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CHARACTER FORMULAS FOR DISCRETE SERIES
ON SEMISIMPLE LIE GROUPS

REBECCA A. HERB*

§1. Introduction

Let G be a connected, semisimple real Lie group with finite center,
K a maximal compact subgroup of G. Assume rank G = rank K. Let
& be the Lie algebra of G,®, its complexification. If G, is the simply
connected complex analytic group corresponding to &, assume G is the
real analytic subgroup of G, corresponding to ©.

In this case, G always has discrete series representations. The
characters of these representations are distributions on the group G,
realizable as locally integrable functions. Formulas for these characters
are known up to certain integer constants which have only been evaluated
for a few special cases. The purpose of this paper is to give informa-
tion on how these constants can be computed in general, and to illustrate
the method for several new cases.

For any Cartan subalgebra § of &, let §, denote its complexification,
O(®g, he) the set of roots of the pair (G, §e), and W(G, ) the Weyl
group generated by the reflections corresponding to the roots. Let z%H)
= [Ja(H), the product over all « in 0*(@, j¢), H any element of .

Denote by f the subalgebra of & corresponding to K, and let { be
a Cartan subalgebra of & such that t C f. Consider the space & of all
pure imaginary linear functions on t. Let ¥’/ ={1e % :{4,a)> # 0 for
all a € O(G¢, 1)}, the regular elements of &#. Then for each 1¢ %’ there
exists a unique invariant distribution 7', on & characterized by certain
properties [2a), p. 277].

Let Wi be the subgroup of W(®, ;) generated by reflections cor-
responding to the compact roots of (&,1). Then for Het' =t N &, &
the set of regular elements of @,
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1.1) T(H) = z'(H)™" 3, detw exp (wi(H)) .

wEWK

Given any Cartan subalgebra ) of &, there exists y e G, such that
Y(te) = §¢. Then for any connected component bH* of Y'(R) = {H e §: a(H)
# 0 for all real roots a € &(®, Y¢)}, there are integers c,(w: 2:5*) such
that for Hefh)* N Y, ¥ =5 N &,

1.2 T(H) = z%H)™ >, detwe,(w:a:h*)exp (“(wAH(H)) .

weW G gte)

In §2 of this paper we outline an inductive procedure by which
these integers can be computed, and in §3 illustrate the method by ex-
plicit computations for the first two stages of the induction in the general
case, and by giving the complete solution for the case where & has
exactly n + 1 conjugacy classes of Cartan subalgebras, n = rank (G/K).

The integers have been computed by Harish-Chandra for the case
rank (G/K) =1 ([2b)]) and by H. Ferguson for the case where &, is the
simple complex Lie algebra with root system of type G, ([1]). The method
given in this paper is different from that used by Harish-Chandra for
rank (G/K) = 1 (although it relies heavily on his work in [2a)] and [2b)]),
and is an extension of the method used by Ferguson. Hirai has com-
puted the integers for the groups SU(p,q) and Sp(2,R) using specific
matrix computations.

The unitary character group 7 of T,T the Cartan subgroup of G
corresponding to t, may be identified with a lattice, L,, in #. To each
A€ Ly is associated a central eigendistribution @, on G ([2a), p. 2891, [2b),
p. 901). If 2eLfj =L, N &', a constant multiple of O, is the character
of a discrete series representation of G, and all discrete series characters
are of this form.

To explicitly describe the O, it is necessary to evaluate certain con-
stants which are directly related to the integers c,(w:2:5*). In §4,
using the results of §3, we give explicit formulas for the ©, on the
Cartan subgroups of G having vector part of dimension one or two.
The Cartan subgroups in the dimension one case are those corresponding
to maximal parabolic subgroups of G. The results for dimension two
give a complete solution for the case rank (G/K) = 2. We also give
complete formulas in the case where G has exactly » 4+ 1 conjugacy classes
of Cartan subgroups, n = rank (G/K).
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§2. The Constants on &

We retain the notation of the introduction. Since T, is an invariant
distribution, it suffices to determine the integers c,(w: 2:H*) for one re-
presentative of each conjugacy class of Cartan subalgebras. Let 4 be
the Cartan involution of & with associated Cartan decomposition & =
+ p, f as above. Then each conjugacy class of Cartan subalgebra con-
tains a representative which is #-stable. Thus we may restrict ourselves
to considering 6-stable Cartan subalgebras.

