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Abstract

The free product xcrS; of an arbitrary family of disjoint completely simple semigroups {S;}ics,
within the variety CR of completely regular semigroups, is described by means of a theorem
generalizing that of Kadourek and Poldk for free completely regular semigroups. A notable
consequence of the description is that all maximal subgroups of xcr S; are free, except for those
in the factors S; themselves. The general theorem simplifies in the case of free CR-products of
groups and, in particular, free idempotent-generated completely regular semigroups.

1991 Mathematics subject classification (Amer. Math. Soc.): primary 20 M 05; secondary 08 A
50.

Based on fundamental insights of Clifford [1], authors such as Gerhard [3], Trot-
ter [9] and Kadourek and Poldk [8] have offered solutions to the word problem
for the free completely regular semigroup F CRy on a countably infinite set X.
This semigroup is clearly the free product, in the variety CR of completely reg-
ular semigroups, of a family of infinite cyclic groups. We prove (Theorem 4.1)
that, suitably modified, the method of Kadourek and Poldk serves to solve the
word problem in the free CR-product of any family of disjoint completely simple
semigroups (modulo effective description of the factors themselves). One not-
able consequence is that the maximal subgroups of such a free product are
always free groups, if disjoint from the original factors.

A slight simplication occurs for the free CR-product of groups. In particular,
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2] On free products of completely regular semigroups 213

the word problem is solved for the free idempotent-generated completely regular
semigroup (which is a free product of trivial groups) on a set X. This semigroup
turns out to be isomorphic with the completely regular subsemigroup of FCRy
generated by {x° : x € X}.

The general problem, of describing arbitrary free CR-products, seems unas-
sailable at present. See [7] for a review of the current state of affairs on free
band products. The free product of completely simple semigroups within the
variety of completely simple semigroups was described in [6]. Free products
within some other ‘small’ subvarieties, such as Clifford semigroups and normal
bands of groups are also not difficult to describe.

1. Free CR-products

A semigroup S is completely regular if it is a union of its maximal subgroups.
For anelement x of S, x ! and x° denote the inverse of x and the identity element,
respectively, in the maximal subgroup H,. See [2, 5] for basic properties of such
semigroups.

Throughout, U will denote the variety of unary semigroups (semigroups
equipped with a unary operation x — x~'). The class CR of completely regular
semigroups forms a (unary) subvariety of U, determined by the identities

xx'x =x, xx P =x"1x, xH T =x.

Let {S;}:cs be a family of disjoint completely regular semigroups; denote their
free CR-product by *cr{S;}ics, Or *cr S; for short. Thus there exist monomorph-
ismsn; : S; &> *cr S;,i € I, and forany T € CR and morphisms ¢; : S; — T,
i € I, there is a unique morphism ¢ : *cg S; — T suchthat n, ¢ = ¢;,i € 1.
(See [4, Section 9]).

In this section we construct xcrS; as a quotient of a certain free unary semi-
group, which must first be described. For the moment, let {S;};c; be any family
of disjoint unary semigroups. Let X = [ J,, S; and let F be the free monoid on
the set X U{(,)™'}. Then (see [3]) FUy is the smallest subsemigroup of F such
that X € FUy and (w)~! € FUx whenever w € FUy (and then, of course,
(w)! is the ‘inverse’ of w). Let € be the unary congruence on FUy generated
by {(s-¢t,st) :s5,t € 8;,i e [JU{((s)™, s)):5€8,;,i €I}, wheres - ¢
denotes the product in F. The following proposition is easily proved.
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PROPOSITION 1.1. Let {S;};c; be a family of disjoint unary semigroups. Put
X = U Si and let U = FUyx/e. Then U (together with the morphisms
Bi 1 x — xe,x €8;, i €l)isisomorphic with the free U-product xy S;.

The members of the monoid F are words in the letters X U{(, )™'}. A segment
of a word w is a word s such that w = as b for some a, b € F; s is initial if
a = 1 and terminal if b = 1.

PROPOSITION 1.2, Each e-class of FUy contains a unique word w such that

(a)  successive letters of w do not belong to the same set S; and
(b)  w contains no segment of the form (s)™, where s belongs to some S;.

PROOF. That each word in FUy is e-equivalent to such a word is easily
established by an inductive argument, based on lengths of words; a simple
confluence argument establishes uniqueness.

In the sequel we generally assume, without comment, that U consists of all
such words in FUy, with appropriately modified multiplication and inversion.
With this understanding we then refer to words, and their letters, in U.

PROPOSITION 1.3. Let {S;}cs be a family of disjoint completely regular semig-
roups. Define p to be the semigroup congruence on U = FUy /€ generated by
the pairs

w@)u, wy), @, @'w,  (@WH ' w, uel.
Then U/ p is isomorphic with the free CR-product xcy S;.

PROOF. It is sufficient to show that p is a unary congruence, for then the result
follows from standard universal algebraic arguments. So suppose u, v € U and
up = vp. From the generating relations it is clear that («)~'p is an inverse of
up in U/p and that (u)~'p 3 up in U/p. Thus (u)~'p = (up)~". Similarly,
() "'p = (vp)~" and thus () ~'p = (v)7'p.

