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Abstract. If T is a weakly mixing isometric extension of a finite measure preserving,
fc-fold mixing map T, then T must also be fc-fold mixing.

We here complete a collection of results each of which reads 'If T is [• • •] and f
is a weakly mixing isometric extension of T, then T is [• • •], ' where [• • •] can be
[weakly mixing], [fc-fold mixing], [K] or [Bernoulli]. The first is trivial. Each of the
others has a distinctly different proof (see [1] for K and [2] for Bernoulli). Here we
will prove the fc-fold mixing case.

Let (T, X, SF, fj.) be an ergodic finite measure preserving transformation of a
non-atomic Lebesgue probability space. Let Y be a compact metric space with a
transitive group G of isometries. By a G-cocyclef(x, n) over T we mean a measurable
map/ : f t xZ-> G so that

f(x, fi, + B 2 )= / ( r " ' (x ) , n2)°f(x, n.)

i.e.

We will abbreviate / ( « , 1) = / (w) , the generating function of the cocycle.
As G is transitive on Y, Y is isometric to G/ H, H an isotropy subgroup of some

point >"0, and Haar measure on G projects to a G- invariant normalized measure v
on Y.

On the probability space (X x Y, !F x % p x v) we can define a measure preserving
action T by

We call this the 'f-extension' of T, and generically an 'isometric extension' of T.

THEOREM 1. If T is k-fold mixing, i.e. for any measurable sets Ao, At,..., Ak_x,

lim n(Aon Tn'(At) • • - n T^
o

and T is a weakly mixing isometric extension of T, then T is also k-fold mixing.

Proof. It is enough to verify for functions
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where Xa, is the characteristic function of A, e ^ and g, is continuous and < 1, that 

lim ( | g0(x,y)gt(fn<{x,y)) • • • gk-l(f""-'(x,y)) dfixp) 

k-i f 
= II gi(x,y)dnxv, 

i=0 J 

as such functions generate an L 1 dense algebra. 
Assume g , , . . . , gf c_, are fixed continuous functions, and 8(e) a uniform modulus 

of continuity for all (k- 1) of them. 
As r is weakly mixing, the fc-fold product T xT x • • • xT acting on 

( ( X X Y)k, (&x <g)k, x v)k) is ergodic. Thus for (/LI X v)k-a.e. point 
((x0,yo), • • • A*k-u yk-i)), 

lim - "l (U gjif'ixj, yj))) = W I g,(x, y) d» x v. 
n - ° o n I = 0 \j=0 I i=0 J 

Fix an e > 0 and select y"i, • • •, y„ a S(e/2k+3) dense subset of Y, and partition V 
into sets Bh y, e B b of diameter less than 8(e/2k+3). Let 0 < a = min (»*(Sj)). 

Thus for all points ( x 0 ) • • • , e X f c and ( y 0 , . . . , y*- , ) , ( y i , . . . , y'k-i) e if 
y t and y f c are in the same Bi(k), 

1 N-i /k-i A . \ 1 N _ l /fc-i „. \ e 

n & I " « * r < * > » > ) - N ,?„ ( A • < r < * » » H 
Select JV so large that for (fixv)k all but eak/4 of the points 
((xo,yo),---Axk-i,yk-i)), 

1 jv-i /fc-i „ \ k-i f _ 
T ; Z n gj(r(x>yj)) = n » ( x , y ) ^ x . ± - . 
TV ,=o \j=o / i=o J o 

It now follows that for (ik all but e / 4 of the points (x0,..., xk_t), for all 
(yo,y ,yk-i), 

T ; I II gJ(Ti(xJ,yj)))=U gj(x,y)d»xv±-
IS , = 0 \j=0 / j = 0 J ** 

as the existence of one point ( y 0 , . . . , yk-\) not satisfying this error bound implies 
a set of measure at least ak not satisfying the earlier error bound for a given 
(x0,..., x f c _i) . Partition X into subsets C,,...,CP so that if xl,x2eCJ and n = 
l , . . . , J V t h e n 

\f(xun)-f{x2,n)\<8(e/2k+2), 

and 

each Aj is a union of C/s . 

Thus if Xj, x'j € CkU) for j = 0 , . . . , k - 1 then 
1 N-l /lc-1 A \ 1 N-l /fc-l ^ \ e 

n & ( A a ( 7 " ( ^ » ) - n , 5 , ( A * j -
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Now as T is fc-fold mixing, we can select M so large that if n,, n1+1 — M, > M, then
for any Cno),..., CHk^l)t

m
i=o

Fix such a choice of « ! , . . . , nfc_, and construct an invertible measure preserving
map <t>:(X,&,fi)^(Xk,&k,fjik) so that for all but e/4 of the xeX, if
(x, r n ' ( x ) , . . . , T"k-'(x)) e Cl(0) x C,(1) x • • • x C l ( t _ 0 then <f>(x) e(Ci(0) x Cl(1) x • • •

Now

n ' (gj( fn'(x, y))) dp X v=\±

e

But for nk all but e/4 of the <f>(x), for all y,

= f ̂  Y Cfl gy(r(^(x),,/(x, n,)^))))
J /V ,=o \j=O /

lie <£(x), for all y,

Tf " l ' n" gj(T'{<j>{x)j,f(x, nj)(y)) = n ' | g,(x, y)
J> ,=o 7-0 j=o J

+ ,-«,>M,
r fc-i A k-i r

I! (g/(T">(x,y))) d/x Xf = n gj(x,y)dfi
J j=0 j=0 J

X J i .

Hence if nu ni+i — «, > M,

completing the result.
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