If § is a ¢-stable Cartan subalgebra of &, §) =19, + §,, where §, =
hbNt h,=5HNp. We determine the integers c,(w: 2:5*) by induction
on r =dim}y,. To perform the induction we need the following facts.

2.1) ([2a), p. 277]). Let I' be a semi-regular element of noncompact
type in . Let ), = &} and §, = &; be the corresponding Cartan
subalgebras constructed as in [4, Volume I, p. 102], » =
exp (—zv/ —1/4 ad (X% + Y¥), 0* (8¢, b)) = {B: € 9" (8¢, b0}, and
« the unique positive real root of 5, satisfying «(l’) = 0. Let
y e Go satisfy y(tg) = b Let §f and Y7 be the connected com-
ponents of §i(R) satisfying I"eecl (h¥). Let by be the connected
component of §H(R) containing I". Then vy(ty) = by, and for we
W(B¢, to), 2 F/,

c,(w: 2: 5 + ¢, 's,w: A1 BY)
= cy(w:A:97) + ¢, (*s,w: 2z b7)
=c,,(w:2:57) + ¢,V 's,w: A hY) .
(2.2) Suppose 2,yec G, such that Y, = z({¢) = yl;). Then for some

wy e W(@¢, 1), 4= "wy A for all 2¢ #. Then for all we W(S,,tc),
(w2) = Y(w,w) and hence c,(w: 2:§*) = det w,c,(waw: 2: §*).

(2.3) ([2a), p. 272]). For h,5*, and y as above, c,(w: 2:5*) = 0 unless
Re Y(wA)(H) < 0 for all H e h*.

(2.4) Suppose §) = z(§) for some zeG. Let §h* = x(§*) and suppose
O+ (G¢, o) = {*a: a e " (&, hr)}. Then for H ¢ b*,

T.H) =T,(°H) = z"H)"* >, detwec,(w:2:H*)exp (“(wA(H))

weW @gste)

=o(CH)" > detwe,(w: 2:5*") exp CY(w)(*H)) .

weEW (Bp,te)

Therefore c,,(w: A:§*) = ¢, (w: 2: §*).
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2.5) ([2a), p. 281]). For se W(G i), te W(G,H) = No(H)/H, H the
Cartan subgroup of G corresponding to Y, Ny(H) the normalizer
of Hin G, and ue Wg, c,("tsu™': ud: th*) = ¢, (s: 2: §*). If we
denote by W5 the subgroup of W(®, %, generated by s,,« real,
then Y(R) = UsewrSH", 9" any component of §(R). Since Wy &
W(G, H), c,(w: 2:85") = ¢, (*7(s7Dw: A: §*). Thus in each case, it
suffices to compute the constants for one component of ¥(R).

Suppose dimp, = 0. Then § =}, is a Cartan subalgebra of f and
is conjugate to t by an element of K, say §) = k(). Y (R) = § has exactly
one connected component since §) has no real roots. By (2.4) and (1.1)

1, weWg

(2.6) ck(w:Z:I)):cl(w:,l:t):{O, weW, .

If y is any element of G, such that y(i;) = Y., then, choosing w, as
in (2.8),

det w,, wew;'Wg

2.7 c,(w: 2:h) = det wye,(ww: 2:h) = { 0, wews W,y |

We may now assume inductively that there is an » > 1 such that
for any g-stable Cartan subalgebra Y with dim §, < r we know the value
of ¢, (w:2:9*) for every component §)* of §'(R), and every we W(@, i),
Ae F’, and ye G, with b = y(to).

Let { = iz + j, be a f-stable Cartan subalgebra of ® with dim j, = r,
jic = Y(io), some ye G, Let @, be the set of those «e & je) which
assume real values on j. Then dim @, = dim j,. Let j* be a connected
component of {(R). Define @} by a e 0% if a(H) > 0 for all He j*. Then
0% is a set of positive roots for &,. i~ ={—H:Hej*} is also a com-
ponent of {'(R).

