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GLOBAL POSITIVE SOLUTIONS OF SEMILINEAR
ELLIPTIC EQUATIONS

EZZAT S. NOUSSAIR AND CHARLES A. SWANSON

1. Introduction. The semilinear elliptic boundary value problem

(1.1) {Lu + fx.u) =0. x €Q
’ u(x) = g(x), x € 082

will be considered in an exterior domain £ C R", n = 2, with boundary
N e T 0 < a < 1, where

n n

(12)  Lu= 2 ay;(x)DDu + 2 b(x)Du, x € Q,
]

ij=1 i

D, =0/0x,i=1,..., n. The coefficients a;;, b; in (1.2) are assumed to be
real-valued functions defined in @ U 09 such that each a; € C},(R),
b; € Cro(Q), and (aj(x) ) is uniformly positive definite in every bounded
domain in @ . The Holder exponent a is understood to be fixed
throughout, 0 < a < 1. The regularity hypotheses on f and g are stated as
H1 near the beginning of Section 2.

Special attention will be directed toward the case of null boundary data
in (1.1). This boundary value problem is entered here separately for
convenience:

13) {Lu-i—f(x,u):(). x €9
(L. u(x) = 0, x € 0fd.

Our main objective is to prove, under suitable hypotheses. the existence
of infinitely many classical solutions of (1.3) which are positive
throughout the entire domain € . In the case that the differential equation
in (1.3) is the Schrodinger equation

(1.4) Au+ f(x,u) =0, x € Q.
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specific conditions on f will be given which guarantee the existence of
global positive solutions. The main results of this type are Theorems 4.1
and 4.3 (superlinear case) and Theorem 5.2 (sublinear case). The methods
in the two cases are completely different, and require separate preliminary
theorems in Sections 2 and 3. Such results are not the same as
nonoscillation theorems for (1.4), i.e., criteria ensuring that (1.4) has a
positive solution in & N {x € R": |x| > ¢} for some ¢t > 0. (See [6],
(71

A related problem is to prove the existence of a positive solution u(x) of
(1.4) throughout an arbitrary exterior domain € such that u(x) is
bounded, and in dimension n = 3, limjy| s #(x) = 0. Theorem 4.4 is a
result of this type, under weaker requirements on f(x, u) than before.

The preparatory existence theorems based on subsolutions and
supersolutions of (1.1) are stated in Section 2 under varying hypotheses, as
appropriate for the applications in Sections 4 and 5. Some preliminary
results for nonlinear ordinary differential equations in semi-infinite
intervals are developed in Section 3. These results are then used in
Sections 4 and 5 to generate functions v and w satisfying the hypotheses of
Theorems 2.3, 2.7, and 2.9. In the case of a superlinear ordinary
differential equation, Theorem 3.1 gives sufficient conditions for a
solution of the initial value problem (3.2) to exist and be positive in the
entire half-axis of its definition, and also gives estimates for this solution.
In the sublinear case, Theorem 3.5 states criteria for equation (3.1) to have
a bounded positive solution in ¢y, co0) for any ¢, for which the differential
equation is defined.

Our basic plan is to construct a solution u(x) of (1.1) or (1.3) which is
squeezed between a subsolution w(x) and a supersolution v(x). We require
such functions v and w which satisfy (2.1), or similar inequalities, and 0 =
w(x) = v(x) throughout Q. In general the choice w(x) = 0 identically in £
is ineffective since the conclusion w(x) = u(x) = v(x) of our theorems
would not preclude the trivial solution u(x) of (1.3); and even if that were
ruled out by limiting the class of functions f, a positive solution u(x)
throughout £ would not be guaranteed. Accordingly we must construct
subsolutions w(x) and supersolutions v(x) which are nontrivial. The three
main problems that we solve are listed below.

(1) The superlinear case with null boundary condition. For a spherical
boundary, we can choose both v and w to be radial functions vanishing
identically on the boundary. This is accomplished via Theorem 3.1. For an
arbitrary boundary 3Q € C>*, this approach fails, but the modification
presented in Theorems 2.7 and 4.3 solves the problem, again by an appeal
to the ODE Theorem 3.1.
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(2) The sublinear case with null boundary condition. Now the
superlinear Theorem 3.1 is not applicable and we need a sublinear
analogue to construct a supersolution v of (1.3); our sublinear Theorem
3.5 is such a result, proved by a fixed point argument. However, the
function v constructed in this way is bounded whereas the harmonic
function w used in problem (1) is unbounded, and so the requirement that
w(x) = v(x) throughout & would necessarily fail for such a w(x). Instead
a function w is defined in a fixed nonempty bounded subdomain R C Q as
a positive eigenfunction of a linear eigenvalue problem in R, as guaranteed
by the Krein-Rutman theorem [2]. The sublinear conclusions in Theorem
5.2 and Corollary 5.3 then follow from Theorem 2.9.

(3) The superlinear case without boundary condition. Now we can use
w(x) = 0 identically in £ to prove in Theorem 4.4 the existence of a
bounded positive solution u(x) in €, and u(x) — 0 as |[x| — oo in
dimensions n = 3, under weaker hypotheses on f(x, ©) than in problems
(1) and (2). This is accomplished by application of a non-linear ODE
theorem of Nehari to construct v(x), and use of the maximum principle to
guarantee the positivity of the solution u(x) throughout €.