It is well known (and easily proved) that every congruence on a completely
regular semigroup is a unary congruence.
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2. Green’s relation 2

Throughout this section, S denotes U/p = *cg S;, the free CR-product of
arbitrary disjoint completely regular semigroups, and §; denotes the injection
S; — S, i € I. Green’s relation 2 on any completely regular semigroup is
the least semilattice congruence [5, Theorem 4.6]. The variety S of semilattices
is a subvariety of CR. Thus S/ is isomorphic with the free S-product of the
semilattices ¥; = S;/92,i € 1. We now describe free S-products.

Let {Y;};c; be any family of disjoint semilattices. Let Y be the direct product
of the family {Y,.(l)}ie,, where Y,-(l) is obtained from Y; by adjoining a (new)
identity element. Thus ¥ consists of all functions f : I — |J,, ¥" with
ife YV, i € I. The support of such a function f is {i € I : if # 1}. Let P be
the subsemilattice of Y consisting of the functions of finite nonempty support.
Foreachi € I,letq; : Y; — P be defined by

X ifi=j

j(xai)=[ L
1 if [ #]

The following is folklore:

RESULT 2.1. The semilattice P, with morphisms «; defined above, is iso-
morphic with the free S-product xg Y; of the semilattices Y;,i € I.

Now let u € U. We define the content c(u) as a function in P : fori € I,
ic(u) = Dy, where s(u) is the product of all those letters in u, if any, that
belong to §; (in the order in which they appear, say) oris 1 € Y,-“) if no such
letter belongs to §;. Clearly the content defines a morphism ¢ : U — P. For
eachi € I and each x € S;, c(x) = c(x€) = D, a;, so Bic = 9" «;, where
9" is the natural map S; — Y;. Thus cc™! is the least semilattice congruence
on U. Clearly p C cc™!, so cc™! induces the least semilattice congruence on
S = U/p. The next proposition therefore describes Z on S.

PROPOSITION 2.2. Let u,v € U. Then up 2 vp in *cr S; if and only if
c(u) =c(v).
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3. Coproducts of completely simple semigroups:
Green’s relations

For the remainder of the paper we specialize to the case where each factor
S; belongs to CS, the subvariety of CR consisting of all completely simple
semigroups. At the end of this section we consider some difficulties associated
with the general case.

Since, now, each |Y;| = |S;/2| = 1, we may redefine c(u) as {i € I : §;
contains a letter of u}; c now defines a morphism of U upon the free semilattice
on I, consisting of the nonempty finite subsets of /, under union.

For each i € I, specify an arbitrary idempotent s; of S;. Denote by LV, R®
and H®, respectively, the .£-, #- and 5#-class of s; in S;. (These play a
‘normalizing’ role.) For any word w € F, i denotes the word of U! obtained
from w by deleting all unmatched parentheses and choosing the representative
of the resulting e-class (see Section 1).

Let u € U, with content A, say, [A| = n > 1. By analogy with [1, 3, 9], put
u0 = a, where a is the longest initial segment of # such that c(a) # A. Lety
be the next letter of u after the segment a; then y & {(,)"'}, so y € §;, where
A — c(u0) = {j}. Putuo = (ys;)°, the idempotent in the S#-class R, N L of
S;. Thus y = (uo)y and u0y = uOuo y. The product L(u) = uOuo is defined
to be the left indicator of u.

Dually, let ul = b, where b is the longest terminal segment of u such that
c(b) # A; let ue = (s; x)°, the idempotent in the J#-class L, N R®, where
x € Sy is the last letter of u before the segment b, and put R(u) = ue ul, the
right indicator of u. Note that if ¢(u) = {i}, that is, u belongs to the factor §;,
then u0 = 1 = u1 and uo and ue are, respectively, the idempotents (us;)? and
(s; u)° of S;.

LEMMA 3.1. Letu,v e U,withupv. If

i) |cuw)]=1thenu=v;
(i) Jc(u)| > 1then u0 p v0 and uoc = vo, and dually.

PROOF. (i) Suppose u € S;, i € I. By Proposition 2.2, c(u) = c(v), so
v € §; also. Since S; embeds in S, u = v.

(i1) TItsuffices to prove the result when v is obtained from u by an elementary
transition. Let u, be the shortest initial segment of # with content that of u. In the
notation above, u; = ay and #; = ay = u0y. In the free monoid F, u = uu,
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for some u5.

Suppose u factors as pqr, in U, with p and/or q possibly 1; note that all
matched pairs of parentheses lie within p, g or r. Let v = pg(g)~'q r. Various
possibilities must be treated.

(a) Ifa= pgriandr = r; yu,inU (wherer maybe 1)thenu = pgr;yu,
and v = (pq(q)~'qr) yuz; now v0 = (pq(@)~'qr)) = pq(@)~'af1 p paf, =
(pqry) = u0. Clearly, uc = vo.

() Ifa=pq,y=qnr,q=qq,andr = ru,, where q,, r; may be 1,
then u = Pq192714; and v = pq19,(q192) " q1g2r112. Now ¢(g) = c(y), so
v0 = (pq;) = u0. Also y = g,ry Z ¢, (within some completely simple factor),
SO VO = uo.

(¢) Inall other cases of this transition, v and # both begin with the segment
ay. Thus v0 = 40 and vo = uo.