Let {8, - -+, B,} be a strongly orthogonal system of positive real roots
in ;. That is, for 1<i{#j7<r, B, +p;€Pr. Such a system of r
elements exists because of the correspondence between these systems and
conjugacy classes of Cartan subalgebras in &, and the fact that & has
a compact Cartan subalgebra. (See [4, Volume I, Section 1.3.1]). The
B 1 <4 <7, are in particular, mutually orthogonal, and the H,,, 1 <<
< r, form a basis for j,, where for any root «,H, will always denote
the element of j, satisfying B(H,, H) = a(H) for all H ¢ j;, B the Cartan
Killing form. We also write Hf = 2H,/{a,a).
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Set w? =s,, ---8,. Then w¢i* =ji-. Note that if 1¢%#, Hej",
H=H,+ >j..r,H,, where H,cj;, r;eR, 1 <j<r, then Re {*a(w?H)}
= Re{A(H, — X r;H,;)} = A(—> r;H,) = —Re {vA(H)}. Decompose w°
into a produect of reflections corresponding to simple roots, w? = s, --- s,
8§ = Sy, {a, -+ 5o} & set of simple roots for @, 1 <4, <7 for all 1 <
i< m.

For each «,, 1 < ¢ < r, we construct a Cartan subalgebra j, of & as
follows. Let I',e cl(j*) be such that +a,") =0, a(l') # 0 for any other
aeP(®gi). Then I', is a semi-regular element of noncompact type.
Let &, be the centralizer of I, in &. Then &, = ¢, + [, where ¢, is the
center of &, and [, = [¢,, &,] is semisimple and isomorphic to si(2, R).
Denote by H¥, X¥, Y¥ the standard basis of [, satisfying [H¥, X}] = 2X%,
[Hf, Y§] = —-2Y%, [X¥,YFf] = H¥. Then &} =¢,+ RHf =i, and ©&; =
¢, + R(X¥ — Y¥) is a ¢-stable Cartan subalgebra of & which we call j,.
dim(j, N p) =» — 1. Let j; be the connected component of j(R) con-
taining I',, and let v, = exp (—zv/—1/4ad (X¥ + Y¥). Then v,(io) = jsc.

By (2.1), for all we W(®¢, te) and 1e F/,

C(W:Ai") + ¢, (VT w21 i) = ¢ (Wi i) ¢, TS )W A8 i)

where the terms on the right side are known by the induction hypothesis.

Let we WG t), 1e#’. Suppose there is H et such that
Re {#(w)(H)} > 0. By (2.2), c,(w:2:j*) =0. Thus we may assume
Re {*(w)(H)} < 0 for all Hei*. Since 1 is regular, there is H,e i* such
that Re {(w)(Hy)} < 0. Then Re {*(“*'wwi)(H,)} = Re {*(w)(w?H,} =
—Re {“(w)(HY} > 0. Thus ¢, (*'ww: 2:i*) = 0. By using (2.1) repeat-
edly, we obtain

c(w:2:i*) =c, (w:2:1}) + ¢, ,(sw: A i)
— €, (V8w A1) — e, (VT (ss)w: At 1)

2.8) + (=D, , (T8 - SYW AL
+ €, (Vs - sDw 2 1)}

+(=D"*e,, (T (Spy ¢ - YW AL
+ ¢,V Twlw: 21 15D} .
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§3. The Constants for Special Cases

We will now illustrate the method outlined in §2 by computing the
integers c,(w: 2: §*) for the cases dim Y, = 1,2, using the notation of §2.

dimy, = 1: Suppose h = b; + b, is a f-stable Cartan subalgebra with
dimb, = 1. Let H* be a connected component of Y(R). Then @3 has
exactly one element, call it «, and §* = {H, + rH¥: H,c Y, re R, r > 0}.
by~ ={H, + rH¥: H,eb, reR, r <0} is the only other component of
¥(R), and w® = s, satisfies s,h* =9§~. For I' a semi-regular element of
§ corresponding to «, we have §) = bf, and hr C f is a compact Cartan
subalgebra of ®. Thus k(7) =t for some ke K, and kv, (h¢) = tc.

Suppose w e W(®, t¢), 1€ F' such that Re {"*"(wi)(H)} < 0 for all
Heh*. Then by (2.8), ¢,,—sp-1(w: 2: §*) = (W : 2: h7) + ¢4-a(*?s,w: 22 b1)

where by (2.6),
1, we WK
(w:d:hp) =
Cx—1(w b7) {0, we W

and

1, ®odgwe Wy iff we ®dg Wy

Cr-1(PDs,w: 2: bF) = {0 otherwise

Wg #= ®os We as cosets of Wx in W(®, tg) since *« is a singular imagi-
nary root of Hr and hence *<« is a singular imaginary root of f.

