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UNIQUE FACTORIZATION THEOREMS FOR
SUBALGEBRAS OF THE INCIDENCE ALGEBRA

K. L. YOCOM

1. Introduction. H. Scheid [4] has found necessary and sufficient conditions
on a partially ordered set S(=) which is a direct sum of a countable number
of trees for a certain subalgebra G(4, *) of the incidence algebra F(4, x)
to be an integral domain. In this paper we prove that under similar conditions
on S, G(+, *) is actually a unique factorization domain or, failing this, that
there is a subalgebra H(4, *) of F(+, *) which is a unique factorization
domain and contains G. Similar results are then obtained as corollaries in the
regular convolution rings of Narkiewicz.

2. Definitions and notations. Throughout this paper S(=) will denote
a locally finite partially ordered set. By this we mean = is a partial ordering
of the nonempty set S and for all ¢, b € S with ¢ = b the interval [a, b] of all
x € .5 with ¢ £ x £ b is a finite set. A one-element interval is called a unit
interval. A chain is a totally ordered set. If C(=<) is a finite chain of # elements
then the length N(C) of Cisn — 1 while if C is infinite then N(C) = 0. A free
T is a partially ordered set with a least element such that every interval of T°
is a finite chain. A tree consisting of a single element is called trivial. The
length N(T') of the tree T is the supremum of the lengths of all the intervals
of T. The incidence algebra [5] on S(=<) will be denoted by F(4, *). The
set F consists of all functions f from .S X S to the field K such that f(x,y) = 0
if x £ y. The addition in F(4, *) is pointwise addition and the product is
defined for f, g € Fat (x,y) in.S X S by

(frg)(x,y) = Z(flx,2)g(z,y) :x <2 = y).

The characteristic function of unit intervals ¢ € F is the unity of F(4, *)
and f € Fis a unit if and only if x € S implies f(x, x) # 0.

We shall use =2 to denote isomorphism between both algebras and partially
ordered sets. The field K will be of characteristic zero. We shall denote the
ring of formal power series over K in a finite number # of indeterminants by
K, and in a countably infinite number of indeterminants by K,. The sub-
algebra G(+, *) of F(+4, *) consists of all g € F such that if x,y,u,v € S
with [x, v] = [, v] then g(x, y) = g(u, v). Thus G consists of all functions in F
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which cannot distinguish between isomorphic intervals. If I = [x, y] we shall
write f(x,y) = f(I). Note that g € G is a unit if and only if for some unit
interval I, g(I,) # 0.

3. The main theorems. Scheid [4] proved the following.

TueorREM A. (@) If S(Z) =11 @ ... ® T, is the direct sum of nontrivial
trees T1, ..., Ty then G(4, *) is an integral domain if and only if N(T";) = o
forl =1 = m.

®) If S(E)=T1®T:® ... is the direct sum of a countably infinite
number of trees Ty, T, . . . then G (4, *) is an integral domain if and only if for
each T; with N(T';) < oo there are infinitely many T ; with N(T;) = N(T;).

In proving our theorems we shall exhibit an isomorphism between the
subalgebra and either K, or K,. The ring K, is known [7, p. 148] to be a
unique factorization domain as is K,[1].

LEMMA. If I = C1 @ ... ® C, is the direct sum of finite nontrivial chains
Ci ..., Cythen I satisfies the Jordan-Dedekind chain condition that all maximal
chains M in I are of the same length, namely

N = NT) = NC1) + ... +2(C).
IfI'=C/ ®...®C,, then I = 1' if and only if m = n and the number of
C of any given length equals the number of C; of that length.

Proof. The facts stated in this lemma are probably well known but for
lack of a reference we prove the first part. Suppose I = C; @ ... ® C, as in
the lemma and let N(C;) =1, C; = {aiw, @ity ..., a1}, 1 £1 =< n. Each «
in I is then of the form

a = (a1jy, @ajay + - -y Uny)
where 0 = j, = /; for 1 =1 = n. The elements ay = (a10, 20, . . . , @yo) and
ar = (A, A2y, - -+, Gyy,) are the least and greatest elements of I, respect-

tively, and must be contained in any maximal chain of . Let
ao=xo<x1<x2<...<x1,=a1

