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We consider the discrete Safronov-Dubovskii aggregation equation associated with
the physical condition, where particle injection and extraction take place in the
dynamical system. In application, this model is used to describe the aggregation of
particle-monomers in combination with sedimentation of particle-clusters. More
precisely, we prove well-posedness of the considered model for a large class of
aggregation kernel with source and efflux coefficients. Furthermore, over a long time
period, we prove that the dynamical model attains a unique equilibrium solution
with an exponential rate under a suitable condition on the forcing coefficient.
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1. Introduction

Aggregation is a fundamental dynamic process to augment an animate or inanimate
matter. Technically, the aggregation process describes an event where two smaller
particles merge to form a large cluster. Generally, by this particulate process,
although the number of daughter particles gradually decreases; however, the size of
the new particle increases. In 1916, M. von Smoluchowski proposed a mathematical
structure for this particulate process, well known as Smoluchowski’s aggregation
equation (SAE) [15]. In practical field of study, this equation is ubiquitously used
to describe cloud physics [12], oceanography phenomena [2] and different models
in chemistry [1]. In this context, if a;(t), i« € N\{0} denotes the concentration of
i-clusters at the time ¢ > 0 then the SAE reads as

dai (t)
dt

= W;(a(t)) with initial data a;(0) = a!™ >0, (1.1)
where W(a(t)) = Y0_] Hi_jjai—;(t)a;(t) — 300, Hijai(t)a;(t). The first and
second terms in the right-hand side of W;(a(t)) represent the birth and death coeffi-
cients, respectively. In general, J7; ; defines the aggregation kernel and is symmetric
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with respect to ¢, j, which physically indicates the rate at which i-mers merge with
j-mers to form a large (i 4 j)-cluster. It is worth to note that due to SAE (1.1) the
clusters can only grow in size while no smaller particles are created or inserted in
the system. Therefore, existence of a equilibrium solution cannot be achieved from
the original form of SAE (1.1). In their article, Carr and Costa [3] proved that
for a certain class of aggregation kernel the gelation phenomena may occur at any
time interval. However, there is a handful number of articles on various mathemat-
ical aspects such as existence, uniqueness and large-time analysis of the solution to
the SAE (1.1) and its continuous form. In later years, the SAE was extended as
in [11, 13] to achieve its stationary state by adding source and efflux term

da, (t)
dt

= Wl(a(t)) + 8; — riai(t). (12)

Here, s; represents the rate at which the cluster of i-mers is injected into the
system. The third term is the removal term, which indicates the cluster of size i is
removed from the system at a rate r;a;. These two factors are together called forcing
coefficients as they play a vital role to add or remove i-mers from the system. The
existence of stationary solutions and their uniqueness is well studied in [4, 17]. In
the recent years, for a large class of coagulation kernels, the well-posedness and
convergence to the unique equilibrium to equation (1.2) have been studied in [14].

During 1990 s, renowned mathematician Pavel B. Dubovskii has introduced a new
mechanism of discrete aggregation process, which plays a significant role to describe
several physical fields of studies such as astrophysics (cloud forming), cosmology
(formation of planets and galaxies), astronomy (asteroid size distribution), etc.

In the past few decades [9, 10]. In literature, this discrete aggregation model is
referred as the discrete Safronov—Dubovskii aggregation equation (SDAE) [6, 8].
According to SDAE, for the above-mentioned discrete size distribution function
a;(t), we consider that ag(t) is equal to zero at any time ¢ > 0. With this consid-
eration, the governing equation, which describes the time evolution dynamics of
cluster growth, is given by

da;
adt( = a;— 1 Zﬂz 1]]a] Zﬂlyjja] Zﬂldaﬁ

(1.3)

We now interpret the terms appearing in the right-hand side of equation (1.3).
The aggregation kernel j3; ; (with i # j) denotes the collision rate of i-mers with
j-mers. In general, §; ; is a non-negative and symmetric function. The first term
in the right-hand side of (1.3) represents the inclusion of i-mer particles into the
system. This é-mer particles formed during the collision of (¢ — 1)-mers with the
monomers formed by the breakup of a j-mer into 7 monomers. In the similar way,
the second and third sum represents the removal or death of i-mers from the system
due to the fusion of the monomers with i-mers and forming a larger (i 4+ 1)-mer.
For a detailed interpretation of the second and third terms, readers can refer to [6].
Since the pioneer studies of Dubovskii [9, 10], the discrete SDAE acquired
a remarkable popularity in experimental research. In the literature of
Safronov—Dubovskil aggregation model, there are few articles available, which deal
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with the mathematical aspect such as existence, uniqueness, mass conservation,
large time analysis or convergence of equilibrium solution to the discrete SDAE
(1.3) [6-8, 16]. After the classical works of Dubovskii, Wattis [16] and Davidson
[8] reported some works on the mathematical aspect of discrete SDAE. Recently,
Das and Saha [6] established the existence of unique mass conserving solution for a
large class of unbounded coagulation rate. Therefore, to summarize, most of the cur-
rent research is devoted to the existence and uniqueness of solutions of the original
Safronov—Dubovskil aggregation equation. It turns out that achieving steady state
becomes inevitable to stabilize several cosmological phenomena or to reduce the
expense of some physical experiments. Like SAE, the discrete SDAE is pure aggre-
gation equation, thus no smaller daughter particle can be generated by the system
(1.3). Similar to the SAE with source and efflux term (1.2), it can be expected that
the discrete SDAE with effect of external force approaches an equilibrium state as
t — oo. In this regard, we consider the discrete Safronov—Dubovskii aggregation
equation with source and efflux term reads

da; (t .
dai ) _ ra@), i>1, (1.4)
dt
associated with the initial data
a;i(0) = ai". (1.5)