For any HeY%*, H = H, + rH¥, Re {®**7(w)(H)} = ®="(wA)(rH¥) =
r®o~ () (H*). Thus we have:

1, @™ (wHY) <0, we Wr U ®ag Wy

e 9. Bt —
B.1)  Cpyp-1(w: 2 H*) = {0, otherwise .

For arbitrary y € G¢, ¥(te) = h¢, We can use (2.2) to determine c (w: 2: §*).

dimb, =2: Suppose §h=1h, + 5§, is a @-stable Cartan subalgebra
with dim Y, = 2. Then @ is a two-dimensional root system containing
a pair of strongly orthogonal roots. Thus @5 is of type A, X A,, B,, or
G,. We compute the constants separately for each of these three cases.
A, X A,: Let §* be a connected component of §(R). Thus &3 has ex-
actly two elements, «, and «,, which are orthogonal and form a set of
simple roots. Then Y, = {rHY + r,HY:7r,eR, ¢t =1,2}.

9t = {H, + nHY + r,H:H,eh, r,eR, 1, >0, i=1,2}

and
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by ={H, + rnHY + r,HY:H, €Y, r,eR, r, <0, ¢ =1,2} = s,8,h" .

Thus w? = s,,8,, is a decomposition of w? into simple reflections. Let
j; and i, be the Cartan subalgebras constructed as in §2.

Then v,(5¢) = ()¢, © = 1,2, and ¢ = v,(he) = va(fie) = vw(he) = v:(ac)
is a compact Cartan subalgebra of &,. Let ke K satisfy k(1) =t. Then
b = vyt \(g) = viwik ' (tg). Denote vivi'k™ = vyt by .

Suppose w e W(®¢, o), 1€ F’, so that Re {“(wA)(H)} < 0 for all H € §*.
Then

,(W:2:9%) = ¢, mpma(W: A1 {1) + Cponpa (VIS W 20 4T
— Cm1p1(V TS W I A1 1) — €V T (S S)W A2 1)
where by (38.1):
) 1, » " N wAHF) <0, we We U v s, Wk
Cogmrp—(W: A1 §f) = .

0, otherwise

1, =7 wA(HE) = T (wd)(HE) <0,
Cpgm1p—1(V IS W A i) = weV 8, Wx U V7 (84,8.) Wk
0, otherwise

we? s, We U Wg
0, otherwise

L, 7T, wAHYE) = — T wd)HE) <0,
cvl—lk—l(y_lsa1W: 2: I';) =
1, (7G5, )0 HE) = — T (w)(HE)
Cul—lk—l(y—l(sazsal)w: 2: j;) = < 0’ we Z/_l(scusaa)WK U y_l(s‘ll)WK
0, otherwise .

Thus, since »* * (wA)(HY) = Y(wA(HY), i = 1,2, and the cosets Wk,
V78, Wy V'8, Wk, and v7'(s,,8.,)Wx are distinct,

1, 'y(wz)(H;ki) < 0; = 19 2:
3.2) c(w:2:9") = weWg U ¥ '8, We UV, Wr U V(8,80 Wk
0, otherwise .

B,: Let §)* be a connected component of §(R). Then &; has a set of
simple roots, {a;,®,}. Assume that «, is the long root. Then 0% =
{a, ap B = oy + a3y By = &y + 2.} where {e;, ;> = 0,1 =1,2. b, = {rH¥ +
sHY:r,seR}, b = {H, + rH¥ + sH}f: H,e b, s >r >0}, and )~ = {H, +
rHY + sH¥:H,€b;, 0> 1> 8} = 8,,5,8,5,0". Thus w? = s,,8,,8,,5.,
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Let {, and §, be constructed as in §2 corresponding to «, and «,
respectively. Then *g8; is the unique positive real root of j;, and using
a semi-regular element I'; of j; corresponding to *B;, we obtain compact
Cartan subalgebras t; = ®;, together with isomorphisms g#;: ()¢ — (e,
1 =1,2. Pick k, ¢ K such that k,({;)) =t. Then there is k,e K such that
k() =t and kypy, = Ky, as isomorphisms from §, to t;. Denote this
isomorphism by y.