be a maximal chain of I. For convenience of notation let us think of an ele-
ment a € I as an ordered n-tuple (ji, ..., j,) ol nonnegative integers. Thus
ay = (0,0,...,0)and a1y = (/1,...,1,). Now x; in the maximal chain must
be an n-tuple of # — 1 zeros and one 1 for if not then there would be a y in
with xy < y < x; contrary to the maximality of the chain. Similarly x, must
be an n-tuple of # — 1 zeros and a 2 or # — 2 zeros and two 1’s. In general
Xr41is an n-tuple which agrees with x; except that a 1 has been added to some
entryof x; where 0 £ bk < L. ThusL =L + ...+ L, = X(C1) + ...+
and all maximal chains in I are of the same length, NX(I) = N(C1) + ... +
NG

https://doi.org/10.4153/CJM-1972-097-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1972-097-9

UNIQUE FACTORIZATION THEOREMS 969

The second part of the lemma follows from a known theorem [6, p. 200].

Our first theorem concerns the case when S is the direct sum of infinitely
many trees but we impose a slightly stronger condition on .S than Scheid did
in part (b) of Theorem A.

TaeEoREM 1. If S = T1 @ T2 @ ... is the direct sum of a countably infinite
number of trees T, T, . . . and if for each tree T ; and each interval C of T, there
are nfinitely many T ; each containing an interval isomorphic to C, then G (+, *)
1s a unique factorization domain.

Proof. Since each interval of .S is a direct sum of a finite number of chains
of finite length it follows from the lemma that two intervals of .S are isomorphic
if and only if their representations as direct sums of chains contain the same
number of chains of each possible positive length. Thus we may associate with
each isomorphism equivalence class of intervals of .S the sequence

(1) r() = (), ra 1), ...)

where 7;(I) is the number of chains of length j in the representation of T
as a direct sum of chains. Thus two intervals I and I’ of .S are isomorphic if
and only if r(I) = r(I’).

We divide the proof into two cases.

Case 1. Suppose there is a non-negative integer m such that N(T,) < m
for all « = 1 and XN(7';) = m for some ¢ = 1. Then the hypothesis of the
theorem implies that N(7';) = m for infinitely many i = 1. If m = 0 then all
the trees are trivial, S is a single element set and F(4, *) = G(+, *) = K,
which is trivially a unique factorization domain. Thus assume that m = 1.

Note that 7;(I) = 0 for all j > m and all intervals I of S. We define =,
for 1 = j = m to be the characteristic function of chains of length j. Then we
shall show that every g € G has a unique representation in the form

(2) g = Z d(il, ey im)ﬂ'lil* Ces *Wmim
where the summation extends over all m-tuples (¢4, ..., ¢,) of nonnegative
integers, a (i1, ...,%,) € K, ;% = 7% ... %7; with ¢; factors if 2; = 1 and

m;° = e. Once this representation has been established, there is an imme-
diate isomorphism between G (4, *) and the formal power series ring K,,. For

if x1,..., %, are the indeterminants in K,,, simply correspond ; to x; for
1=j=m.
If (4,...,1,) is a fixed m-tuple of nonnegative integers and [ is an interval

of .S then we claim that
mitk. . xm,m (I) =0
unless
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Recall from the proof of the lemma that
NI = ri(I) 4+ 2r,(1) 4+ ... 4 mr, (I).
To prove the claim suppose I = [a, b] and that
Tk Lx (L) # 0.

Then there is a chain, ¢ = xy < %1 = ... = x, = 0 in [ such that

miti (251, %5) # 0
for 1 £7 = m. Thus Nx,_1,x;) = ji; and the chain xp £ x; = ... Z x,
refines to a maximal chain in I of length 7; + 27, 4 ... 4 mi, which equals

M) by the lemma. This proves the claim.

Thus if the series in (2) is evaluated at an interval I the only terms which
can be nonzero are those for which the m-tuple (¢4, .. ., 7,) satisfies (3) and
these are finite in number. In fact the number of solutions (zy, . . ., 7,) of (3)
is the number of partitions of the integer A (I) into positive integers less than
or equal to m.