The approach to problem (3) fails in problem (1), and so the conclusions
in (1) could not be thereby strengthened, since v(x) = 0 identically on 0%
would be needed and the conclusion 0 = w(x) = u(x) = v(x) would not
ensure that u(x) is positive in 2. Accordingly it cannot be proved that
there exists a positive solution of the boundary value problem (4.13) which
is bounded in @ c R2, or has limit zero at oo in @ < R”, n = 3: These are
still open questions.

2. Existence of solutions of (1.1). Let |x| denote the Euclidean norm of a
point x in real n-space R". Define

S, = {x € R" |x| = 1}, t>0;
G, = {x € R" |x| > 1}, t>0;
Gu,={xeR:s<|x| <1}, 0<s<rt;
Q={x € Q: |x| <1}, t>0,

where Q denotes an exterior domain in R”, i.e., G, €  for some positive
number a, fixed throughout. For ¢+ > a, evidently €, is a bounded
subdomain of { containing in particular all x € G, ,, and 92, = S, U
08.

For any bounded domain M c R”, the norm of a function u:M — R' in
the Holder space C" (M) will be denoted by ||ull, a7, 0 < a < 1,m
=0, 1, 2,.... Also the abbreviation below will be used:
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||u||m+a.j = Hullanra,Q“ P ]: 1, 2.

The notation (‘ﬂ:t “(2) will denote the set of all functions u: @ — R!
such that u € C" "% M) for every bounded domain M C Q. The notation
Cl %@ X R') is defined similarly.

The functions f and g in (1.1) are required to satisfy the hypothesis H1
below throughout the sequel, and also H2 for some of our results:

HI. fe C(p(2 X RY: g e C(PT09).

H2. For every bounded domain M C Q and for every T > 0, there exists
a positive number K, depending on M and T, such that f(x, 1) + Kt is
nondecreasingon 0 = ¢ = T forallx € M.

H2 holds, for example, if (i) f(x, t) is nondecreasing with respect to ¢ in
0 = 1 < oo, for each fixed x € Q, or if (ii) f(x, 7) is continuously
differentiable with respect to ¢ at every (x. t), as is easily verified. Other
hypotheses will be added in Sections 3-5 as required.

A solution of (1.1) is understood to be a function u € Clm “(Q) such
that u satisfies (1.1) identically.

LEMMA 2.1. Let L, Q. a. and a be fixed as described above and suppose
that f(x. u) and g(x) sattsj)/ H1. If nonnegative functions v and w exist in
U 08 such thatr v, w € Ci,. (), w(x) = v(x) throughout ., and

Lv + f(x,v) = 0inQ, = gon 9Q

(2.1 , b=
Lw + f(x,w) = 0inQ, w=gond

then there exists a sequence of functions u; in @ U 98 with the following
properties:

(A) uj e CPMNQ, )
(B) ui(x) = g(x)if x € o
(C) wj(x) = v(x) if x|
(D) Lu; + f(x, uj(x)) = 0 forall x € Q,;

%

a+ j;

(B) w(x) = wi(x) = v(x) forallx € Q U 9L;

(F) w1 1(x) = uj(x) forall x € © U Q.
jo=1.2.....

The proof is based on a theorem of Amann [1, p. 283] applied to the
bounded domains £, ;. and is similar to the proof given by Noussair in

(5].
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LemMma 2.2. Let {u;} be the sequence in Lemma 2.1. For every positive
integer i there exists a positive constant Ky = Ky(i), independent of j, such
that

lullrta; = Ko forallj = i.

This key lemma is proved from Schauder a priori estimates, L7
estimates, and Sobolev embedding. The technique is indicated in the
authors’ articles [5, 6].

THEOREM 2.3. Let L be the elliptic operator (1.2), let @ and « be as
described in Section 1, and suppose that f(x, u) and g(x) satisfy HI1. If
nonnegative functions v and w in Clzoc (Q) exist satisfying (2.1) in U 9Q
and w(x) = v(x) throughout §, then the boundary value problem (1.1) has a
solution u*(x) such that w(x) = u*(x) = v(x) throughout @ U S
Furthermore, u*(x) is maximal in the sense that u*(x) Z u(x) in U 9Q for
any solution of (1.1) satisfying w(x) = u(x) = v(x) in € U 9Q

Proof. Since the sequence {u;:j = 1} constructed in Lemma 2.1 is
bounded in the norm || Hzﬂ,l by Lemma 2.2, the compactness of the
injection C”"‘(QaH) — CXQ, ) implies that {ui:j = 1} has a sub-

sequence {u } which converges in the norm || ||, to a function u' on

Q. From property (B) of Lemma 2.1, u' satisfies the boundary
condition u'(x) = g(x) on 3L. Since {u;:j = i} is bounded in the norm

Il lh44; by Lemma 2.2 and the injection C°T%(Q, ) — CXQ,)) is

compact, a subsequence {u/ J = i} exists for each i = 1, 2,... which
converges in the norm || ||,; to a function u' € C*Q,-,). This is
accomphshed mductlvely by choosing {u,} as a convergent subsequence
of {u } in the CHQuy)norm, i = 2,3, ... Evidently @,4; € Q4,1
and u’+l = u' on,,, foreachi = 1,2, ..., and hence a function u* in
the entire domain £ can be defined by u*(x) —dx)ifx € Qi =
1,2,....