Fixwe W@, to), A€ F'. Letn = " (w)(H¥), m = *"(wA)(HE). Then
Re {"(wA)(H; + rHY + sHF)} =rn + sm. If m >0 or n > —m, there
is Heh* such that Re{*’*(w)(H)} > 0. Assume this is not the case.
Then

Cy(W: 21 9%) = C,a(w: A2 i) + Cya(US, W 21 1) — Cppa(¥S,we At 1)
— Copy-1(Y(8y8a)W 2 22 F) + €,p-1(¥ (S8 )W A1 1Y)
+ Cy-1(V(80,8038a )W 2 A2 1) — €,0-1(Y(8,,828 )W A2 1)
— Cppy-1(PWW: 21 35) .

The constants for i and i can be evaluated using the facts that
vyt = (k)" as isomorphisms from t; to (j;)¢, and that the cosets Wy,
V8 Wrs Y83, Wi, ¥85,Wg = ¥(s,,8,)Wx are distinct, but that vs,, Wy = Wg
since Ya, is a compact root of t. We obtain the following table of values
for ¢,-.(w: 2: %) where » and m are as defined above.

3.3) weWg U Vs, ,Wgk wevs, Wg U s, Wg
0>m>n 1 1
0>n>m 1 -1
0<n< —m 2 0
m>0or n>—m 0 0

G,: Let §* be a connected component of {(R). Let {ay, @} be the set
of simple roots for @%,«, the long root. Then &% = {ay, ay s = @, + ay,
B = 2a; + a3, By = 3y + a5, By, = 3y, + 2a,}, Where {a;, ;) =0,1=1,2,3.
b, = {rH¥ + sH}:r,seR}, b ={H, + rH} + sH}: H,eh,, s> 3r > 0}
and 9~ = 8,,54,54,5:5::50". Thus w? = (s,,8,,)°. Let i, and }, be constructed
as in §2 and define i;, #; as in the B, case for ¢ =1,2. Let y = kuy,
where I, ¢ K satisfies k(1)) = 1. .

Fix weW(@¢ te), 2€F’. Let n='"(wHHLE), m="""(wH}).
Then Re {**(wA(H, + rH¥ + sHf)} =rn 4+.sm. If m >0 or n> —3m,
there is Heb* such that Re {*(wA)(H)} > 0. Otherwise, c,-.(w:2:5*)
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is given as a sum of twelve terms from (2.8). Since vy~ = (k)™
Cy— (W't 21 43) is given directly by (8.1) for any w’ e W(@, i).

However, there is no k,eK with k(i) =1t and vy = (k).
However, there is k,e K such that k,(t,) =1 and ®# ™2 = *»7(¥(s,.s,)2)
for all 1e¢ #’. Thus, using (2.2) together with (3.1) we obtain

det ¥(sys,) = 1, * (wHHE) <0, wevs, Wx U s, Wk

Cog=s (W' 22 7) = { 0 otherwise

The cosets W, s, Wy = s, Wg, and vs, Wy = s, Wy are distinct.
V8, , Wi = ¥s,,Wx = Wg. Using the above information we obtain the fol-
lowing table for the values of ¢,_.(w: 2: §*).

3.4) weWg wevs, Wg wevs, Wg
0>3m>n 2 2 0
0>m>mn>3m 0 2 -2
m<n<O0 0 4 0
0<n< —m —2 2 0
0<—m<n< —3m 0 2 2
m >0 or n> —3m 0 0 0

In general, the constants c,(w: 1: §*) become increasingly complicated
as dim b, increases. However, in the case that ® has exactly one con-
jugacy class of Cartan subalgebra corresponding to each possible dimen-
sion for b,, the constants can be computed completely. There are three
infinite families of simple real Lie algebras which have this property,
including su(p,q), » > q > 1. The others are of types CII and DIII.
([4, Volume I, Section 1.3.1]).

Thus suppose & =t + p is a simple real Lie algebra with split rank
n, A a Cartan subalgebra of & with 2, = % N p of dimension #. Assume
the set @, of real roots of (&g Uy is of type A, X --- X A,, n copies.
Denote the real roots by {a, ---,a,}. They are mutually orthogonal and
form a set of simple roots for the root system @p. We can write U =
A + D2 RHE, A, = A N . Representatives of each conjugacy class of
Cartan subalgebras of & are U =Y,5,---,5, =1, where b, =%, +

PARXE —YH) 4+ >t RHE. (Here X¥ and Y¥ denote the elements
of the root spaces &+ and &~ ¢ respectively which satisfy [H},X¥]=
2Xr [HY, Y¥] = —2Y%; [ X}, Y]l = H¥). Let

ai
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v, =exp(—nv—1/4ad (X} + YX), thy=v, v.