Now let L be a fixed nonnegative integer and consider all intervals I of
S such that AX(I) = L. Since we are not distinguishing between isomorphic

intervals we need only consider those m-tuples (ri(1), ..., r,(I)) for which
ril) 4+ 2r:(I) + ...+ mr,(I) = L. We now arrange all such m-tuples as
follows:

(L,0,0,0,...,0), (L—2,1,0,0,...,0),...,0or1,[L/2],0,0,..,0),
(L —3,0,1,0,...,0), (L —51,1,0...,0),...,0orl,
[(L —3)/2],1,0,0,...,0)
(L —6,0,20...,0),(Z—81,20,...,0),...,0orl,
[(L —6)/2],2,0,...,0),

(Oorlor20,[L/3],0,...,0), 0or1,00r1,[L/3],0,...,0),
(L —4,001,0,...,0), (L—61010,...,0),...,(0orl,

[(L — 4)/2],0,1,0,...,0)
(L —17,01,1,0,...,0), (L —911,10...,0),...,0o0r1,

(L. —7)/2],1,1,0,...,0)

where the brackets denote the greatest integer function.
As an example, if m = 4 and L = 7 the above arrangement is
(7,0,0,0), (5,1,0,0), (3,2,0,0), (1,3,0,0),
(4,0,1,0), (2,1,1,0), (0,2, 1, 0),
1,0,2,0),
(3,0,0,1), (1,1,0, 1),
0,0, 1,1).
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For any given m-tuple (i1, ..., %,) the hypothesis of the theorem ensures
the existence of an interval I of S with »(I) = (41,42, ...,%,,0,0,...).
We now select intervals I;, I, ...such that A(I;) = L and the m-tuples
(ri(1y), ro(Lj), ..., ru(y)) for 7 =1,2,... are the m-tuples in the above
arrangement, i.e.,

(7’1([1), 7’2([1), . ey Tm(Il)) = (L, O, 0, .oy O)
(ri(Ie), ra(Ia), ...y ru(I3)) = (L —2,1,0,...,0)

We now proceed to evaluate (2) successively at Iy, I, ... forcing equality
and thereby determining the coefficients a (i, . . ., 1,):

g(lh) = X a(@yy ... iy) Mm%, xm,™ (I))
and since the only subintervals of I; which are chains are chains of length 1
we have

g(Il) = (Z(L, Or Oy L] O) 7rlL ([1),
and
a(L,0,0,...,0) = g(li)/(m* (I1)).

Actually w1 *(I;) = L! but we only need that it is nonzero. Continuing,

g(Iy) = X al@y, ..., 0,) M * ... *w,mn(l2)

and since the only subintervals of I, which are chains are chains of length
1 or 2, we have

gl2) = X2 a(t1,4,0,0,...,0) ™ *myi2(L,).

There is only one subinterval of I, which is a chain of length 2 and thus

g(lg) = d(L, O, 0, ey 0)7(‘11'(.[2) + G(L — 2, ]., O, ey 0)’"‘1L‘2 * 7!'2([2).
Since w1%2 % wy(Is) %~ 0, the coefficient a(L — 2,1,0,...,0) is thus de-
termined. Continuing in this way we can evaluate all the coefficients
a(t1, ..., 1) for which
(4) i1+2i2+...+mim=L.
Since every m-tuple (4, ...,1%,) satisfies (4) for one and only one L this

procedure uniquely determines all the coefficients in (2) and completes the
proof of this case.

Case 2. Suppose that for each integer m = 1 there is a tree T; which contains
an interval of length . In this case we claim that each g € G has a unique
representation in the form

@) g= 2 aliy i, ...) w1 *#my® %, ..

where the summation now extends over all sequences (i1, 72, . . .) of nonneg-
ative integers all but a finite number of which are zero.
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Once this representation is established the isomorphism between G (4, *)
and K, is immediate.

We throw the proof back to case 1 by considering for each nonnegative
integer L all sequences (i1, 73, . . .) satisfying

6) i1+ 20+ ... = L.

The number of solutions (7, 72, ...) of (6) is the number of unrestricted
partitions of L into positive integers and in any solution ¢; = 0 for j > L.
Thus if we take m = L in case 1 the solutions of (6) coincide with the solutions
of (4) and the coefficients a (41, ..., 72,0,0,...) in (5) can be determined
as in case 1. When the series in (5) is evaluated at an interval of .S it reduces
to a finite sum as in case 1 and equals the value of g at that interval.