It will now be proved that u*(x) is the required solution of (1.1). For
any bounded domain M ¢ @, M c Q,, for some integer i, and hence the
diagonal sequence {u’} converges in the C(M) norm to ¥’ = u* on M. In
particular u/ and Lu’ converge uniformly on M to u* and Lu*, respective-
ly. Since Lu’ = — f(x w)) for x € M by property (D) of Lemma 2.1 it
follows that u*is a solutlon of (1.1) in C3(M), and hence u* € C*"*(M)
by a standard regularity argument based on Schauder estimates. By
Lemma 2.1, w(x) = u’(x) =v(x)foreachj =1,2,..., and hence the
solution u*(x) also SatleICS w(x) = u*(x) = v(x) throughout @ U Q.

The maximality of u*(x) can be proved from Amann’s theorem [1] by an
argument similar to that in [5].
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We now consider the boundary value problem (1.3), with null boundary
data, in the case that a nonnegative function w satisfying Lw + f(x, w(x))

= 0 is known to exist only in the subdomain G, of {, where ¢ > 0 is fixed
as before. Lemma 2.1 cannot be applied since the second condition (2.1)
does not hold. Let wy(x) denote the extension of w(x) to all of & defined
by

(22 wolx) = {Wg") ifx & G,

if x € Q.
LEmMMA 2.4. Let L, Q, «a, and a be as above and suppose thatf(v u)
satzsfzes Hl and H2. If there exist nonnegative functions v € CloL “(Q),
w e Clm “(G,) such that

Ly + f(x,v(x))=0inQ, v =0o0ndQ

(2.3) Lw + f(x,w(x))=0inG,, w=200nS,

and w(x) = v(x) throughout G, U S,, then for eachj = 1,2, . .. there exists
a function w; € C2+"‘(Qu+j) satisfying

Lw; + f(x, wj(x)) =20 inQy;, w; =0 ondQ
and wo(x) = wi(x) = v(x) throughout Qa_ﬂ.

Sketch of proof. By H2 there exists a positive number K = K; such that
f(x, 1) + Kt is nondecreasing on 0 = ¢ = T; for all x € Qa+j, where

T; = sup vv(x).

xEQu,,

Let w;(x) be the unique solution of the linear boundary value problem
(L — Kw + f(x wox)) + Kwo(x) = 0, x € Q4
wi(x) = 0, x € 39
/(X) - W(X) X € Su+j
where wy(x) is given by (2.2). It can then be verified by use of Schauder

estimates and the maximum principle that w;(x) satisfies all the conditions
of Lemma 2.4.

LEMMA 2.5. Under the hypotheses of Lemma 2.4, there exists a sequence
of functions u; in @ U 38 with properties (A), (B), (C), (D) of Lemma 2.1,
with g(x) = 0 in (B), and

(E) wo(x) = wi(x) = ui(x) = v(x) forall x € Qa+/,j =1,2,....

LemMmA 2.6. Let {u;} be the sequence in Lemma 2.5 under the same
hypotheses. Then, for every positive integer i there corresponds a positive
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constant Ky = Ko(i), independent of j, such that
lully1a; = Ko forallj = i.
These lemmas are proved in the same way as Lemmas 2.1 and 2.2.

THEOREM 2.7. Let L, Q, a, and a be as above and suppose that f(x, u)
sa)t{fﬁes H1 and H2. Suppose there exist functions v € Clzota(Q), w €
Cioc “(G,) satisfying (2.3) such that 0 = w(x) = v(x) throughout G, U S,,.
Then the boundary value problem (1.3) has a solution u(x) satisfying wy(x)
= u(x) = v(x) throughout @ U 9.

Proof. The proof of Theorem 2.3 needs to be altered only by replacing
Lemmas 2.1 and 2.2 by Lemmas 2.5 and 2.6, respectively.

In a third case, to be applied to sublinear boundary value problems in
the sequel, a nonnegative function w(x) satisfying Lw + f(x, w) = 0 is
known to exist only in the closure of a fixed nonempty bounded domain R
C Q, where 9R € C>*. Also, we assume that w(x) = 0 identically on dR,
and suppose that a positive number 4 = a has been selected so that R C
Q4.

Let wy denote the extension of w(x) to R" defined by wy(x) = 0 for x &
R. Since restrictions of wy to bounded domains €2, ; will not serve as
subsolutions, because the required regularity fails on dR, we need the
following lemma to obtain an analogue of Theorem 2.3. The proof is
similar to that of Lemma 2.4 and will be omitted.

LeMMA 2.8. Let L, Q, R, a, and A be as above, and su fose that f(x, u)
satisfies H1 and H2. If there exist functions v € Cioc Q) and w €
C? YR such that 0 = w(x) = v(x) throughout R, and

2.4) Ly + f(x,v) =0 znﬂ v = 0 on 09
Lw + f(x,w) =20 inR, w=0ondR

then there exists a sequence of functions w; € CPryQy, ;) satisfying
Lw; + f(x,w) =0 inQyy; w, =0 ondQ

such that wy(x) = wj(x) = v(x) throughout Q +je

THEOREM 2.9. Under the hypotheses of Lemma 2.8, the boundary value
problem (1.3) has solution u(x) satisfying 0 = wy(x) = u(x) = v(x)inQ U
192

We now consider positive solutions of the differential equation

25 Lu+ f(x,u)=0, xe€ G,

https://doi.org/10.4153/CJM-1983-048-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1983-048-4

846 E.S. NOUSSAIR AND C. A. SWANSON

in the case £ = G,, without any boundary condition.

LEMMA 2.10. Let L and a be as in Section 1 and suppose that f(x, u) = 0
and satisfies H1. If there exists a positive function vin G, U S, for some a >
0, withv € Clzota(Ga), satisfying Lv + f(x,v) = 0 in G,, then there exists
a sequence of functions u; in G, U S, with the following properties:

(A) w4 € CT NGy

(B) u,-(x) = v(x) lfx €S, v Sa+j U Ga+_/';
(©) Ly + f(x. 1) = 0 in Gy and

(D) 0=uwu(x) =v(x)inG, U S,
Jj=12,....