Then [l‘(bl)c - tc- Let b; : {Hk + Z?=l+l ’I'in".I Hk S} 54 n f, ’I‘i € R, 7'1; > 0
for t=4¢+1,--.,n}
We assume inductively that for j > £, 1¢ F’/, we W(S to),

1, I‘j—l(wx)(H:xki) < 0’ t= j + 1’ Y (2
Cp(w:2:9)) = WESusur " San) Wi
0, otherwise

where <s,,.,, -+, 8,, > Wx denotes the subgroup of W(®,t;) generated by
Wk together with the reflections #(s,,), ¢ =7 + 1, ---,n. We have already
proved this for the cases j=n, n —1, n — 2 in (2.6), (3.1), and (8.2)
respectively.

We know c,«(w:2:5f) =0 if Re{'(wA)(H)} >0 for any Hel;.
Write H =H, + > ,..rHY, Hyep, N, r,>0,9=¢+1,---,n. Then
Re {7 (wAH)} = > 2y 1 "T (wA(HE) < 0 for all r, >0 if and only if
T wA)(HX) < 0 for all 7. (By the regularity of 2, *'(wA)(H}) + 0 for
any 7). Suppose this is the case. Then Re({s,,,,*T"(WHH, + X rH)}
= — P “TWAHE,) + Drpa 1 "T(WA(HY), and there are 7, >0, i = ¢
4+ 1,...,n for which this is strictly positive, since by assumption,
s w(HE, ) < 0.

@g+1

Thus Cur1(F(8,,, )W 21 §7) = 0, and so

ars
C (Wi 2 07) = ¢,z2,(w: 21 L) + €72, ( (S, )W 21 55D
1, s(w)HE) <0, j=44+2,.--,n,
= WE{Supres "+ "3 SayWr U #0418, L Supsns ** '3 Saay Wk
0, otherwise .

Thus we have, by induction, for any £ =0, ---,n,

1, F‘—I(WZ)(H:I‘,) < 0, j =4+1...,n,
3.5) Cup(w:2:9f) = wels © 8a )Wk
0, otherwise .

ag+1? T

§4. The Constants on G

We use the notation of §1. Let reL;. Denote the corresponding
character of T by &,.. Thus, for Het, & (exp H) = exp (z(H)). For any
Cartan subgroup H of G, let 45 be defined by
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dg(h) = §,(m) T A —=§&(A™), heH

a0+ (8¢y6¢)

where p =} > cor@ese @ ) the Cartan subalgebra of & corresponding
to H.
Then for te T,

4.1 0.(t) = d:(D)! Zu:, det wé,.(t) -

To compute the expression for O, on other Cartan subgroups, we use
the method and notation of [2a), §23].

Let H be a #-stable Cartan subgroup of G with Cartan subalgebra
h = b, + b, dimbh, =1, H* a connected component of H'(R). H* = H}¥H}%,
H%¥ a connected component of H; = H N K, Hf C Hr = exp (§,). Note
H, = Z(Hz)HY, H} the connected component of the identity, Z(Hj) =
{I,7.}, « the unique positive real root of (&, Yy). (For any real root «,
7. = exp (av/ —1H¥) = exp (x(X* — Y*) eexp (vV—1p,) N K). H,; is con-
nected if and only if y, e H} = exp (§;).

We will assume H} C T. Let 3 denote the centralizer of Hf in ®
where Hf = H} or y,H}. In either case, 3 =9 + & + &+, where for
any root a, & = & N &%, ©% the root space of « in &; Then 3 is a
reductive Lie algebra with Cartan subalgebras § and t, where t; = v,(§¢),
v, = exp (—zv/ —1/4ad (X* + Y*). (8¢ be) has exactly one positive root,
a, and W(B¢, He) = {I,s.}. Wg N W(Be, te) = {I}.