In part (a) of Theorem A, Scheid found necessary and sufficient conditions
for G(+, *) to be an integral domain if S is the direct sum of a finite number
of trees. We have not been able to prove (or disprove) that such a G is a
unique factorization domain but we do have the following.

THEOREM 2. If S=T1T1@® ... ® T, is the direct sum trees with \(T';) = o
for 1 £ 1 = n then there is a subalgebra H (4, %) of F(4, *) which is a unique
factorization domain and contains G (4, *).

Proof. Each interval I of .S is of the form

(7) I=C1®...®Cn
where C; is a chain from T, for 1 £ ¢ £ n. Define
) AI) = (N(C), ..., NG)
where C; is given by (7). Note that A(J) = A(I’) implies I =~ I’ but not
conversely. We now define for each n-tuple (41, . . ., 7,) of nonnegative integers
the function e(zy, . . ., 7,) to be the characteristic function of those intervals
I of S with A(Z) = (&1, ...,1%). Then e(ty,...,%,) € G if and only if 7, =
ig = ... =1, for if A(D) = (41,...,1,) and 7; # ¢ for some j, B with 1 <
j < k = m, say for convenience, i; # i, then by choosing I’ with A(I") =
(19, 71, T3y - - ., 1,) We have I = I" but e(éy, . . ., %,) (I) = 1 while e(iy, . .., 1,)
) =0.

We now define the subset H of F to consist of all & € F representable in
the form
(9) h = Z (l(il, ceey 1'”)6(1'1, oy l'")
where the summation extends over all n-tuples (i, ...,7,) of nonnegative
integers and « (41, . . ., 4,) € K.

We claim that any pair of functions e(y, . . ., %), e(ky, ..., k,) multiply
according to the rule
(10) e(il, e vey 1},)*6(131, ey kn) = 6(7/.1 + kl, e ooy Zﬂ + kn).
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For suppose for some interval I = [a, b] of S that
(11) e(ty, ..., 1) xe(ky, ..., ky)(I) # 0.

If « = (ay,...,a,), b = (by,...,0b,) then there is an x = (x1,...,%,) €S
with a =< x < b such that

e(iy, ...,15) (e, x) # 0and ek, ..., k,)(x, b) # 0.

Thus

Ala, x) = \(ar, x1), ..., MNMap, %)) = (@1, ..., 1)
and

A(x, b) = ()\(xl, bl), ey )\(xn, bn)) = (k], ey kn)
and hence

AI) = (o4 Ry, ooyt + k).

Furthermore the above x is unique and there is exactly one nonzero term in
the convolution (11). Thus (10) is established.

Because of (10) there is an isomorphism between H(+, *) and the power
series ring K, if we make the correspondence

Y iy, oy i)elin, .., in) © X aiy ..., i)™ . .. i,

To complete the proof we must show that G C H. To this end we define for
each #n-tuple (41, . . ., %,) the function

(12) ety ... 1) = 2 e(w(tr), ..., m(1,))
where the summation extends over all distinct permutations (7 (¢1), . .., 7(3,))
of (¢1,...,1,). For example
e, 1, ...,1) = e(t, 7, ...,1)
and
€(1,0,0,...,0) = e(1,0,0,...,0) + €(0,1,0,...,0) 4+ ...+

e(0,0,0,...,0,1).
Then each ¢ € G and if g € G then g is expressible in the form

(13) g= 2001, ...,0)e0,...,175).
To see this, note that &(z4, . .., %,) is the characteristic function of intervals
isomorphic to the interval I with A(l) = (d1,...,1%,) and the coefficient

b(1y, ..., 1, in (13) is simply g(I). Since each & is a finite sum of the ¢'s, (13)
implies that G C H and the proof is complete.

Equation (13) leads one to suspect that G(+, *) is isomorphic to K, also
but the & functions do not have a ‘‘nice multiplication rule”’. Perhaps some
other choice of ‘‘generating functions’ in place of the &'s would produce a
representation of the type in (13) and have a ‘‘nice multiplication rule” but
we have been unable to find such functions.

We return now to the case when S is the direct sum of infinitely many
trees. In Theorem 1 we imposed a stronger condition on S than Scheid did in
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part (b) of Theorem A. Those S which satisfy Scheid’s condition but not ours
all satisty

Condition B. Suppose S =77 ® Ty ® ... is the direct sum of trees 77,
T, ..., a finite number of which, say 74,..., T, are of infinite length
while there is an integer m = 0 such that \(T";) < mforallt > nand N(T;) =
m for infinitely many 7 > #.