The operator F is defined as

fz(a(t = Qj— 1 Zﬂz 1]]a] Zﬂlvjjaj

oo

- at Zﬂl,_]a] + 8 — Tzaz(t) (16)

The non-linear initial value problem (IVP) (1.4)-(1.5) represents the time evolu-
tion of the cluster growth dynamics under the effect of external force, in which the
source function permits an external supply of particles into the system with rate s;.
On the other hand, the efflur term represents the rate r;a;, at which the particles
are removed from the system. In application, this efflux term is often considered
to define the sedimentation of particles due to gravity. We can retain the original
SDAE (1.3) by setting s; = 0 = r; in equation (1.4).

The objective of this article is devoted into two parts. First, we need to establish
the well-posedness of the evolution equation (1.4) for a large class of aggregation
kernels and removal rates which consolidate the model. This discussion is neces-
sary to validate the model mathematically. Secondly, we show that for large time
interval, the solutions converge to a unique equilibrium with exponential rate of
convergence. This will be the first evidence in literature to discuss the stationary
state solutions for the SDAE coupled with source and efflux components. Another
underlying motivation for studying equation (1.4) is to work towards establishing a
relation with additional differential equations, which is a common theme in the con-
text of reaction—diffusion systems. Before the extension can be achieved, we should
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understand the motivation behind considering the injection and extraction terms
in equation (1.4).

For particulate events, the moment functions take part an important role as some
of them bear relation to significant physical entities. In this regard, for any p > 0,
we define the p — th order moment and the truncated moment of a solution to
equation (1.4) as

M, (t) = Z i*a; (t), and M (t) = Zi“ai (t) respectively.  (1.7)
i=1 i=1

In general, zeroth-order moment denotes the total number and first-order moment
represents the total mass of particles in the system. From the classical principle of
conservation laws, mass can neither be created nor destroyed in any particulate
system. Therefore, we can expect that the total mass Mq(t) = > .2 ia;(t) will
remain unaltered by the original form of SDAE (1.3). In a current study, Das and
Saha [6] studied the mass conserving behaviour for a large class of aggregation rate

5i7j<50(1+i+j)a with 0<a<1.

Some more evidence on mass conservation of the SDAE can be found in [8].
In contrast to the mass conserving behaviour, recently Das and Saha [7] proved
the occurrence of mass-loss phenomena at any time interval for the kinetic kernels
satisfying the rate

Be (1%5° +475%) < Biy < Bu(1+8)” (1+4)° with 0<a < Band fw> 1.

Moreover, the authors also highlighted that the system (1.3) will be ill-posed for
the aggregation kernel with growth rate 3; ; = i* 4 A, with A > 1.

In this context, to attain the convergence to a unique equilibrium, we impose the
additional force. More precisely, the current article adopts a removal rate with the
coefficient r; such that the efflux term r;a; causes the solution of (1.4) to exhibit
analogous properties as a solution to the system with strong fragmentation regime.
However, the consequence to inject or remove a particle externally is that, the mass
conserving behaviour cannot be expected for (1.4). However, M; in general satisfies
the equation

MBS
T—izzlzsz ;zmal(t).

In spite of having high non-linearity due to aggregation coefficients in the considered
model (1.4), our study successfully proves the existence of stationary state solutions
as t — oo. In this regard, to establish well-posedness or achieve steady state, the
growth rate of the source and efflux coefficients s; and r; play a significant role to
attain the convergence to a unique equilibrium. As already mentioned, the removal
coefficient 7; usually sketches the effect of sedimentation. In this circumstance, we
assume that all the clusters are spherical and represented by their concentration
i € N along with the fractal dimension D(). Under these conditions, we can obtain
the scaling r; ~ 7 [2, 12].
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On the other hand, concerning the source term s;, a general assumption is that
only monomers are injected, i.e. s; = 0 for ¢ > 1. In the present study, we allow the
particle to be injected into the system at a more general rate. More precisely, we
only require that, with the increment concentration of cluster, the injection rate s;
decreases sufficiently fast.