Thus if h, e H¥, h,e HE, hh,e H,

Ay(h,h,)O (hyhy)
“4.2) = Z;V det wé,,.(h,) (; }det sc.(s: w: H*) exp (s (wr)(log h,))
= ;V det wé,,(h)c(wr : §*) exp (—["*"(wz)(log h,) )

where §* is the component of ¥'(R) corresponding to H* under the ex-
ponential map. For §* =9* ={H, + rH¥: H,e Y, r > 0}, v € Ly,

1, »=*¢(H¥) <0
c(r: ") =< —1, »=¢(H¥) >0
0, »¢(H¥) =0.
For §~ = s,b*, e(z:§7) = —c(z: §*) for all r e L.

Now suppose H is a Cartan subgroup of G with Cartan subalgebra
) =Y, + 9, dimh, =2, H* a connected component of H'(R). Again,
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we must consider the three cases where & is of type A4, X A,, B,, or
G,, O the set of real roots in @(®¢, ). We use the notation of §3. We
assume H* = H¥H%, HY C T.

A, X A;: H; can have one, two, or four connected components, as Z(Hz)
= {1, 7us> Tuas TurTwa}» HOWeEVeEr, in each case, 83 =9 + > ,co, ©. The roots
of (8¢, He) are exactly the real roots of (S¢, He), W(Be, He) = {1, 8.5 Seas SarSaats
and Wx N WB¢ te) = {I}. Thus if h,eH¥, h,e H%, hh,eH', h,=
exp (rHY + sHY),

Ay ()8 (R hy)
= >, detwé&,(h) >, detsc(s:w:H*)

weWx SEW (3¢:h¢?
4.3) X exp (s~ (wr)(log k)
= >, det wg, (h)c(wr: §*) exp (— "= (wr)(rH¥)|)

wEWEK

X exp (—|* =" (wr)(sHE))

where §* is the component of }'(R) corresponding to H*. For §* = p*
={H, + rH* + sHX: H,eb,, r,8 > 0}, €Ly,

1, st HE) X e (HE) > 0
o(z: §) = { =1, *a taTwr)(HE) X =T (we)(HE) <0
0, ual—lvaa—l(wr)(H;kl) % ”“1_1”"2_1(1,{)T)(H;k,) =0.

Otherwise, c(z: sh*) = det sc(z: b*), se W(Be, bo)-

B,: If @ is of type B,, H, = H} U 7, . H} U 7,H U 1..7..H? (the four
components not necessarily distinct). The centralizer of H} and r,HY is
8=+ >.con®. The roots of (8¢ He) are exactly the real roots of
(B¢, He), and s0 W(Be, He) = Wrl(B¢, o)y Wr N W(Be, to) = {I,*##=s,,}. For
hih,e H, h,e HY U 7, H}, h,e Hf = exp (b* N p), §* a component of ¥(R),

we have
Ay (h, )0 (R, 1)
“4.4) = > det w&,(h) >, detsc(s:w:H*)
weWg/{I, *B1’a15a5} SEWBcshe)
X exp (s~ a1 (wr)(log k)
where

c(s:w: H¥) = cy(s: wr: §*) = ¢, -1,,,-1(8: wr: §*)
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where Copy-1y-1(8 2 W 1 §*) is given by table (3.3) for regular z such that
{t,a) #+ 0 for a € @5. For singular ¢ for which {(r,&) = 0 for some a ¢
O, and any w € W(Sq¢, t5)C,p,-1,,,-(w: 7: §*) reduces to zero except for the
cases n =0, m <0, we Wg U *hs, W, where we have c(w:z:§*) =2,
and m =n <0, we Wg U *b1s, Wy, where c(w:z:5*) =1. (n and m
are as defined in §3).

The centralizer of 7, H} and 7,7.,.H? is 3 =15+ &= 4+ @« 4+ &b +
®~#, The only roots of (8¢, be) are +a, and +p;, so that the root system
of 3 is of type A, X A, rather than of type B,. W(3¢ be) = {I, Suys 851
8,85} and Wx N W(B¢, te) = {I}. Thus for hh,e H', hye 7, H} U 71.7..H%

h,ec H%,
Ay(hhy)O (k)
= >, detwé,(h) >, detsc(s:w:H*)
wEWEK wEW (8¢-h¢)

X exp (47" (wr)(log hy))

where c(s: w: H*) = cy(s: wr: h*). In this case, since the root system
of 8 is of type 4, X 4,, by [2¢), p. 285], we have, for se W(8¢, §c),

1, e (se)(HE) < 0, B sr)(HE) < 0
0, otherwise

4.5) cy(8:t:h*) = {

for any component h* of §(R) such that bH* C by = {H, + rH¥ + sH}: H,
eb, 7,8 > 0}. As in the case for @, of type A, X A,, the expression
for O, in this case simplifies to (4.3), with g, replacing «,, where c(z: §h*)
is defined as previously for any §* C §i. Otherwise, c(r: bh*) =
c(erhigr : sh*) where se W(8¢, he) satisfies sh* C b;.