The reverse transition is handled similarly. Transitions associated with
(9)7'qg — q(g)' and ¢ — (¢~ ")! and their reverses involve only ad-
dition or deletion of parentheses and are handled easily.

LEMMA 3.2. Let u € U, |c(u)| > 1. Let u, be an initial segment of u,
regarded as aword in F. Then u p i, us, for some uy, € U. Thus u p it,(i4,) " u
and, in particular, u p L(u)u’ for some v’ € U.

PROOF. We proceed by induction on the number of unmatched left parentheses
inu;. Letu = uyw in F. If u; has no unmatched parenthesis then & = i,
(as a product in U). Otherwise, write u, = p(q, where g has no unmatched left
parenthesis. Sinceu € U, w = r) 'sforsomer, s. Thusu = p(gr)~'sinU, so
upv=pqr(qgr)~'(gr)~'s. But pq has one fewer unmatched left parenthesis,
s0 vp (pq)" u, for some u, € U, where (pg)”" = ;. This completes the proof
of the first statement, the second being an immediate consequence. To prove
the third, we use the notation in the preamble to Lemma 3.1: L(x) = uQuo =
ag = (ag)", where u = ays € ag-ys, so that ag is an initial segment of &, in F.

For ease of exposition, we extend p from U to U! by putting 1o = {1}.

THEOREM 3.3. Let {S;};ic; be a family of disjoint completely simple semi-
groups, U = xy S;and S = U/p = *cr S;. If u, v € U then

@)  up P vpifandonlyifc(u) = c(v);
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(i) up Z vp if and only if u0 p v0 and uo = vo;
(i) up L vpifandonlyiful pvl and ue = ve.

PROOF.

(i) In view of the opening remarks of this section, this is a special case of
Proposition 2.2.

(i) We first observe that up # L(u)p. For by the preceding lemma,
Rup < Riwyp; but L(w)p 2 up in S, since c(L(u)) = c(u), so equality of Z-
classes holds, the Z-class being completely simple. As a consequence, up #Z vp
if and only if L(u)p % L(v)p. One implication is then immediate. Conversely,
if Lw)p % L@)p then uOuo p vOvot for some ¢t € U. But (vOvot)0 = v0
and (vOvot)o = vo (since if ¢ begins with a letter from the same factor as vo,
then vot # vo and the definitions of (vOvo)o and (vOvot)o yield F#-related
idempotents). By Lemma 3.1, 40 p v0 and uoc = vo.

(ii) This is dual to (ii).

This result simplifies considerably when the factors are groups—see Sec-
tion 5.

The proofs of the results in this section have followed closely those of Clifford
for free completely regular semigroups [1]. The author [7] has modified these
techniques to obtain some properties of free products of bands, in the variety B of
all bands. The difficulties which arise when the factors are no longer completely
simple are discussed in detail there. We conclude this section with an example
to show that in that case Green’s relations & and .# are not determined in such
a simple fashion.

Let S, be a trivial semigroup {e} and let S, be a two-element semilattice
{figh, f >g InU,eg =efg p ef(ef)"'efg = ef (ef)"'eg. Suppose we
were to define 40 as a, where a is the longest initial segment of 4 involving all
the factors but one that appear in u, and define uo as above. Then (eg)0 = e
and (eg)o = g; also (ef(ef) 'eg)0 = e and (ef(ef) 'eg)o = f. Thus
Lemma 3.1 would now fail.

A slightly less naive definition for u0 would be as a, with a the longest initial
segment whose content is greater than that of # (using the general definition of
content in Section 2) and with uo as before. In the given example, (eg)0 = e
but (ef (ef)'eg)0 = ef (ef)'e. Since e and ef (ef) ' e have different contents
they cannot be p-related. So Lemma 3.1 again fails. Nevertheless, some positive
results have been obtained for free band products [7], leaving open the prospect
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of further progress for completely regular semigroups in general.

4. Coproducts of completely simple semigroups: the word problem

Let {S;}ie; be a family of disjoint completely simple semigroups; define
U = %y §;, recalling the remarks following Proposition 1.2; and let S = U /p =
*cr S, as in Section 1. We solve the word problem in S (modulo those in the
factors S;) inductively, based on |c(u)], that is, on the number of factors S;
involved in the word u € U under consideration.

If |c(u)) = 1landupvthenu,v € S; forsomei € [ andsou = v in §;
(since S; embeds in S). The inductive step involves an extension of the notion
of characteristic sequence introduced in [8].

Let |c(u)| = n > 2. The characteristic sequence [u] of u, to be constructed
below, will have the form

(njejuigido<j<k = (Mo€oUogos M1€1U181, - -+ » Mr€rli8k)

where for each j, u; € {1, -1}, c(¥;) = c(u) — {i;} for some i; € c(u) and
e; and g; are idempotents of Sii. The expression e;ju;g; is to be regarded as a
product in U (or in F); it is termed a link of u. (This term has a more general
meaning here than as originally used in [9]). A link e;u;g; is interior if neither
e; nor g; is 1. Let Link (u) be the set of interior links of «. It will be shown that
Link (u) = {eju;g; : 0 < j < k} and that eyuogo and e,u, g are, respectively,
the left and right indicators of u.