The work is organized as follows. In § 2, we state some preliminary definitions
on the solution and equilibrium solution of equation (1.4), which are essentially
required in the subsequent discussion. Moreover, we brief all the conditions, which
we assume on the kinetic coefficients. Based on these conditions, we estimate several
higher-order moments of the solution to equation (1.4) in § 3. In the subsequent
§ 4, we establish the existence of solution to the IVP (1.4)—(1.5). In subsection 4.1,
we introduce the truncated form of the IVP (1.4) followed by the proof of local
existence of solutions to the truncated problem. Later in subsection 4.2, we prove
the global existence theorem with the help of some strong convergence result like
Arzela—Ascoli theorem. We prove a contraction property in § 5, which plays a key
role for existence and the rate of convergence to the equilibrium solution. Moreover,
with this property, we discuss the uniqueness of solution to the IVP (1.4)—(1.5) in
the same section. In the second part of this article, we achieve equilibrium solution
with the help of previously obtained contraction property in § 6. Furthermore, we
also prove that the solution converges to the steady state with exponential rate
under a suitable smallness condition on the kinetic coefficient. Finally, we end our
article by drawing some conclusions of the contribution in § 7.

2. Preliminaries: definition and hypothesis

For > 0, let EL denote the weighted ¢; space of real sequence a := {a;}°,, defined
as

i=1

EL = {a = {ai}ieN

oo
a; € [0,00) for all i € N and |[af|¢ = Z i*a;| < oo} .
Since the system of differential equation (1.4)—(1.5) is an infinite dimensional
system, we need to define the solution.

DEFINITION 2.1. Let T > 0 be given. A solution of the Cauchy problem (1.4)—(1.5)
on [0, T) with the initial data a;(0) =:a™ € ¢} is a continuous function a;(t):
[0, T) — [0, 00) for all i € N such that

(i) a;i(0) = ai™ for alli € N,

(ii) for any p > 1, we have a € L>([0, T), £1) N C*((0, T), £},), and
(iii) for each i € N equation (1.4) satisfies for all t € (0, T).

The solution a will be global if T" = cc.

DEFINITION 2.2. A solution a to the problem (1.4)—(1.5) is considered a stationary
solution (global) if a remains independent of time, satisfying the condition:

Fi(a)=0, i>1.
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Also, a will be a equilibrium solution of the initial value problem (1.4)—(1.5) if it
is a global stationary solution for the same problem.

In this article, we prove the results under the following assumptions on the
coefficient of equation (1.4),

HyYPOTHESIS 2.1.

(Hi): There exist some constants A, > 0 such that min{i, j}3;; < A.(i%° +
i#7%) with a < 3 and a, 8 € [0, 1].

(H2): The efflux coefficient has rapid growth for large cluster size, i.e. there exists
a positive constant R, such that r; > R,i7, where v > a + .

(Hs): The source term has a fast decay rate, i.e. for each p > 0 there exists a
positive constant S¥ such that > o> i*s; < SL.

In lieu of the above hypotheses, the aggregation kernel enjoys the unbounded
kinetic rates at infinity. With assumption (H;), the aggregation rate covers the
well-known diffusion-controlled growth kernel, 3; ; = i~2/3 4 j=2/3 (see [5]).

In the second hypothesis, the exponent v plays a crucial role in our study to obtain
a suitable moment estimation. Moreover, this restriction on the effluz term includes
a significant example of sedimentation of particles aggregating due to Brownian
motion, i.e. r; = i2/3.

Lastly, hypothesis (H3) describes that the injected clusters gradually decrease
with the size of the cluster. More precisely, the source term s; is permanently zero
for large i-mers.

For notational convenience, we will use the following scaling factors;

o
A, = ;1* and SF .= }i—* for all p > 0. (2.1)

* *

To estimate the moments, we note the following moment equation for a solution
of equation (1.4).

LEMMA 2.3. Let a be a solution to equation (1.4) and ¢ = {p;}ien is a positive
sequence of real numbers with at most polynomial growth, then

% Z Pid; = Z Z [ (i1 — wi) — »j] Bijaia; + Z Pisi — Z PiTil;
i=1 i=1j=1 i=1 i=1

Proof. The proof of the lemma is straightforward. g

3. Moment estimation

We obtain a priori estimates of several higher-order moments of solution to equation
(1.4). These estimations are the primary requirement for the proofs of several the-
orems. In this regard, we now prove the following sequence of lemmas starting
with the uniform-boundedness of the first moment, i.e. total mass. Based on this
result, we derive a differential inequality for the higher-order moments, and by
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the application of Gronwall’s inequality, we can obtain the estimation for all other
moments.

LEMMA 3.1. Assume (Hy), (Hz) and (Hs) hold; also consider that a be a solution
to problem (1.4) with the initial data (1.5). Then the corresponding first moment
M is uniformly bounded, that is, if we denote M := M1(0), we have

My(t) <M= max{ ﬁ",gi}

In particular, there exists a time T > 0 such that My (t) < 23}, forallt>T
Here, T depends only on the constants Mi", S} and R..

