[1]

have tm =1t by (d), and so
= L4
t=em 2 (ym ), .

This establishes that & and y do have a greatest lower bound in P and,
in fact, that

xAy-= (y*@ermr .

Since x Vy = (z* A y*)i it is now immediaste that P 1is & lattice and it

is trivial that it is a lattice orthocomplemented by x - x+ . To establish

that P is orthomodular we prove that

x ANy =0 ad z2 y* == y*

This implication is one of the several well-known characterisations of

orthomodularity. To establish it we use (d) to observe that
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x
Thus
T NANy=0 & 2 yi = ym, = 0
>z < y+

and this gives the desired conclusion.

Conversely if L 1is an orthomodular lattice and, for each &« in I ,

m. is the Sasaki projection on L given by equation (1), then
{"x : 2 €L} is a full Sasaki set of projections on L .

REMARK. The use of the term Sasaki set of projections is Jjustified by
the fact that under the hypothesis of the theorem one has equation (1) for

each £ in P . To prove this we observe firstly that, under the

hypothesis of the theorem,
(3) (xV y)n =gn Vyn

for each w in S and any x ,y in P . To see this we remark that

since 7 1is order preserving it is only necessary to show that
(x Vy)u < an Vym . To do so write 2z =xnVym . Then z*< (xm)* and
so zbm < (xm)*m g at . Thus =z ¢ (2w and similarly y < (z'm)* . It
follows that

(z Vy)n g (z‘L‘rr)‘Lvr Saz=zxNVyn.

Using (3) we show easily that (1) holds. Thus
4L -
{(y vz Tl'x} "
S
£z
{(y A x)ﬂx} My

(y*n z)tn,

(y v ) Az

(y \/xﬁnx

yﬂ'x »
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. AL
since x nx =0 .
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