THrOREM 3. If S satisfies Condition B then there is a subalgebra H (4, *) of
F(+, %) which is a unique factorization domain tsomorphic to K, ., and con-
tains G.

Proof. The method of proof is a combination of the methods used in proving
Theorems 1 and 2.
Each interval I of S is of the form

(14) [I=COCO®...0C0Chu®...

where C; is a chain from 7'; for 7 = 1 and all but a finite number of the C;
are trivial one element chains. Since 77, ..., 7, are of infinite length the
first # chains in (14) may be of any arbitrary length while A(C;) < m for all

72 > n. For each interval I of S we define
(15) N(I) = ('), ...,7 T), N(Cr), ..., M(G))

where 7/ (I) is the number of chains C; in (14) of length j with < > n. We
define w;/ for 1 £ j < m to be the characteristic function of intervals I of
S with

ATy = (0,0,...,0,1,0,...,0)

where the 1 appears in position j. Thus =, is the characteristic function of a

chain of length j which is an interval in a tree 7'; with 7z > #.
We also define for each n-tuple (ky, ..., k,) of nonnegative integers the
function ¢’ (ky, . . ., k,) to be the characteristic function of intervals I of S with

AI(I) = (0,0,...,O,kl,kg,...,kn).

Note that none of the 7,”’s or the ¢’’s are in G except for ¢/(0,0,...,0) = e
We then let H be the set of all 2 € F representable in the form

(16) h = Z a<ily ceey 7/.m+n)7|'1,il* cee Tm,ime,(im+ly cee yim+n)1
where the summation extends over all m 4+ n-tuples (41, . .., Zpin) of
nonnegative integers and the coefficients a (i1, . . . , ipin) € K.

As in the proof of Theorem 2, two ¢’ functions multiply according to
e (ke .y ky)xe' (ks oo R) =€ (ki 4 ks R+ RY)

and H (+, *) is isomorphic to K 1,.
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The proof will be complete if we show that G C H. To see this observe
forl =j = m,

a7y m; =7/ +G,0,0,...,0)4+€(0,7,0,...,0)+ ...+
€(0,0,0,...,0,7)
and for j > m,

(18) = =¢€(,0,0,...,0)4+€0,7,0,...,0)4+...4+£(0,0,...,0,7).
We then claim that each g € G has a representation of the form
(19) g =2 b(iy, T2, . . )wrxmex

where b (71, 45, ...) € K and the summation extends over all sequences
(41, 29, . . .) of nonnegative integers all but a finite number of which are zero.
Once (19) has been established we are done since (17), (18) and (19) imply
G C H.

The coefficients b (i1, ..., %, 0,0,...) in (19) can be evaluated by the
method used in case 1 of the proof of Theorem 1. The difficulty in extending
the same method to evaluate all the b (¢, 72, . . .) is that not all possible direct
sums of chains appear in S. For example, no interval of S is the direct sum
of n 4+ 1 chains each of length m + 1. However, this is not a serious difficulty
for our present purpose. It merely allows some freedom in selecting the
coefficients b (1, 23, . . .) for which no interval I exists in .S with »(I) = (4,
19, . . .). In fact all such &’s may be chosen arbitrarily. Thus each ¢ € G has a
representation of the type (19) although this representation is not unique.
This completes the proof of Theorem 3.

If S=T7T,® 7T, ® ... is the direct sum of trees and A(T;) = 1 for all
72 = 1 then G(4, *) = K, and every element g € G is uniquely expressible in
the form 3 (a,mi» : # = 0). Furthermore m; is the only prime element (up to
associates) in G and every g € G is of the form u*w,"® where u is a unit of G
and # is the minimum # such than g, # 0. In contrast to this situation we
have the following.

TuEOREM 4. If S(£) is a locally finite partially ordered set which contains
intervals Cy and Cy which are chains of length 1 and 2 respectively, and if S also
contains an interval isomorphic to C1 @ Ci, then G(+, *) contains infinitely
many irreducible elements, no two of which are associates.