This follows from Lemma 2.1 in the case that & = G, and w(x) = 0
identically in §2, where the boundary function g on 092 = S, is defined as
vlog-

THEOREM 2.11. Under the hypotheses of Lemma 2.10, equation (2.5) has
a solution u(x) such that 0 < u(x) = v(x) throughout G, U S,,.

Proof. The procedure used for Theorem 2.3 shows only, by use of
property (D) of Lemma 2.10, that 0 = u(x) = v(x). However, Lu = 0 in
G, for arbitrary b > a by (2.5) and the nonnegativity of f(x, u), u = v >
Oon S, and u = 0 on S,. Hence u > 0 throughout G, ;, by the maximum
principle. Since b is arbitrary, u is a positive solution of (2.5) in G,.

3. Some properties of ordinary differential equations. In Sections 4 and
5 we want to obtain specific criteria for the existence of positive solutions
of (1.3) in the case that L = A. In order to be able to construct suitable
functions v and w satisfying conditions (2.1), such that w(x) = v(x)
throughout €2, we need information about semilinear ordinary differential
equations of the type

2l

(3.1 %11[—{ +yg(t,y) =0. 0<1< oo

under the following hypotheses.
Hypotheses.
H3. g(z, y) is continuous and positive for 0 < 1 < o0, 0 < y < oo.

H4. g(1, y) 1s nondecreasing in y for all ¢+ € (0, co).
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H5.  lim ] Ctg(t, st) dt = 0.
s ()

For example, H3-HS are satisfied in the case g(r, y) = p(t)y? ',y > 1.
if p(¢) is positive and continuous in (0, co) and

f 1Y p(t)dt < oo.
For example, H5 holds if both H5” and H5” below are satisfied.

H5’. There exists a positive number € such that s~ ‘g(z, s) is a strictly
increasing function of s in 0 = s < oo for each fixed 7 in (0, o).

H5”. There exists a positive constant C such that

/ tg(t, Cr)dt << oo.

In fact, if H5 and H5” both hold, then for all s < C and for all
t > 0 we have

(s1) ‘g, s1) < (Cr) ‘gt Cr),

SO
0 << rg(t, st) < C Ssf1g(e, Ct)

and HS5 follows from H5”.

The strengthened form H5’ is needed for Nehari’s Theorem 3.4 below,
and indeed for much of Nehari’s paper [4].

For arbitrary 1, > 0 and arbitrary b > 0, the initial value problem

2

d )
(32) S5 yey) = 0 i) = 0. Vi) = b
has a unique solution y(¢) near ¢ = f;. The theorem below shows that, in
fact, this solution is positive globally provided b is sufficiently small.

TuroreM 3.1. If H3, H4, and H5 hold, then for arbitrary ty > 0 there
exists a number by > 0 such that the solution y(t) of the initial value problem
(3.2) exists and is positive throughout (ty, co) for 0 << b = by. Furthermore,
Jor arbitrary ¢, 0 << € << 1, there exists 8 > 0 such that y'(1) = (1 — €)b for
allb in 0 << b << 8 and for all 1 = 1.

Proof. Because of H3, yy” < 0if y # 0, and so the local solution of (3.2)
for + > 1, must lie between the r-axis and the tangent line to the graph at
any point. It follows that a solution y(¢) of (3.2) can be continued to co. If
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(1) is nonpositive at any ¢ in (zy, o), there must exist ¢; > ¢, such that
y(ty) = 0 and y(z) > 0 for all ¢ in (zy, ;). Since y(z) is concave in
(IO’ ll)v

y() = Yot — 1) = bt in [1, 1]

Then from (3.2), H4, and H5 in turn, fortp <t <t and 0 < e < 1,
t
Vo) = y'(@t) + / L V()8(s, y(s) )ds
t
33 =y@)+b»b /t sg(s, bs)ds
0

=)y (t) + be
if 0 < b < 8, for some 6 > 0. Therefore for such b,
b=y@)+be or yt) (1 —¢b>0.

This shows that y’(¢r) > 0 throughout (#, t;), contradicting y(z;) = 0.
Therefore y(z) is defined and positive for all + > ¢,. The last statement
in Theorem 3.1 is proved by repeating the argument in (3.3) for any
> 1.

COROLLARY 3.2. There exists 8§ > 0 such that the solution y(t) of (3.2)
satisfies

(34) 0= 1—2’ (z ~ zo) =)

for all t = tyand for all bin 0 < b < 8.

In fact, corresponding to € = 1/2 in Theorem 3.1, there exists § > 0
such that y’'(¢) = b/2 for 0 < b < § and for all 1 > 1,, implying (3.4).

More generally, we have the comparison theorem below comparing the
solution y(¢) of (3.2) with the sclution z(z) of another initial value problem
of the same type:

2

d
(3.5) —d—té +2G(t,z) = 0, z(19) = 0, z'(1p) = b/2.

CoMPARISON THEOREM 3.3. Let y, z be the solutions of (3.2), (3.5),
respectively, where g and G satisfy all the hypotheses H3, H4, and H5. Then
there exists & > 0 such that 0 < b < & implies that

0= z(1) = y(t) fOI‘ all t = .
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Proof. Since z"(t) < 0, z/(¢t) = z'(ty) = b/2 fort = ty. Then fore = 1/2
in Theorem 3.1, there exists 8 > 0 such that

yi() — @) = (1 —E)b_gzo

fort = tyand 0 < b < §, from which the conclusion follows.
The theorem below was proved by Nehari [4, Theorem IX, p. 120].