Proof. Choose ¢; = iX{j<m} in lemma 2.3 and using hypotheses (H2) and (H3), we
have

7 m oo
Z Z+ 1 ]51 ]alaj ZZijﬂi’jaiaj — ZZiﬁivjaiaj

i—1 j—1 i=1 j=1 i—1 j—i
m m
+ Z ZS, — Z 7;7"1‘0,7;
1=1 1=1
m 1 m m
< Z Zjﬁ@jdﬂlj — Z Ziﬁ@j&ﬂlj + Si — R*Min(t)
i=1 j=1 i=1 j=i
= ZZJﬁuazaJ ZZ i+J) ﬂ”azaﬁzwua +8; = R MT'(t)
=1 j=1 =1 j=1
j 7
1 m m m m
=520 (i+5)Bijaia; =3 Y (i+7)Bis0ia
i=1 j—=1 i=1 j—i

+) ipial + St — RoMP(2).

i=1

For first three sums, substitute ¢; ; := (¢ + j)5; ja;c; in proposition 2.1 of [6], we

can obtain
dMI (¢ ¢
Mdilt() + RMT(t)<S!  implies M7 (t) < (MT(0) + S}t) —R*/ MPH(E)dE.
0
(3.1)
Using Gronwall’s inequality to (3.1) and using relation (2.1), we get
M) < (M;"(O) - §i) exp (—Rut) + 5L (3.2)

Therefore, M7*(t) < max {./\/lm( ), S } Now using M7 (0) < M?" and taking
the limit m — oo, we can get the first result.
The second claim will be obvious for M{"* = 0. If M{" > 0, the claim follows

from relation (3.2) that it suffices to take T' > max {0, log(s;w} O
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We derive a differential inequality which will be used for the higher-order (greater
than one) moment estimation of the corresponding solution to equation (1.4).

LEMMA 3.2. Assume (Hy) — —(Hjs) hold; also consider that a be a solution to prob-
lem (1.4) with the initial condition (1.5). Then for each p > 1, we have the following
differential inequality for the truncated moments corresponding to a;

dM(t) m qR.)'? ”
—a MWW( )< (2; (2724.)" (M (D)7 + S,

where p := “+a 5 and ¢ := z%'

Proof. Taking the sum on equation (1.4) associated with the weight ¢; = "X i<m,
we get

7

Z i+ 1 ]ﬁl,]alaj

1
=1 j=1

d/\/lm —

E 30 jaia; + E "By jaia; —i"'s; + it ria;

j 7

Ms
Ms

+1 )Z—Z )ﬂi,jaiaj—ki“si—i“riai
i—1 j:i

As p > 1, we use the inequality (i + j)* < 2#71(i* + j*) on the right-hand side
of the above estimation

AMI () N [
Tﬁ;() s ; ; (2% = 1) (i + J") B jaia; + i*'si — it'ria;

m
g E E Q“ij“ﬁ,;daiaj + Z#Sv — i”r,;ai
- =i

Recalling hypothesis (H), that is 3; ; < A.(i%j° + i°j<) together with (Hz) and
(Hj3) on inequality (3.3), we have

dM™(t)

T <P AMPOM 1) + S~ RML (). (34)

Thanks to Hélder’s inequality, we can write

My ars(t) < (MT(E)7 (ML, (1)° (3.5)
and thus inequality (3.4) is written as
de(t) m 1 m 1
g SPTAMT )T (ML (1)) + S - RMEL (D). (3.6)

https://doi.org/10.1017/prm.2023.116 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.116

Equilibrium solution for Safronov—Dubovskii equation with forcing 9

Using Young’s inequality (with €) yields that

(£)" < €M, (2)

Q=

LA, (M ()7 (M

Kty
(qe)lip nt1 p m 1+p
+ — (2M TP AT (M () TP (3.7)
Hence, combining both inequalities (3.6) and (3.7) for € = £+ we can obtain the
desired result. g

We now obtain a generalized non-linear differential inequality which will be used
to estimate the higher-order moments.

LEMMA 3.3. Let ¢ >0 and ¢ € C([0, 00), R>0) N C((ty, 00)) for some tog >0,
satisfy

do(t)
dt
with some constants A and B, then

o(t) < max { (f)w , <z4>< (t — to)_é} for all t > to.

Proof. We claim that the set
2B\ T
t) < | —
o < (%) }

{t>t0

is non-empty. Otherwise, assume the contrary that

+ Ao < B forall t>=t (3.8)

o(t) > (%f) o for all ¢ > to. (3.9

Combining inequalities (3.8) and (3.9), we get

Lﬁ(tt) < —B  which implies  ¢(t) < ¢(to) — (t —to) B forall t>to. (3.10)

Thus, ¢(t) < 0 whenever ¢ > g + %, which contradicts the non-negativity of ¢.

Next, assume that
2B\ T
H< (= .
o < (%) }

If T' does not exist, then there exist a ¢ > T and ¢ > 0 such that

T := inf {t >ty

2B %
o(t) > o(t') = (A) forall te (t',t'+e€). (3.11)

Again by similar argument as (3.10), we get ¢(t) < ¢(t') for t € (¢, ¢’ + €), which
contradicts relation (3.11).
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If T = tp, then the proof is complete. Otherwise if T' > t(, we consider the interval
(to, T). The definition of T' gives B < 2[¢(t)]'*¢. Using this bound on inequality
(3.8), we get

W+ 2™ <o thatis o)

1
< ((d)(to)) —I—“‘;(t—to)) for all te (t,T).