The characteristic sequence is constructed inductively, as in [8], on the number
of segments (¢)~! of u with c(q) = c(u).

(i) Suppose u has no such segment. Let by, ..., b, be the sequence of
segments of u, read from left to right, that are maximal such that |c(b;)| =
lc@)| — 1. Putu; = b;, 0 < j < k. Let c(u) — c(b;) = {i;} and let x; and
y;, respectively, be the letters of u that immediately precede and follow b; (with
value 1 if empty). Let ¢; = (s;, x;)° and g; = (y;s;,)°, the idempotent in the
H-class R N L, or L N R,,, respectively, of §;; or lif x; = 1ory; = 1.
Let [u] be the sequence (+e;u;g;)o<j<« SO defined.

(ii) Now suppose u = p(q)~'r, where c(q) = c(u). Put

[u] = ((pg0)4o, —4clq1qq0lss, 4elqlr))
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1wl if [c(w)| < |c(u)|
(w) = { [w] if lcw)] = Je)]

— (wo, -+, we) = (—wy, ...
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and pre-subscripting [post-subscripting] denotes pre-multiplication [post-mult-
iplication] of the first [last] link by the subscript.

In case (i) it is clear from a comparison of the definitions that pgeglogo is the
left indicator of u, thatis, oy = 1, ¢g = 1, uy = 10 and go = uo. In fact, a
simple induction establishes that this is true for any u. Similarly, e u; g, is

the right indicator of u, thatis, u; = 1,e¢, = ue,uy =uland g, = 1.

EXAMPLE. Let S and S, be the two rectangular bands defined in Figure 1, with
designated idempotents s; = e, s, = f and the designated .¥- and #Z-classes

thus as indicated.

Consider the word u = ajb (ajb)"'af € U. Then (ajb)0 = a, (ajb)o
(jf)° = f,(ajb)1 = band (ajb)e = (fj)° = j; note that (ajb)a = aj (ba)

aje; similarly b(ajb) = ejb. Thus

[u]l = ((aje)f’ —j [eje]f, j (ef)).

Now c(aje) = c(u), so (aje) = [aje] = (laf, eje, je-1) and (aje);

(laf, eje, jef). Similarly, ; (ef) = (jef, ef -1). Also[eje] = (lef, eje, je-
1), so jlejel; = (jef. eje, jef) and — ;[ejel; = (—jef. —eje, —jef).

Hence

[u]l = (1af, eje, jef, —jef, —eje, —jef, jef, ef - 1).
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Similarly,

[@ib) " ajef] = (ta)r, —ilejel;, ;Lejef])
= (laf, —jef, —eje, —jef, jef, eje, jef, ef - 1).

Let Z be a countably infinite set of new variables and let F G denote the free
group on Z. Our main theorem is a close analogue of the Theorem in [8].

THEOREM 4.1. Let {S;};c; be a family of disjoint completely simple semig-
roups, let U = *yS; and S = U/p = *cgS;. Letu,v € U. If [c(u)| = 1 then
upvifandonlyu = v; if |c(u)| > 1 then u p v if and only if

®» cu) =c(v);
(ii)) u0 pv0and uoc = vo;
(iii) ul p vl and ue = ve;
(iv) if [u] = (ujeu;8))o<j<k and [v] = (0; fjvihj)o<j<e and Y is any map
from Link (u) U Link (v) into Z such that (ewg)y = (¢'w'g )y if and only if
e=¢,wpw and g = g, then

k [
[T Weuigpvy = «fuhpw)™  in FG,.
j=1 j=t

If Link (x) or Link (v) is empty, the product is interpreted as the identity
element of FGz. Before its proof, the theorem will be exemplified.

EXAMPLE. In the example above, Link (ajb(ajb)'af) = {eje, jef} =
Link ((ajb)~! ajef). We may map eje to z; and jef to z, say, z; # z,. Then
the product associated with ajb(ajb)~' af is z12,z; 'z;'z; 'z, = 1 and that with
(ajb)~'ajef is z;'z;'z; " 20212, = 1. According to Theorem 4.1, therefore,
ajb(ajb)~' af and (ajb)~' ajef represent the same element of S.

PROOF OF NECESSITY. Necessity of (i)—(iii) follows from Theorem 3.3. From
the definition of p, to prove (iv) it is only necessary to show that

(@) (iv) holds for (u(u) ' u, u), ()™, () 'u) and (((w)~H)!, u) for
allu e U;

(b) ifu p vand(iv)holds for (¥, v) then (iv) holds for (su, sv) and (us, vs),
forany s € U.
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We need the following lemma. Observe first that the operators 0 and o on
words in U may be iterated: putu0® = u and uo® = 1 and define u0" = (u0"~")0
and uo” = (u0"!)o for n > 1. The operators 1 and ¢ are iterated similarly.

LEMMA 4.2. Let s,u € U. Then

(1)  if c(s) and c(u) are incomparable then [su] = (+e;w;g;)o<;<n, Wwhere
e; = s€/*, w; = s1/"u0 g = uo’?,0a = hB =0andfor0 < j < h, ja
and jB are positive integers determined by the order in which the factors §;
involved in s last appear and the order in which the factors involved in u first
appear, respectively;

(i)  ifc(u) € c(s)and [s] = (n; fisih;)o<j<e then

[su} = (mofosoho, - - Ne—1 fo—1Se—1he—1, fe (seu)).