THEOREM 3.4. (Nehari). For arbitrary t; > 0, equation (3.1) has a
bounded solution y(t) in (1), 00) with y(t;) = 0 and y(t) > 0 for all t > t, if
H3 and HS5’ hold and

(3.6) f 1g(t, C1V?y dr < oo

for every positive constant C. In particular, for arbitrary ty > 0, (3.1) has a
bounded positive solution in [t,, 0o) under these hypotheses.

We next consider the differential equation (3.1) under the following
sublinear hypotheses, in addition to H3:

H6. g(¢, y) i1s nonincreasing in y for all 1 € (0, co).
H7. For arbitrary #, > 0, there exist constants B and C, allowed to
depend on 7, such that B > C > 0 and

(3.7) B/l tg(t, C)dt < B — C.
0

In particular H7 implies that the integral converges. For example, H7 is
implied by the following hypothesis:

H7’. There exists a positive number e such that s‘g(z, s) is a non-
increasing function of s in (0, co) for each ¢t € (0, c0), and foo tg(t, 1) dt
< oo0.

In fact, if H7” holds, C > 1 can be chosen so that

0 1
f tg(t, 1) d < 5 C* and B = 2C.
0

1

Then H7 holds because

/‘oo B [e%s)
B N tg(t, C) dt = D tCg(t, C) dt

B [ B
= — — =B —
= Ja tg(t, 1) dr < > B — C.
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Clearly H7" holds, hence H7 also holds, in the classical sublinear case
gy) =pn)y !, 0<y<I,

where p(t) is positive and continuous in (0, co) and foo tp(t) dr < oo.
All that is needed is to choose an e in 0 < ¢ < 1 — y. Then

s'g(t,s) = sV e p(n)
1s decreasing 1n s, and H7' becomes obvious.

THEOREM 3.5. If H3, H6, and H7 hold, then for arbitrary ty > 0 equation
(3.1) has a bounded positive solution y(t) in [t;, 00) such that C = y(t) = B
forall t = 1.

Proof. Let % denote the Banach space of all real-valued continuous
functions y in [y, co) such that || y|| < oo, where

oyl = sup [y(@)l.

(=
Consider the closed, bounded, convex subset . of % defined by
S ={y € #:C=y@t) = Bfort = 1y}.

Let ® be the mapping on . defined by

(3.8) (Pyyr)y =B — /1 (s — Dy(s)g(s, y(s))ds, 1t = 1.
Then ® maps.¥ into.¥ by H6 and H7, for if y € %,

B=(®y)t)y=B — B /r sg(s, Cyds = C, = 1.
Let {»,} be a convergent sequence in .%; lim, o, ||y, =yl =0,y € ¥
since . 1s closed. Also
(o]
|((l)y” - (I)V)([)l = ft (s — l)|)'n(s)g(5~ .VH(S))
- y(s) g(s, y(s))lds .

Since the integrand has uniform limit 0 in [#,, c0) and is bounded above by
Bsg(s. C) for s = 1), Lebesgue’s dominated convergence theorem shows,
on account of H7. that

lim ||®y, — @y = 0.
Therefore ®: . — % is continuous. The set of functions {®y:y € F} is

casilv seen to be uniformly bounded and equicontinuous by standard
arguments, and hence the Ascoli-Arzela theorem shows that ® maps .¥
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into a compact subset of .. Then ® has a fixed point y(z) in ¥ by the
Schauder-Tychonoff fixed point theorem. According to (3.8), y(z) is a
solution of the integral equation y(¢) = (® y)(¢) for t = 1;, and standard
procedure shows that y(¢) has two continuous derivatives and satisfies

3.1).

4. Positive solutions of superlinear Schrodinger equations. We now
specialize the boundary value problem (1.3) to the Schrodinger equation
(1.4), i.e., L = A in (1.3). In addition to H1 our hypotheses are:

H8. f(x, u) is positive for all x € Q U 9Q and for all u > 0.
H9. There exists a function g € Cjo(Ry X R ), where R, = (0, 00),
such that g(r, u) is nondecreasing in u for each » > 0, and

4.1 f(x,u) = ug(lxl, w)
forall x € € U 90Q and for all u > 0.

For example, we can take g(r, u) to be

g(r,u) = sup Qf(x. u)/u.

x| =rxe

In the classical superlinear case f(x, u) = p(x)u’, y > 1, an appropriate
function g is given by

g(r, u) = max p(x)]uY_l .

|xl=r
For simplicity we specialize  to the domain
€ ={xe€R"x| >a}, a>0.
The boundary value problem (1.3) then becomes

Au + f(x.u) =0, |x
“2) { u(x) = 0. |

Positive subsolutions w(x) are immediately available in the form of

harmonic functions

, Al if n = 2
@3 W)= Alos n

w(x) = A(@ " — IxP ifn =3

for |x| = a. where A4 is an arbitrary positive constant to be chosen later.
Clearly the second condition (2.1) is satisfied in the present case:
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44 Aw+f(x,w)=0inQ, w=0ondQ.

Positive supersolutions will be constructed in the form v(x) = {(r) for r =
|x| = a, where { € C2+"‘[a, b] for all b > a and {(r) satisfies the ordinary
differential equation

d { _. d
@5 - (/’ ! %) + Ur)g(r, tr)) = 0.