Using the non-negativity of ¢(to), we get

Al

Al

1

(CA) t*to ¢ forall te (to,T). (312)

Hence, the proof is completed for all t > tg. O

With the help of lemma 3.2 and lemma 3.3, we can estimate the higher-order
moments of solution to (1.4).

LEMMA 3.4. Assume (Hy) — —(Hjz) hold; also consider that a be a solution to prob-
lem (1.4) with the corresponding first moment My and initial condition (1.5). Then
for any p>1,

1
21+P <2H+1A\*)pqlfp N T+ 4 /A
M, () € max DR RVTINE FSL)) W , oM ( ) ,

D Rt

where A, = #% andp7 q defined in lemma 3.2. In particular, there exists a constant
C, such that M ( ) < (1 + =1/ ). Note that C,, depends only on the constants
namely, o, 3, v, St, St A, and R..

Proof. Thanks to the Holder’s inequality, which gives the following result for the
higher-order truncated moments

(M) T < (M () (M7 ()7 (3.13)

The uniform boundedness of the first truncated moment M7* yields

pty—1

(t) = (MI(1) »=T T,

m

m
pty

Using the bound M7 (t) < max {Mm( ), §i} and the above inequality on
lemma 3.2, we have the following required differential inequality

dMiH(t) R 4 142 (qR*)lfp (2“+2A*)p .
ST T (M "< TP SE (314
dt 2 (Mu (t)) 2 m + St (3.14)
Now, consider
S R, (2024,)°
A= R?S)T*ufl and B:= (47.) 2( ) omitr 4 e
p
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and apply lemma 3.3 for ¢ty = 0, we can get the claim. Finally, we can get the estima-
tion M,,(t) < C,(1+¢~1/*) by considering C,, := max {(%) A (CLA)V} O

The following lemma estimates the higher-order moments in which the estimates
are free from the initial data.

LEMMA 3.5. Assume (Hy) — —(Hs) hold; also consider that a be a solution to prob-
lem (1.4) with the corresponding first moment M. If X\, = ﬁ and p, q defined in
lemma 3.2, then for any p > 1 there exists a time T > 0 (depends on a) such that

22+ Au ~\P . A T
Mu<t><{ (2073 4.) g (S 4 924 G (1) } (3.15)
p

~\ 1+ ~
g (Si) ! + S# forall t>T. (3.16)

Proof. From lemma 3.1, we get T} > 0 such that M (t) < 2S! for all t > T}. Using
this inequality on relation (3.13) and proceed similarly as lemma 3.3 to get

dMI(t) N R, (§i) "
dt ol+its
(qR*)lfp (2u+3A*)P (
p

<

=1 1+p
S) v 8P forall 3T

n—1

Setting to=Ti, A:= R*(iii’ B.— M(@)Hp + S and
2

applying lemma 3.3, we have

2B\ 2\ _L
MIT(t)gmaX{(A> ,(CA) (t—"1T) M} for all ¢> 1.

Choose Ty > T, such that

2\ . [9B\ T
(CA) (t—1T1) “<(A) (3.17)

for all t > Ts. Now substituting the values of A, B and taking limit m — oo, we
obtain estimate (3.15) by recalling relation (2.1).
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We now proceed to get inequality (3.16). Since v > 0, we have the following
results hold true for any higher-order moments

M (1) < M (1) amd - M(t) < My (1) (3.18)

for all + > 0. Combining these results together with My (T) < 25} for all ¢t > Ty,
lemma 3.2 generates

dM™(t) R

R 2 M™ (¢ < B.
1 + 5 M (t)

Direct application of Gronwall’s inequality and estimation (3.15) together give

o < (2;3) T - [_};* (t— TQ)} + <1 — exp {—IZ* (t— Tg)]) ?%'.19)

Suppose that T' > T such that

2B\ T R. 28

= T -Ty)| < 2

(%) el rem]<R

Setting the above inequality on (3.19) and passing the limit m — oo, we obtain
estimate (3.16) for ¢ > T with the help of relation (2.1). O

REMARK 3.6. The above lemma 3.5 gives two different estimates of the moment
function M, (t). One of the estimates (3.15) depends on 7, and the second estimate
(3.16) is independent of ~.

4. Existence of a solution

To prove the existence theorem, we adopt the similar approach which is frequently
used for the discrete Safronov—Dubovskii aggregation equation [6]. We truncate all
the coefficients (3, s, r and the initial data a" of equation (1.4) as follows

. {51‘,]‘7 when 1<i,j< . {si, when 1<i<m,
= st =

ig T . v S :
0, otherwise, 0, otherwise,

T

ri, when 1<i<m, min a™, when 1<i<m,
ma= and a; " =

0, otherwise, 0, otherwise.