PROOF. This follows straightforwardly from the definition of characteristic
sequence.

To prove (a) above, letu € U, |c(u)| > 2, and suppose [u] = (u;e;u;8)o< ;<
= (luggo, T, ewuy 1), say. By definition, recalling that uy = 10, gy = uo,
e, —ue and u; = ul,

() u) = (uiolgys —e [tx t Uolgy o [UiU]).
By Lemma 4.2 (ii) and its dual,

[qu]go = (luOgO’ T? € (ukuO)go)’
€} [uku] = (ek (ukuo)gov T! ekuk N 1) and

elUi U lglg, = (ek (Urto)gy, T, ek<uku0)go)-

Substituting these three sequences into the previous one, applying an appro-
priate map ¥ and evaluating in F G verifies that (iv) holds in this case. The
case (u(u)™', (u)~'u) is similar. Considering (((#)~')~!, u) we have, applying
the definition,

(@)™ = (o) gyr —elua(@) ™ uolgy, o (Mx))

= (luogo, _ek[uk(u)—IMO]gov exgi - 1).
Applying the definition once more,

[uk(u)_luo] = ((uku0>go’ —efuru u()]go! ex (Uguo))
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a‘nd so 43 [uk(u)_luo]go = (e;, (ukuO)go ) _ek [uk u u()]go ' ey (uku())go). SubStitutlng
this last sequence in the expression above and using the formulas obtained for
the first case, we obtain

(@)™ = (11080, — e, (Mklo) gos e (Ukt0) gos T e (UrU0) gos — ey (Uil0) go» € 8k-1).

The proof may now be easily completed.

The proof of (b) above is by induction on the content. Suppose that (iv) holds
for (u,v), u,ve U, upv,andlets € S. By Theorem 3.3, c(u) = c(v). Sup-
pose firstly that c(u) and c(s) are incomparable. Then [su] = (+e;w;g;)o<j<h>
in the notation of Lemma 4.2 (i). Similarly, [sv] = (+fjz;h;)o<j<e, Where by
repeated applications of Lemma 3.1, from u p v it follows that h = £, that
fi = sl = ¢ and h; = vo'’# = uo/? = g;, and that z; = s1/*v0¥ p
51/ 40# = w;, for 0 < j < h. Thus for any appropriate map ¥ into Z,
(ejw; gV = (f;zh)¥,0 < j < h,and so [} (yw; )% = [T;2 (fiz;h)¥
in FG, that is, (iv) holds for (su, sv).

Next suppose c(u) € c(s). Let [s] = (n; fiSjih;)o<j<e = (Isoho, S, fese - 1),
say. By Lemma 4.2 (ii),

[sul = (1soho, S, f(scu)) and
[sv] = (1sohy, S, fl(slv))~

Ifc(u) C C(Sg) then 4, (s,u) = fo(s,u)-1and z,(s,v) = fo(s,v)- 1. Since ¥ is
only applied to interior links, the result is clear. Otherwise, c(s,u) = c(su) and
(seu) = [seu], {sev) = [s,v]. If c(u) and c(s,) are incomparable then the first part
of the proof shows that (iv) holds for (s.u, s,v). Moreover, the leading terms of
£.[s¢u] and ,[s,v] are p-related since they are, respectively, f,(s.u) 0 (s,u)o and
fe(s:v) 0 (s,v)o and applying Lemma 3.1 to s,u and s,v, (s;u)0 p (s,v)0 and
(seu)o = (syv)o. Under an appropriate map ¥, these two terms are therefore
equal and (iv) holds for (su, sv). The remaining case has c(s;)&Ec(u) (that is,
c(u) = c(s)). By the dual of Lemma 4.2 (ii), z,[scu] = (1, {(seu0)uo, T, ue(u1)-1)
and ,[s,v] = (4, (s¢v0)s, V, ve(v1)-1), where [u] = (1uOuo, T, ue(ul)-1) and
[v] = (1v0vo, V, ve(vl) - 1). The case where c(s;) and c(#0) are incomparable
is completed similarly to the previously considered case. In the remaining
possibility, f,(seu0)u, = fe(seuO)uo and f,(sev0),, = fe(sev0)vo. As above,
these links are p-related and therefore equal under any appropriate map y. It
now follows that (iv) holds for (su, sv) in this case also.

The alternative case, c(s) S c(u), holds similarly. Thus (iv) holds for (su, sv)
in all cases. By duality, it holds for (us, vs) also.
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PROOF OF SUFFICIENCY. The main tool in the proof of sufficiency in {8] was
the ‘Decomposition Lemma,’ based on arguments in [9]. Its analogue here is
Lemma 4.3. Recall from Section 3 that for i € I, s; denotes the distinguished
idempotent of S;, belonging to the J#-class HY = R® N LY. It will be
convenient to assume / is well ordered.