If {(r) is a solution of (4.5) and {(a) = 0, then (4.1) implies that v(x) =
¢( |x]) satisfies the first condition (2.1):

(4.6) Av + f(x,v) =0inQ, v = 0on 09.

In the case n = 2, the change of variables r = peé’, y(t) = {(pe'), for a
fixed constant p € (0, @), transforms (4.5) to the form (3.1):

A7) y'(t) + prety()g(pe’, y(t)) = 0.

Similarly if n = 3, the change of variables

r= B = @), y@)=1t{B1)), v=

transforms (4.5) into

|
o

y(t)) B

48)  y"(0) + ¢ HB) 12""2y(r)g(ﬁ<t), —

Hypothesis HS in the case (4.7) is

(o]
lim te’'g(pe’, stydt = 0, n = 2,
s—0+

which is equivalent to

lim/ rlogig(r,slogi)dr=0, n=2.
P P

s—0+

Since g(r, u) is nondecreasing in u by H9, this is implied by

(e )
(4.9) lim / rlogrg(r,2slogr)dr =0, n=2.
s—0+

Similarly HS in the case (4.8) becomes

lim foo 1B P 2g(B(t), s)dt = 0, n =3,
s—0+
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which is equivalent to
oo
(4.10)  lim f rg(r,sydr =0, n=3.
s—0+

For example, these are satisfied in the case g(r, u) = p(r)uy_], y >1,
p(r) > 0, if respectively

(oo}
f r(log r)Y p(rydr < oo, n = 2;

oo
/ rp(rydr < oo, n=3.

THEOREM 4.1 Under hypotheses H1, H8, HY, and (4.9) or (4.10), the
boundary value problem (4.2) has infinitely many solutions which are positive
for |x| > a.

Proof. 1f n = 2, let g = log(a/p). Since the present hypotheses imply the
hypotheses H3, H4, and HS of Section 3, Theorem 3.1 and Corollary 3.2
show that equation (4.7) has a solution y(¢) in [£, co) satisfying y(zy) = 0,
y’(f()) = b, and

b
0= 50— 10) = y(0)

throughout (zy, co) if 0 < b < 6, for some § > 0. The corresponding
statement for equation (4.5) is that (4.5) has a solution {(r) satisfying {(a)
= 0, {(a) = b/a, and

b
MM)Oé?%g§er§m

provided 0 < b < 6.
As already noted, the functions v and w defined by

v(x) = {(|x]) and w(x) = 3 loglia| for |x| = r

%
N

satisfy (4.4) and (4.6), respectively, and also by (4.11), 0 = w(x) = v(x)
throughout . Since the hypotheses of Theorem 2.3 are all satisfied, the
boundary value problem (4.2) has a solution u(x) satisfying w(x) = u(x)
= v(x), le.,

b ;
(4.12) 3 log m = ulx) = ¢(x)
a

for all |x| = a > 0. Obviously u(x) > 0 for |x| > a.
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For any b; < & for which (4.11) holds, we can choose b, in 0 < b, <
by/2 and a corresponding {,(r) satisfying {>(a) = 0, {%(a) = by/a such
that

§2(r)<l—)llog£, a<r<a-+e
2 a
for some € > 0. Then in this neighbourhood, by (4.11),
b, ro_ by ro_ )
> loga =00 < 5 loga = 4(r).

It follows that the positive solutions u((x) and u,(x) of (4.2) corresponding
to by and b,, respectively, as constructed above, satisfy

Ixl _

b
0 < uyx) = &H(lxl) < = log = = uy(x)

2 a
in a < |x| < a + e Therefore uj(x) and uy(x) are distinct positive
solutions of the boundary value problem (4.2), and consequently (4.2) has
infinitely many distinct positive solutions.

If n = 3, we take 1y = (n — 2)a" 2 in (3.2) and apply Theorem 3.1 and
Corollary 3.2 to (4.8) to conclude that equation (4.5) has a positive
solution {(r) for r > a satisfying {(a) = 0, {'(a) = (n — 2)b/a, and the
analogue of (4.11):

banAZ

0
2

IA

[az_" - rz_”] ={r), r=a,
provided 0 < b < 8. The remainder of the proof closely parallels that for
n = 2, with (4.12) replaced by
ban—2
2
for all |x| = a > 0.

[ 1] = weo = )

The corollary below is obtained if (4.9), (4.10) are slightly strengthened
to the following:

H.10. There exist positive constants € and C such that s~ “g(r, s) is a
strictly increasing function of s in [0, co) for each fixed r > 0, and

(oo}
/ rlogrg(r, Clogr)ydr <oco, n=72

v
W

oo
/ rg(r, C)dr < oo, n
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CoroLrrLarY 4.2. If H1, H8, HY, and H10 hold, the boundary value
problem (4.2) has infinitely many positive solutions in G,

Proof. In the case of (4.7), (4.8), the hypothesis H10 is equivalent to H5’
and H5”, which imply H5. The proof is completed as in Theorem 4.1.

We next consider the analogue of (4.2) for an arbitrary exterior domain
Q:

Au+ f(x,u) =0, x € Q
(4.13) { u(x) = 0, x € 0Q.

As before, G, C ( for a fixed positive number a. The method of solution is
now more complicated since the radial subsolutions (4.3) of (4.13) cannot
be chosen to satisfy the boundary conditions identically. Our procedure
will be to apply Theorem 2.7 instead of Theorem 2.3.