—
=~
—_

— —

Therefore, the above truncations generate the following system of m(> 2
ordinary differential equations of model (1.4);

dal™

i =1 - om m m m m,m

dt 112] 1]ﬁ1 1]3_0’ Z] 1-7 'ij_a Z]l z]a’] +S —riap,
when i < m,

a(t) = 0, when @ >m.

(4.2)
Note that a™ = (a");en is also a solution of equation (1.4) where all the coeffi-

cients are defined as in (4.1). Also from (4.1), it is clear that [, si" and 7" satisfy
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the assumptions (H1), (H2) and (Hs), respectively. So, all the moment estimations
derived in § 3 remain valid for the truncated solution a™

4.1. Existence of solution for finite dimensional system

The following proposition proves the existence of unique global solution to the
truncated system (4.2).

PROPOSITION 4.1. Assume that a™ ™ = {a™"™};cn € €} and non-negative. Then
system (4.2) has unique solution with a™ = (a");en € C1([0, 00), £1) for each i €
N.

Proof. Existence and uniqueness of solution of finite dimensional system (4.2) fol-
lows from the classical argument from theory of ordinary differential equations. In
this regard, we define a polynomial function f; : R”™ — R" as

i1 i m
fi(ze, ..., xm) =21 Zjﬁifl,jxj - x; Z]ﬂi,jx]‘ — @ Zﬁi,jﬂﬂj + 57t =it

j=1 j=1 j=i
such that the truncated equation (4.2) is written as

dal™ ()
dt

Therefore, each f; is a polynomial function of components a;, moreover it is locally
Lipschitz continuous. Therefore, the existence and uniqueness of local solution
a™ to the Cauchy problem (2.1) follows from the standard Picard-Lindeldf exis-
tence theorem. Thus, there exists a maximal time interval a7 € C*([0, T%)) for all
1=1,...,m.

Again for the non-negativity of the solution, we consider that for arbitrary € > 0,
there exists a solution af for the system, that is

= fi(al",...;am), forall i=1,...,m.

dal(t
ag(t) = fi(ai,...,a5,)+e foral i=1,...,m.
dt
Also consider, for some tg > 0 and 1 < i < m, we have a$(to) > 0 and a&(tp) =0
when 7 # i. Then, d“Tt(t) =a5_4(t) Y5- L JBr1 a$(t) + si + € > 0. Taking e — 0,

we get the non-negativity result.
Finally, for the global existence of solution (i.e. T\ = 00), we use lemma 3.1 as
follows

0<ai(t) <i ') da; <M. (4.3)
1=1

So, the above result (4.3) shows that the solution cannot blow up on [0, T}),
which implies the solution a™ € C*([0, o), £1). O

2. Global existence theorem

In this section, we state and prove the main existence theorem of the global
solution to the IVP (1.4)=(1.5). Before this, we will prove two important results
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which will be used to prove the compactness and passing the limit n — oo on the
local solution obtained from proposition 4.1.

LEMMA 4.2. Assume conditions (Hy) — (H3) hold. Also consider that a™ be a solu-
tion to problem (4.2) with the corresponding initial first moment Mi" := M(0).
Then for each fized i € N, there exists a positive constant R (depends on i but not
on m) such that

<R foral m>i.

day" (1)
dt

L°°(0,00)

Proof. Using non-negativity of the coefficient 3, s and the solution a™, together
with condition (H;) on equation (4.2), we get

<A Y (-0 1) ) s

A (1% +i° + ) aral (4.4)
j=1

m
+ A, Z (%" + i’ +7%) ai*al’ + s; + riaf.
j=i

Applying the estimation i*a{" < [|a™[¢ on the above inequality, we have

da;mt m m m Ti m
7| < 0A I a5 < 6 P 1 8%+ el

Applying lemma 3.1, we conclude that
‘ dai"(t)

dt
PROPOSITION 4.3. Let all the conditions (Hy) — (H3) hold. Also consider for the
non-negative sequences (03;';), (1" )nen, (8" )nen and (a")nen € L([0, 00), 1) for
eachn € N, there exists some sequence a = (a;)ien, 7 = (17)ien and s = (8;)ien such

that

<6A.9m2 + 8+ om. 0
L°°(0,00) v

ﬂ{fj%ﬂm-, =T, S —s; as n— oo foreachi,j € N,

as well as al(t) — a;(t) as n — oo wuniformly on compact subset of [0, co).
Moreover, there exists a constant 1 for (a™)nen satisfying

M) = iaP(t) <Q  forall t>0
i=1

and for all ;1 > 1 there exists some constant 0, and A € [0, 1) for (a™)nen such
that

M) = iaP(t) < Q, (1+t7)  forall t>0.

i=1
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Then

(i) For each fized i € N

ENS)

a

lim Zgﬂmrla Zy Zﬂ?aa+s —r

i1 i s
= Z]ﬂi—l,jaiqag‘ - Zjﬁi,j@iaj - Zﬁm‘ai%‘ +s; —ra;  (4.5)
i=1 =1

j=i
converges uniformly on each compact subset of (0, c0).

