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Abstract. If T isa weakly mixing isometric extension of a finite measure preserving,
k-fold mixing map T, then T must also be k-fold mixing.

We here complete a collection of results each of which reads ‘If T is [- - -] and T
is a weakly mixing isometric extension of T, then T is [---], where [ -] can be
[weakly mixing], [ k-fold mixing], [K] or [Bernoulli]. The first is trivial. Each of the
others has a distinctly different proof (see [1] for K and [2] for Bernoulli). Here we
will prove the k-fold mixing case.

Let (T, X, # u) be an ergodic finite measure preserving transformation of a
non-atomic Lebesgue probability space. Let Y be a compact metric space with a
transitive group G of isometries. By a G-cocycle f(x, n) over T we mean a measurable
map f:Q} XZ > G so that

f(x, ny+ny) = f(T™(x), ny)of(x, ny)

ie.
£, m =TT AT, 1.

We will abbreviate f(w, 1) = f(w), the generating function of the cocycle.

As G is transitive on Y, Y is isometric to G/ H, H an isotropy subgroup of some
point y,, and Haar measure on G projects to a G-invariant normalized measure v
on Y.

On the probability space (X X Y, ¥ x 4, u X v) we can define a measure preserving
action T by

T"(x, y) =(T"(x), f(x, n)()).
We call this the ‘f-extension’ of T, and generically an ‘isometric extension’ of T.

THEOREM 1. If T is k-fold mixing, i.e. for any measurable sets Ay, Ay, ..., Ax_i,
lim m#(Aof‘ T"(Ay) T (Ay) = u(Agu(A)) - - - n(Al),

LTI RS i
and Tis a weakly mixing isometric extension of T, then T is also k-fold mixing.

Proof. It is enough to verify for functions

gl(x y)= XA,.(x)gi(J’),
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where x,, is the characteristic function of A; € ¥ and g; is continuous and =1, that

lim w( J 206 NE(T™(x, ) - - g (P71, ) di )

np,Rig—ni—>
k—1
= H J&(-’Q}’) d"“xvf
i=0

as such functions generate an L' dense algebra.

Assume &, ..., £._, are fixed continuous functions, and 8(¢) a uniform modulus
of continuity for all (k—1) of them.

As T is weakly mixing, the k-fold product TxTx - -xT acting on
(X XYY (FxGX (uxv)*) is ergodic. Thus for (uX v)“-a.e. point
((x0, Yo)s - - - » (Xi—1, Yi—1))s

k-1

lim )} (f;l; g,-(T‘(:c,-,n))) =11 J gi(x, y) dp xw.

n>©n =9 i=0

Fix an £ >0 and select 7,,..., ., a 8(¢/2%"*) dense subset of Y, and partition Y
into sets B, y; € B, of diameter less than 8(e/2*"%). Let 0 < @ = min (»(B;)).

Thus for all points (X, ..., Xk )€ X" and (o, ..., Yk—1), (P, -., Y1) € YEif
¥x and yj are in the same B;,,

1 N-1 fk-1 .
< Z (l_T g(T'(x, y}))>=ﬁ EO (AIJOg,-(T'(x,-,n))>i—

Select N so large that for (uxw»)* all but za*/4 of the points
((xO’yO)v'",(xk—l’yk—l))’

lNl k-1

+ 3 (n g,(r(x,,y,») T j (5 7) du xv ™.

i=0
It now follows that for p* all but £/4 of the points (xo,...,Xc_,), for all
(}’o,}’h—--,)'k l)’

lNl k—1

N X (H g(T'(x, y,~)))= Il Igj(x,y) duXvii,

j=0
as the existence of one point (yq, - .., yx-1) not satisfying this error bound implies
a set of measure at least a* not satisfying the earlier error bound for a given
(X0, - .., Xx_y). Partition X into subsets C,,..., C, so that if x,,x,€ C; and n=
., N then
|f(xh n)—f(x2’ n)' < 8(5/2k+2)’
and
each A; is a union of C’s.
Thus if x;, x;€ Cy(j) for j=0,..., k—1 then

lNl

v E (T e, y,-)>)=N 5 (T s T ) ) 5.

i= j=0
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Now as T is k-fold mixing, we can select M so large that if n,, n,,,—n,> M, then
for any Cj), - - - » k-1,

k—1
m(Cioyn T""(Cia)) -+ (T_"k_'(cj(kﬂ)))z_I;[O#(Ci(j))(lii)'

Fix such a choice of n,,..., n,_; and construct an invertible measure preserving
map ¢:(X, % p)~>(X* F* u*) so that for all but £/4 of the xeX, if
(x, T"(x),..., T"(x)) € Cyoy X Ci(1y X+ * * X Cyk—1y then ¢(x)€(Ci) X Cigry X" -+
X Cyk-1)), (@(x)=(d(x)1, d(x)3, ..., d(x)s)).

Now

k—1 N-1 fk-1 .
I IT (g(T"(x ) duXV—I—l— I (_I_I (17 (x5 ) ) duu x

1 N-1
=J’ ) (H g(T'(p(x), f(x, n,)(y)))) du Xviz

i=0 \j=0

But for u* all but £/4 of the ¢(x), for all y,

llel

~ I I g(F(8(x), fix n,)(y))—,n g(x y) du x v

i=0 j=0
Hence if n,, n;,,—n,> M,
k—1 N k—1
[ Ho (g(T"(x, y))) du xv= ] I g(x,y)duxvze,
j= j=0
completing the result.
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