Tueorem 4.3. If H1, H2, H8, H9, and H10 hold, the boundary value
problem (4.13) has infinitely many distinct nonnegative solutions, which are
strictly positive in the subdomain G, of Q.

Proof. The subsolutions w(x) given by (4.3) satisfy the second condition
(2.3):
(4.14) Aw + f(x,w) =0 inG,, w=0onS,,
as required for Theorem 2.7. Define

agy = inf |X\
xe

If n = 2, take 1y = log (ay/p) in Section 3, where p in (4.7) is chosen to
satisfy 0 < p < aq. Since g(r, u) is defined for r = ag by HY, the
hypotheses of Theorem 4.3 imply the hypotheses H3, H4, H5’, and H5” of
Section 3, and H5" and H5” imply HS5. Then Theorem 3.1 and Corollary
3.2 show that (4.7) has a solution y(¢) in [¢, co) satisfying y (1) = 0, y'(t))
= b,and 0 = (b/2)(t — ty) = y(t) for t = ¢(, provided 0 < b < § for some
8 > 0. Hence (4.5) has a solution {(r) for r > qy satisfying {(ag) = 0, {'(ap)
= b/agy, and

b .
(415) 0="log— =), r=ap.
2 25

The function v(x) = {(|x|) for |x| = r = q, therefore satisfies the first
condition (2.3):

(4.16) Av + f(x,v) =0inQ, v = 0 on R
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since these inequalities hold in the larger set G, and also, by (4.15),

b ' _
O§~logmév(x) in G, .
2 ap 0
Since 0 < ay < a, w(x) = (b/2) log (|x|/a) satisfies 0 = w(x) = v(x) in
G,

In view of (4.14) and (4.16), all the hypotheses of Theorem 2.7 are
fulfilled, and hence the boundary value problem (4.13) has a solution u/(x)
satisfying wo(x) = u(x) = v(x), where

b x| .

—log— ifxe G
Wo(x) _ b 0og a 1 X _a

0 ifxeQ,.

Then clearly u(x) > 0 if x| > a.
The proof for n = 3 is virtually the same, using (4.8) instead of (4.7),
and will be deleted.

We now consider the related problem of proving the existence of a
positive solution of the same differential equation

(417)  Au + f(x,u) = 0, x € G,

in an arbitrary exterior domain €, without any boundary condition on 9.
Evidently it is enough to consider the case £ = G, since we can choose a;
= inf |x| over o). This problem is somewhat simpler than the boundary
value problem (4.2) since Theorem 2.11 can be used, in which w(x) = 0
identically is used as a subsolution of (4.17). A positive supersolution v(x)
of (4.17) will be constructed in the form v(x) = {(r) for r = |x| = aq,
where {(r) satisfies (4.5).

THEOREM 4.4. For arbitrary ag > 0, equation (4.17) has a bounded
positive solution u(x) in G, if (1) H1, H8, and H9 hold; (2) for some € > 0,
s %g(r, s) is strictly increasing in s, 0 = s < o0, for each r Z ay;, and (3) one
of the following is satisfied:

(4.18) f rlog r g(r, Cy (log r)V/dr < oo, n

I
)

1%
W

o0
(4.19) / rg(r, C()r(z‘")/z)dr < o0, n
Jfor every positive constant C,.

Proof. If n = 2, let t = log(r/p), tg = log(ay/p), where 0 < p < qp in
(4.7). Since the present assumptions (1) and (2) imply H3 and HY’,
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Nehari’s Theorem 3.4 shows that equation (4.7) has a bounded positive
solution y(¢) in [ty, oo) if the analogue of (3.6) holds, i.e., if

(oe]
/ te* g(pe', Ct''?)dt < oo

for every positive constant C, which is equivalent to (4.18). It then follows,
if (4.18) is satisfied, that equation (4.5) has a bounded positive solution
{(r) = y(log r/p) in [ag, o0). Since g € C* by H9, standard regularity
theory [3] shows that { € C*"%[ay, b] for all b > aq. As already noted in
(4.6), the function v in G, U S, defined by v(x) = {(|x|) satisfies

Av + f(x,v) = 0in G,, and v € C*"%G,p)

ap

for all b > q.

Since the hypotheses of Theorem 2.11 are satisfied, equation (4.17) has a
solution u(x) satisfying

0 <u(x) =v(x) iInG, U S, .

If n = 3, the proof is similar, with (4.8) used instead of (4.7), where t =
n—2" 21 =(n — 2)a8_2, and {(r) = y(¢)/t. In this case, for a
bounded positive solution y(z) of (4.8) in [#), o0), we have the stronger
conclusion that v(x) = {(|x|) has limit zero as r = |x| — co.

5. Sublinear boundary value problems. The existence of a nontrivial
nonnegative solution of the boundary value problem (4.13) will now be
proved under hypotheses H1, H2, and H11-H13 below.

H11. There exists a positive function g € Cﬁw(R+ X Ry) such that
g(r, u) i1s nonincreasing in u for each r > 0 and

S u) = ug(lx], u)

for all x € © U 9% and for all u > 0. H11 is a sublinear hypothesis, and
replaces the superlinear hypothesis H9 of Section 4.