(ii) For each fized i € N and for any t > 0
TN POENERCHUR WERICE

_Z 7,]7, )+S?_Tzna?(£) d§

¢ [i-1
= / Zjﬁi—l,jai—l(g)aj(ﬁ)
0 j=1

- Z]ﬁl,]al a] Z ﬁz,jaz a] + S; — riai(f) dé. (46)

Proof. With the help of Fatou’s lemma and the assumption of the proposition, we
can say that the limit sequence (a;);cn satisfies the estimates

= iai(t) < and M, (t) = iai(t) (T+t72). (47
i=1 =1

We deduce result 4.5 by proving the convergence for each term separately, under
the assumption s}’ — s; as n — oo already assumed in the proposition. The
locally uniform convergence of al*(t) to a;(t) on [0, co) and finite number of terms
in the following terms, we can get

i—1 1—1

- n n M—oo .
E Jﬁi_17jai_1aj — E JBi—1jai—1aj,
= =

Zjﬁ” ajal === Zjﬁwalaj and
j=1

n_mn
T, a; —> riQ;
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are also locally uniformly convergent on [0, co). It remains to estimate the difference
> Biatay — 3772, Bi jaia;. Choose some Z € N (which we fix later) and rewrite
the difference in the following way

o0 oo oo

n n_mn n n n
E 1,50 A — § Bijaiaj| < laj — aq E By ;a3
j=i j=i j=i

Z—1

+ai Yy (181 — Bigla} + Big laf — ay)
=i

+aiZ(HJ+@]a]) (4.9)
=7

Using condition (H;) in the first term on the right-hand side of (4.9), we get
o0 oo
lal —ai| Y pral < Aulal —ai Y (1% +i5*) af
j=i j=i

<24, |a} — ai] Y ja < 2A.iPQq |al! — ail. (4.10)

g=i

By using the assumption of proposition 4.1, we get the right-hand side of (4.10)
that converges to zero as n — oo locally uniformly on [0, 00). To estimate the
second term on the right-hand side of (4.9), we follow the same argument as (4.8).
For the completeness, each term of the sum converges to zero locally uniformly on
[0, 00) and since the sum contains a fixed number of terms,

Z—1
Jim s 3 (187 = Bl af + i |af —as) | =0 (4.11)
j=i

converges locally uniformly on [0, co). Finally, to estimate the third term on
the right-hand side of (4.9), we use the relation 8; ; < A, (i%j” + ij*) < 2A,i" 5"
(since a < B < p) and A € [0, 1) we get

(O (81578 + Bija;(§) < 24.2°7iPa;(€) Y j* (a)(§) + a;(9))
j=Z

j=Z
<240 2071 (ME(6) + M,u(€))
<2400, (1+6M) 2 —0 as Z—0
(4.12)

converges locally uniformly on [0, co). Since the right-hand side of (4.11) is inde-
pendent of n, the right-hand side of (4.9) is arbitrarily small by taking n — oo and
then Z — oo. This estimation together with (4.8), we get the convergence result
(4.5).
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Moreover, since all the estimations (4.8), (4.10) and (4.11) are uniform with
respect to & and since [)(14 ¢ 2)d€ =¢+1*/(1 - )), the convergence result
(4.6) follows directly. O

We are now at the stage where we can prove the global existence theorem for the
IVP (1.4).

THEOREM 4.4 Global existence theorem. Consider that a™™ € (1. Under the
assumptions (Hy) — (Hs), there exists at least one global solution a to (1.4)—(1.5)
with initial condition a'™

Proof. Let (a™),en be the solution of m-dimensional system (4.2) obtained from
proposition 4.1 and lemma 3.1 states that, a” have a uniformly bounded first
moment, i.e. M (t) < 9. Therefore, lemma 4.2 guarantees that (a™),,en is uni-
formly bounded on C%1(0, T') for all fixed T € (0, co). Thus, by Arzela—Ascoli
theorem we ensure that there exists a subsequence of (a”)men (for notational
convenience, we will not relabel) and a continuous sequence a = (a;);en such that

a — a; as m— o0 (4.13)

converges locally uniformly on [0, co). Moreover, with the help of lemmas 3.1, 3.4
and Fatou’s lemma, we have for some g > 1 and X € [0, 1) that

Mi(t) <M and M, (1) < Q. (1+t7). (4.14)
Since (al™)men is a solution of (4.2), we have
) t i—1
ar(t) = = [ (© 3 98 e - ar Zm pa
0 =
Z ey (€) + st — i (€) | d€. (4.15)

Applying proposition 4.1 by taking the limit m — oo on equation (4.15), we get

t 1—1
wlt) = a" = [ [ aa© 3 e oste Zmaj
0 =
—ai(f)25i,jaj(§)+3z‘—Tiaz‘(f) dg. (4.16)

Now, consider (4.14) with the convergence (4.13), we get a € L°°([0, 00), £1) N
C((0, 00), £,,). Moreover, continuity of the initial data and equation (4.16) implies
that a € C’l([O 00)). So, by the help of Leibnitz rule differentiating (4.16) with
respect to ¢ establishes that a(t) solves (1.4). Hence, the proof of theorem 4.4 is
completed. O
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5. A contraction property

This property plays a key roll to prove the existence and the rate of convergence
to the equilibrium solution. Moreover, relying on this contraction property, we will
also prove the uniqueness of the solution to equation (1.4).