Proof. We claim that the set
P = {7r1—|—a1r2:aEK}
is a set of nonassociated irreducible elements. Suppose that

T+ amy = g1 % go
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where g; and g, are nonunits of G. Then (recall that nonunits of G vanish on
unit intervals of .S)

1= (m1 4+ am)(C1) = (g1 % g2)(C1) = 0,

a contradiction. Thus m; + am; is irreducible. Now suppose that two elements
w1 + awy and 7 + bwe of P are associates, say

1r1+a7r2=g*(1r1+b1r2)

where g is a unit of G. Then using [, to denote a unit interval and evaluating
this equation successively at Ci, C; and C; @ C; we obtain

1 =gWy), a =bg(Ly) + g(Cy) and 0 = 2¢(Cy).

Thus ¢ = b and the proof is complete.

4. Applications to regular convolution rings. Let 4 (-4, *¢) be a regular
convolution ring as defined by Narkiewicz [2], i.e., 4 is the set of arithmetic
functions, 4 is pointwise addition and * is a convolution product defined as
follows. Let C be a mapping from the natural numbers N to the finite subsets
of N such that C(n) is a subset of the set of divisors of # for each n € N.
Then fora, 8 € 4 and n € N,

(@*cB)(n) = Z(a(@)B(n/d):d c C(n)).

Then Narkiewicz calls 4 (4, #¢) regular if it is a commutative ring with
unity, the multiplicative functions form a semigroup under *¢ and the ‘‘Mob-
ius” function assumes only the values 0 or —1 at a prime power p* > 1.
As Narkiewicz showed [2, Theorem I1], every regular convolution is deter-
mined by selecting for each prime p € N a collection of arithmetic progressions
of the type {m, 2m, 3m, ...} (finite or infinite) which partition N and then
defining for each power p¥, C(p*) = {1, p™, p?™, ..., p™} where k = rm and
{m, 2m, ...} is the progression in which % appears.

Let = be the relation on N defined by: ¢ = ¢b if and only if ¢ € C(b).
Then N(=¢) is a locally finite partially ordered set and can be expressed as
a direct sum of trees as Scheid has shown [3]. For each prime p € N let
T, = {1,p,p%...}. Then 7,(Z ;) is a tree and

(20) NEe)=10T:0T:®... @71, @ ...

where p, is the nth prime. Let F(4, #) be the incidence algebra on N(=¢)
and G(+4, *) be the subalgebra defined previously. Then A (4, #*¢) can be
imbedded in F(+, %) under the mapping a <> o’ where o’ satisfies ' (m, n) =
o' (1, n/m) = a(n/m) for all m,n € N such that m € C(n). We shall denote
the image of A (4, *¢) in F(+4, *) by A (4, %). Then it is easily seen that
G(+, *) C A(+, *) and the following theorems are then corollaries of the
theorems in section 3. We shall use the notation \(p*) = \(1, p¥), i.e., the
length of the prime power p¥ is the length of the chain [1, p*] in the tree 75,.
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THEOREM 5. If N(=Z ¢) is given by (20) and for each prime power p*, there are
infinitely many primes q such that N(g*) = N(p*) for some power ¢*, then G(+, *)
is ¢ unique factorization domain.

THEOREM 6. If N(= ¢) is given by (20) and there are positive integers m and n
such that N(T,,) = o0 for n values of 1, N(T},,) = m for all other i and N(15,) = m
for infinitely many 1, then A (4, x) contains a subalgebra H (4, *) which is a
unique factorization domain isomorphic to K., and contains G(+, *).

TrEOREM 7. If N(=¢) is given by (20) and if N(T3,) = 2 for some i then
G (4, *) contains infinttely many nonassociated irreducible elements.

The only thing requiring a proof in the above theorems is that H C 4 in
Theorem 6. Going back to the definition of H in Section 3, this amounts to
showing that the =;”’s and the ¢'’s lie in 4 and it is not difficult to verify this.

An interesting special case is when each 7, is an infinite chain and Z¢ is
the usual divisibility order on N. Then 4 (4, #) is the Dirichlet convolution
ring which Cashwell and Everett have shown to be isomorphic to K,,. Thus by
Theorem 5, A (4, *) is isomorphic to its proper subring G(+, *).

Another case of interest is when N(T'p,) = 1 for all » = 1. Then 4 (4, *)
is the unitary convolution ring of arithmetic functions and G (+, *) = K;.
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