LEMMA 4.3. Letu € U, c(u) = A, say, |A| > 2. Let [u] = (ujeju;8;)o<j<-
Then

k—1
) u p w(luoge) [ [ (eju;8)" wrlewus)

j=1

where for ewg € {e;u;g; : 0 < j <k},

wy(ewg) = ewg f (fR(w)gf)™
w(ewg) = fewg f (fRw)gf)™!
wrlewg) = fewg

andif A={i, <...<i}, f=si...5, (5 ...5,) " eU.

PROOF. For notational convenience, put I; = R(u;)g; (= ujeu;lg;), 0 <
J < k. Observe that I; also equals €| L(u;+;) = €j114;410u;4,0.

First consider the case where u has no segment (g)~! with c(g) = c(u). Let
d denote the terminal segment of u that begins with #; and put W = d. If, on
the one hand, u, was obtained from the initial segment b, (see the definition
of [u]) without deleting any unmatched parentheses then u = uou’ = uggow’,
for some u’ € U; thus W = (upl)u’ = (ugl)gou’. By the dual of Lemma 3.2,
uogo P uogo(lo) Iy = uogo(lo)™' R(uo)go = uogo(lo) '€y (uol)go. Therefore
u p uogo(lo)'e;W.

On the other hand, if some parenthesis was deleted from b, we may write
uy, = pg, where g begins with a left parenthesis and is an initial segment of
some segment (e)~! of u. So u = p(e)~!f for some f € U’. Since, by
hypothesis, c(e) # c(u), and the right parenthesis )~ is to the right of gy = uo
(see Section 3), it follows that the initial ( of g is to the right of (10)e, whence
ugl = hg for some h € U'. Thus W = h(e)”' f and since by Lemma 3.2,
(@7 p 880(880) (&)™, W phggo(8g0) (&)™ f = (uol) go(gg0) (€)' f.
Similarly

u=pe) ' fopggo(ggo) " (&)™ f = uogo(8g0) ™' (&)7' f
puogo (Io)™" e1(uol)go (880) (&) f
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puogo (Io) ' ey hggo (£80) ' (&' f
puogo (Ip) ™ er W,

using the proof of the first case in the central step.

In either case, therefore, u p uogo(lp) ! ey W. Next observe that (f(flof)™!
fIp)p is an idempotent in U/ p which is ¥ -related to (u,g¢) 0, by Theorem 3.3,
since Iy = R(upgo). Thus

upuogo fF(F L)™' f Io(lo) ™' e W
puogo f(FIof)™' ferW = w (luogo) fer W,

since Iy = R(uo)go = e L(1)) = L(e,u) = L(eyW).
Now these arguments may be applied to W and repeated until (1) is achieved.
The rest of the proof proceeds inductively on the number of segments of u of
the form (g)~! with ¢(g) = c(u).
Suppose u = p(q)~'r. By Lemma 3.2, L(9)L(9)"'()"'p(g)~", s0

uppL(@)L(g)™'(q)"'ro. The p-class of the word f(fR(q)qL(g)f)”!
f R(q) q L(g) is an idempotent in U/ p that is .Z-related to L(g), by the same

lemma, so

uppL(q) F(FRQ L) fRQ q L@QL(@) " (@) 'r
ppL(@) fF(FR@qL@f)" fR(@ q(@)'r

and thus

(2) uppL(q) f(fFR@q L))" R

since R(q)q(q)~' p R(q), by the same lemma again. (Compare with [9,
ILemma 2.1]).

Note that all the words of the form f w f that appear in (1) or (2) have content
c(u). By Theorem 3.3, therefore, each such (f w f)p belongs to the subgroup
Hg, of U/p. Since f R(L(q))f also belongs to this group,

uppL(@) f (FRIL@) (FR@ L@ f (FRL@)H ' fR(@r.
3
Suppose ¢(pq0) # c(u). Then (pq0),s = 1(pq0) qo (= luego) and

w.(1(pq0)go) = pqOqo f(fR(pqO)qof)™!
= pL(q) f (fR(L@H),

since L(q) = q0qo and R(L(q)) = R(q0q0) = R(pq0q0) = R(pq0)qo.
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Otherwise c(pg0) = c(u). Let [pq0] = (7 firjh;)o<j<¢. By the inductive
hypothesis,

-1
Pq0 p w (1roho) ]—[ w(firih;))" wg(fere).
j=l1
Since c(q0) = c(r,), we have R(¢q0) = R(ry) and R(L(q)) = R(q0)qo =
R(re)qo.
Hence

wr(ferel) go fF(FRIL@) )™ = ffereqo fF(fR(ro) qo f)™' = w(fereqo)

and
-1
pL(@) f(fR(L(@) ) p o (1roho) nw(ﬂrjhj)"’ w(fereqo).
j=1

This covers the first segment of the right hand side of (3). We next treat
the large inverted term. Let [(g1) g (90)] = (n;c;t;d;)o<j<x. By the inductive
hypothesis,

h—1
41490 p w (liode) [ | w(c;tid))" wrlcats).
j=1
Now fR(q) = fqgeql and fqge w (15dy) = w(qetody); similarly, L(q) f
(fRIL(@N )™ = q0qa f(fR(L(q)) f)™" and wg(cats1)qo f (f R(L()) )™
= w(cytrqo), since R(L(g)) = R(q0)qo = R(#)qo, similarly to the earlier
argument. Combining these two equations gives

A1
w(cjtid))" w(chtrqo).
=1

FR@qL@QF(FRIL@)SI) " p w(getods)

J

A similar, but simpler, analysis applies to the last segment, f R(q)r, of (3). By
substituting these equations into (3) and comparing the result with the definition
of [u], the proof of the lemma is completed.