Theorem 2.9 will be applied in the case that v(x) = {(r) forr = |x| =
ag, where {(r) satisfies (4.5) and ay = inf,¢sq |x|. As in Section 4 we write
(4.5) in the canonical form (4.7) or (4.8) if n = 2 or n = 3, respectively.
Hypothesis (3.7) of Theorem 3.5 becomes in the cases (4.7) and (4.8),
respectively,

(3.7a) Bp? f{ 1e’’g(pe’, CYdt < B — C, n =2
0
t = log(r/p), ty = log(a,/p) > 0;
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v
(98]

(3.7b) B /,OO f3[/3(z)]2"—2g(ﬁ(z), g)dt <B-C n

n—2

t=m—2r"2% tp=(mn—2a;, >0

for some constants B and C, allowed to depend on ¢, such that B > C >
0. Hypothesis H7 in the case of equation (4.5) is then equivalent to the
following:

H12. For arbitrary ay > 0, there exist constants B and C, possibly
depending on ag, such that B > C > 0 and

©0
BPZ/(‘rlogfg(,«v(f)d,<3__ C, n=2
0 o

%
(8]

B f rg(r, (—C—) P Mdr < B — C, n
[} n—2

In particular, H12 is implied by the following:
H12'. There exists a positive constant e such that s‘g(r, s) is a
nonincreasing function of s in (0, oo) for each fixed r > 0, and

(ee]
(5.1 f rlog r g(r, 1)dr < oo, no=2:

(5.2) /L rg(r, (é) rz"")dr < oo, p=3.
n— 2

In the sublinear prototype g(r, u) = p(r)u’~', 0 < y < 1, equation
(4.5) becomes

_d ( ., d¢ )
1 —n a1 . Y —
r e r o + p(r)$7 =0,

and H12’ reduces to
oo
/ rlog rp(rydr < oo, n = 2;

oo
/ r® p(rydr < oo, n=3,

where 0 = (n — 1) — y(n — 2). In this case, any number € in (0, 1 — y)
will do for H12'.

THeoOREM 5.1. If H11 and H12 hold, then for arbitrary ay > 0 equation
(4.5) has a positive solution { € Clzota [ag, 00) such that ¥ *{(r) is
bounded in [ay, o0), n = 2.
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Proof. This is a Corollary of Theorem 3.5 since H11 and H12 imply H3,
H6, and H7. We merely note that the boundedness of '~ 2{(r) is
equivalent to the boundedness of y(¢), as stated in Theorem 3.5, in view of
the changes of variable in (4.7) and (4.8). Standard regularity theory [3]
shows that { € Cpot® [ag, 00) since g € Cf. by HIL.

With {(r) as in Theorem 5.1, the function v defined by v(x) = {(|x])
then satisfies (2.4), i.e.,

(5.3) Av + f(x,v) =0in Q, v > 0 on 0Q

as needed for Theorem 2.9. To construct a function w satisfying (2.4) we
use the following hypothesis:

H13. There exists a positive number e such that s¢ !'f(x, s) is a
nonincreasing function of s in (0, oo) for each fixed x € R, where R is a
fixed nonempty bounded domain with R C 4 for some 4 > 0.

In the prototype f(x, s) = p(x)s', x € Q,5s > 0,0 < y < 1, H13 holds
for any nonempty bounded domain R c  since s¢~ 'Y is nonincreasing
fore =1 — v.

THeoreEM 5.2 If H1, H2, Hl11, HI12, and HI13 hold, the sublinear
boundary value problem (4.13) has a nontrivial nonnegative bounded solution
u(x) in Q U 98 such that |x|* "u(x) is bounded in Q. In particular u(x) — 0
as |x| = oo ifn = 3.

Proof. The linear eigenvalue problem

Aw + A f(x, )w =0 inR
G4 { w(x) =0 on dR

has a positive eigenfunction w € C>*T*%(R) in R corresponding to the
smallest eigenvalue A; > 0 by the Krein-Rutman theorem [4]. Since (5.4) is
linear, such a positive eigenfunction w(x) of (5.4) can be chosen to satisfy
the following three conditions:

(5.5  sup w(x) = 1,

x€R

(5.6) Apsup [w(x)]* =1, and
xX€ER

(5.7) v(x) 2 w(x) forallx € R

where v(x) = {(|x|) is the function constructed above from Theorem 5.1,
and satisfies (5.3). Then H13, (5.4), (5.5), and (5.6) imply that
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0=Aw + A wx)f(x, 1)
= Aw A+ Aw(oOw(o) 17 (x, w(x))
= Aw + N[wx) [f(x, w(x)) = Aw + f(x, w(x))

for all x € R, from which w(x) satisfies the second condition (2.4). Since
(5.3) holds and 0 = w(x) = v(x) throughout R by (5.7), Theorem 2.9
shows that the boundary value problem (4.13) has a solution u(x)
satisfying

(5.8) 0= wyx) = ukx)=vx), x € QU

where wy(x) = w(x) for x € R and wy(x) = 0 otherwise.
Theorem 5.2 applies in particular to the sublinear problem

Au + p(x)u? =0, x € Q
(5.9 u(x) =0, x € 99
o<y<i1,

where p(x) > 0 for all x € € U 9Q and

P € Cioclag, ), ag = inf |x].
x €09
Define
Pm(r) = sup p(x).
|x|=r

Hypotheses H1, H2, and H13 then hold automatically, H11 holds with the
definition g(r, u) = p,,(r)u’ "', 0 < y < 1, and H12 reduces to

[ee]
/ rlog rp,(rydr <oco, n =72
(5.10)

v

o0
/ r’p(rydr < co, n 3

whereo = (n — 1) — y(n — 2),n = 3.

COROLLARY 5.3. If (5.10) holds, the sublinear boundary value problem
(5.9) has a nontrivial nonnegative bounded solution u(x) in & U 08 with
|xI>~"u(x) bounded in Q.
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