G,: If Oy isof type Gy, Hy = {I} U {14} U {7ua} U {7a7ws}- The centralizer
of {I} is ©, so for he H},

4.6) Adz(W)B.(h) = >, detsc(s:I: Hf) exp (s417 = 'z(log h))

SEW (8¢

where c.(s: I: Hf) = ¢,5,-1,,,~:(8: 7: §*) which for §* = §* is given in table
(8.4) for regular z. For singular 7z, using the notation of the table, we

have

4, m=n <0, we by, Wg

2, m<n=0m=-n<0, 3m=n<0, we whs, Wg
c(w:z:hH%) = 2, 3m=n<0, weWg
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-2, m<n=0, we Wg
2, m=-—-n<0, we by Wg.

Of course, for other components h*, we use (2.5) together with the values
of the constants for §*.

The centralizer of {7,} is83 =9 4+ &= + & + & + @& #. The only
roots of (8¢, ho) are +a, and +B,. W(Be He) = {1, S41 Spp» 8usSs}, and We
N W(Be¢ te) = {I, —1I}. Thus for he H},

45(h)6.(h)
= >  detwé,(r.) >, detsc(s:w:H3F)

weWg/{I,-1I} SEW (8¢5
X exp (s~ a Y wr)(log h))

where c.(s:w: HE) = cg(s: wr: b*) + cg(—8: —wr: h*) and cy(s:c: H*) is
given as in (4.5). As before, the expression simplifies to (4.3) where
¢(z: h*) is defined as for the B, case, and again we replace «, by S,

{fead 2 T, but there exist k, ¥’ € K such that *(r,,) = 7., and ¥ (7.7
=7, Kk and k' correspond to the elements s,, and s, in W(G, H) re-
spectively. Using the invariance of 0., 0.(7,h) = 0.(7.,5.,/) and O.(1..r.,1)
= 0.(7.8.,1), he HE, and so can be obtained from the formulas above.

As in §3, we can give a complete description of O, in the case that
G has exactly » + 1 conjugacy classes of Cartan subgroups, n =
rank (G/K). Let H, be the Cartan subgroup of G corresponding to §,,
0 < ¢ < n, notation as in §3.

Each component of (H,); has as centralizer in ®, 8 = 9, + > 7., (&=
4+ &%), and (B¢, b,e) has roots oy -+ £a,. W(Be bie) is the subgroup
of W(®g, Y,e) generated by the s,,, it =46+ 1,.---,m, and Wx N W(Be, te)
= {I}. Thus if hh,ec H;, h e (HY¥, h,e (H)%, h, = exp G 7. 7:HY),

AH,(hlhz)@z(h1hz)
= > detwé,.(h) >, detsc(s:w:H})

weWgk SEW (B¢ i)
4.7 % exp (s*""(wr)(log h,))
= >, det w&,.(h)c(wr: bf) exp (—|*"(wo)(r, HE, DD

wEWEK

- exp (—|* (wr)r,HE))

where for

b* =p* = {Hk + i Tini:er(fh)m 'ri>0,'5=3+1,"‘,’n} ’

i=4+1
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1 (=1t [] “()EHE) >0

i=£+1

o(z:h7) = -1 " <0
(] ” =0.
For §* = sbf, se€ W(B¢, bic)s cl(z: sh*) = det sc(e: §;).
For e L}, let

o) = sign{ <a, r>} .

Let s = 1 dim (G/K). Then T. = (—1)%(z)0, is the character of a discrete
series representation of G, and all discrete series characters are of this
form. T, =T, if and only if 7, and z, are conjugate by Wr.

For singular z,0, has no known character theoretic interpretation
in general. If wr =17 for some w=+#1 in Wg, 6, =0. However for
other singular 7,6, need not vanish.

a €0+ (8¢,te)
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