To complete the proof of sufficiency, let u, v € U, with |[c(u)| > 2, sat-
isfying the conditions in Theorem 4.1. Let {u] = (u;eju;go<j<k» (V] =
(njfjvjh,-)ofjs,;. By Lemma 43,

k—1

u por (luoge) [ | w(ejuig)" wrlewms)
j=1
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and
-1

v pwr (1vghg) l—[ w(fivih;)" wr(feve).
j=1

Let ¢ be any map of Link (#) U Link (v) into Z, as in the statement of the
theorem. Then

k-1 -1
[Tuerv™ =] fuhpy™  in FGa.
j=1 j=1

For any ewg € Link (1) ULink (v), w(ewg) = fewgf(f R(w)gf)™". Thus
for any ewg, e'w'g’ € Link (u) U Link (v), if (ewg)¥ = (¢w’g")¥ in Z then
w(ewg) p w(e'w’'g’). For by hypothesis e = ¢’, g = g’ and w p w’, whence,
by Lemma 3.1, R(w) p R(w’). Since for all such ewg, (ewg)p belongs to the
subgroup Hy, of U/p,

k-1

[ wteugn® p]_[w(f,v,h)’

]=

But by hypothesis (ii), upp vo and go = ho, so R(ug) p R(vy) and
wr (luggo) p wi(lugho). Similarly wg(eur) p wr(feve). Hence u p v.

COROLLARY 4.4, Let {S;}ic; be a disjoint family of completely simple semig-
roups and put S = *cgr S;. Then the maximal subgroups of S, other than those
of the original factors S;, are free groups.

PROOF. Let H be a maximal subgroup of § that is disjoint from | J,, S;. By
Theorem 3.3, H determines a finite subset A = {i, i2, ..., i,} of I, withn > 2,
namely c(u) for any u € H. Let Link, = {J{Link (¥) : u € U, c(u) = A}.
Let i+ be a map of Link, into a sufficiently large set Y, such that for ewg,
e'w'g’ € Link,, (ewg)y = (¢w'g’)y ifand only if e = ¢/, wpw’ and g = g’.

For1 < j < n, lets; be the designated idempotent in Sij , as in Section 3. Put
S=s8...5,8,...5,,. By Theorem 3.3, H C D,,, and so H = H,,. Clearly,
s0=s;...5,, =sland so =se =s;, =d, say.

Note that

4(s150)y = d(s1s0)d = d(s;, ...s;,_)°d € Link (s;,8;, ...S;_ i, ---5i,)s

so (d(s150)d) ¢ is well defined.
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Let u,v € U, with [u]l = (ujeju;jgj)o<j<k = (luogo, T, eruy - 1) and
(vl = (0 fivihj)o<j<e = (1wvpho, V, feve - 1), say. If up, vp € Hy, then by
Theorem 3.3, ug = u0ps0pv0 = vy, go = uo =so =d = vo = hy, u, =
ulpslpvl = v, and g, = ue = se =d = ve = h,. By Lemma 4.2 and its
dual [uv] = (luogo, T, 2(ulv0)y, V, fev, D).

Now (4 {(u1v0))¥ = (dsls0d)y, since ulv0 p s150. Thus the map

k=1
up —> n (eju; g )¥" (ds1s0d)yr
j=1
is a morphism of H,, into FGy which, by Theorem 4.1, is injective. The
Schreier subgroup theorem completes the proof.

5. Coproducts of groups

Let {G,};c; be a family of disjoint groups. Theorem 4.1 simplifies, to the
extent that the solution looks almost identical to that for free completely regular
semigroups. For the designated idempotent s; of G, is obviously its identity, and
HY =LY = RY = G,;. Hence ifu € U = *yG, and e;u;g; is a link of u, then
eithere; = 1 or ¢; is the identity of G; , where c(u) — c(u;) = {i;}, and similarly
for g;. Thus we may omit mention of ¢; and g; altogether. Theorem 3.3 now
specializes as follows.

PROPOSITION 5.1. Let {G,}ic; be a family of disjoint groups, U = xyG; and
S=U/p=%crG;. Ifu,v € U then

1) up D vpifandonlyif c(u) = c(v);
(1) up Z vp if and only if c(u) = c(v) and u0 p v0;
(1)  up L vp ifandonly if c(u) = c(v) and ul p vl.

The definition of the characteristic sequence [u] of 4 may be simplified:
(4] = (uju;)0<j<, Where

(i)  if u has no segment of the form (¢)~"' with ¢(q) = c(u), then u; = 1
and u; = 3,, 0 < j <k, as before, and
(i) ifu = p(q)~'r, where c(q) = c(u), then [u] = ({pq0), —[q1 ¢ q0],
(glr)), where
_Jw if c(w) # c(u)
(w) = { [w]  if cw) = c(u).
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Now Theorem 4.1 becomes the following (cf. [8, Theorem]).

COROLLARY 5.2. Let {G,}ic; be afamily of disjoint groups and let U = xy G;.
Letu,v e U, |c(u)| = 2. Then u pv if and only if

®  c(u) =c),
G) uOpv0,
i) wulpvl,
(v)  if [u] = (ujuj)o<j<x and [v] = (n;v;)o<j<e and Y is any map from
{ur, . ..o J V{1, - .., V1) t0 Z such that for s, t in the domain, sy =t if
andonly if s pt, then T[;_} (w;y)* = 1,2} (v¥)" in FGy.

By standard arguments, when each group G; is infinite cyclic, *xcg G; =
FCR; and Corollary 5.1 becomes precisely the Theorem in [8]. A more novel
special case is that when each group G; is trivial, G; = {e;}, say. Let 1=/{e :
i € I}. Then I is a set of idempotents of S = *cgr {e;} which generates S and is
bijective with I.

PROPOSITION 5.3. The free product S = *cgr {e;} of trivial groups {e;}ics,
together with the injection 0 : i — e;, i € I, is the free idempotent-generated
completely regular semigroup FICR; on I, in the following sense. For any
map ¢ of I into the set Er of idempotents of a completely regular semigroup
there is a unique morphism ¢ - S — T such that 6¢ = ¢.

PROOF. Let ¢ be as in the statement of the theorem. Then for each i, the
restriction ¢; of ¢ to {i} induces the monomorphism @; of the group {e;} into
T given by e;¢; = i¢. These monomorphisms extend uniquely to a morphism
®: S — T suchthat e;¢p = e;¢; forall i € I. Thus ¢ = ¢.

Corollary 5.2 therefore solves the word problem in F 1CR,, for any set A. In
particular, by Corollary 4.4, the nontrivial subgroups of F ICR, are free. In the
next section we show that F/CR, is isomorphic with the completely regular
subsemigroup of FCR, generated by {a° : a € A}.

6. Subsemigroups of the free product

In this section we show that if for each i € I, T; is a (completely) regular
subsemigroup of the completely simple semigroup S; then the completely regular
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subsemigroup of the free product § = *cg S; generated by | J,, T; is isomorphic
to *cg T;. (It was shown in [7] that for bands, at least, this need not happen if
complete simplicity of the factors is relaxed. We do not know if the same is true
for completely regular semigroups.)

Recall from Section 1 the notation X, for | J,_, S;, and F, for the free monoid
on XU{()'}. NowletY = Uie; Ti € X and let Fy be the submonoid of F
generated by Y U {(, )"!}. Clearly, Fy is freely generated by this set. Also FUy,
the free unary semigroup on Y, is (isomorphic to) the smallest subsemigroup
of Fy such that Y € FUy and (w)~! € FUy whenever w € FUy; thus FUy
is the unary subsemigroup of FUy generated by Y. Let €y denote the unary
congruence on FUy generated by

{s-t,st):s,teT, ieDU{(@) ", tY:teT, iel).

Suppose v, w € FUy andve w (in FUy). Let v and w, respectively, denote the
unique words in F'Uy that are ey-related to v and w according to Proposition 1.2,
as applied to Y. Then applying the same proposition to X we see that since
€y C e€x, v = w and so vey w. Hence € restricts to €y on FUy and we may
identify the free unary product xy7; with a unary subsemigroup Uy, say, of U =
xycpS;. Furthermore, we may suppose that Uy comprises those ‘reduced’words
of U whose letters (other than (and )™') belong to Y (see the remarks following
Proposition 1.2).

All the discussion so far has been valid in general, for T; a unary subsemigroup
of S;,i € I. Now leteach S; be completely simple. Denote by py the congruence
on Uy that induces *cgT;, as in Proposition 1.3. In the notation of Section 3,
for each i € I, we may choose the designated idempotent s; of S; from T;. For
u € U, if u € Uy itis clear that u0, ul € Uy also. Further, uo = (ys;)° € Uy
and ue = (s;x)°® € Uy (see Section 3 for the definition of x and y). In fact,
if [u] = {u;eju;g;}o<;<« denotes the characteristic sequence (Section 4) of u,
regarded as an element of U, then similar reasoning shows that each e;, g; € T},
for some i; € I, and each u; € Uy. Hence [u] is also the characteristic sequence
of u, when u is regarded as an element of Uy.

Now denote by ({;., T;) the completely regular subsemigroup of S = *cgS;
generated by the subsemigroups 7;, i € I. Clearly, (U, ! T,-) is the image of Uy
under the projection of U on U/p = S. From Theorem 4.1 and the discussion in
the preceding paragraph, it is now evident that for words u, vin U, if u, v € Uy
and u p v then u py v; that is, p restricts to py on Uy. Hence (U T,-) = xcrT.
This completes the proof of the main result of the section.

iel
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THEOREM 6.1. Let {S;};c; be a family of completely simple semigroups and
let T; be a regular subsemigroup of S;, i € 1. Then the unary subsemigroup of
xcrS; generated by the semigroups T;,i € 1, is isomorphic with xcg T;.

COROLLARY 6.2. The free idempotent-generated completely regular semi-
group FICR, on a set A is isomorphic with the unary subsemigroup of FCR,
generated by {a° : a € A}.
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