LEMMA b5.1. Suppose the assumptions (Hy)— (Hs) hold, also ¢ = (¢;)ieny and
d = (d;)ien be two solutions to equation (1.4). Then for p > 1 there exists a constant
k., such that

d o0 e}
&qu—di\g 24, (2" +2+k,) Z]’”‘ﬂc—&—d Zz“|cl—d|
i=1 j=1

Proof. Consider lemma 2.3 for the solutions ¢ = (¢;)ien, d = (d;)ien and taking the
difference by setting p; = i* sgn(c¢; — d;), we get

% il“ lei — di| = i:i: [i (pj+1—p5) — @il Bij (cic; — didj)—i @i (¢ — di) s
= ii [0 (i1 = @5) = @il Bij e (i — di) +di (i — di)]
i1 =
- Z @i (ci —di) i
= f:l i [i (pjv1 — wj) — @il Bijci (ci — di)
i1 =
+ il i [0 (pje1 — ©5) = @il Bijdi (i — di)
i1 =i
—iw (ci — di) e, (5.1)

Putting the explicit form of ¢;, we can get the following estimations

[i (pj+1 = @5) — @il (i — di)
= (ci —di) [i ((j + 1)"sgn (cj41 — dj1) — 5" sgn (¢; — d;)) — i sgn (c; — d;)]

=(ci —di) [i (j +1)"sgn(cjy1 — dj1) —ighsgn(c; — dj)] —i* |e; — di
<lew —di| [ (1 + 5)1 + g% —i#]
< (2% 4 1)ig" |e; — di (5.2)
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[i (pj+1 = ¢5) — il (¢ — dj)
= (cj —dj) [i (7 +1)" sgn (cj1 — dj1) — i sgn (c; — di)] — i5" |¢; — dj
< lej = djl [i (U +5)" + i — "]
<lej — dj| [kpight + ] (5.3)

for some constant k,,. Use estimations (5.2) and (5.3) on (5.1), to get

d oo ] oo o0 N
@ZZ“ lei —dil < (2" + 1) i Bijejlei — dil
=1

i=1 j=i

+ ZZ [kﬂijuil + Z#] ﬁi,jdi |Cj — d]| — ZZ” |Ci — dl| T

i=1 j=i i=1

<24, | @+ 1)> 0> i e e — dy]

i=1 j=i

+(ky + 1)) 0 i ey — dy

=1 j=1
oo
fZi”|clfd|rl
oo oo
<24, (K, +2M+2) ZZ 5 ‘”'ﬁc + jPiptB- 1d)|cz-—di|
i=1 j=i

0o
- R* ZZM |Ci — dz|
i=1

< 240 (B + 2" +2)) 5" (¢j+dj) — Ru | it |ei — di] .
j=1 i=1

U
LEMMA 5.2. Suppose assumptions (Hy) — (Hs) hold and we redefine p, ¢ and X\ as

pty—1 P
= P 1 q= and Ayip =

respectively.
p—1

_r
pw+p8—-1

Then for any pair of solutions ¢ = (¢;)ien and d = (d;);en, there exists a time T,
such that

d o0 o0
T Zi" lei — di] < 77722"‘ le; — di] for almost every t > T.,

i=1
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where n := max{ny, N2} with n; and Ny defined as

771 = R*

1-po24A, R R
—4A, (k, + 2" +2) {W <2u+ﬁ+3A*)p (§Ly P+
b

1
+ 92 uts Guts (§1> Auts } TF5 5
* *
>0

and

2u+ﬁ+312[*)

N2 = R.—16A, (k, + 2" +2) { (
p

~\ 1+p ~
gir (Si) + Sg+ﬁ} > 0.
Proof. We need to show that there exists a time T, such that

24, (k, +2" +2) Z]"*ﬁ ¢j+dj)—R.<—n for almost every t > T,.
j=1
(5.4)

According to lemma 3.5, for a large time T}, the left-hand side of the inequality
(5.4)

2A, (k,+2" +2) Z]wﬁ (¢; +dj) —
j=1

(2u+ﬂ+3g*)

1-p (§i>1+p + Gt
p

4A, (k, + 2" +2) min {4
(122“”5 (2u+5+3g*>p giP (S P Aus
p

1
~ A\ A N
+22+)‘“+[35f+ﬁ (Si) u+ﬁ) X+ } _R.

for all t > T.. Now, using the definition of n; and 7 and take 7 := max{ny, n2}, we
can conclude the proof. O

The uniqueness of the solution to equation (1.4) is obtained through lemma 5.1.

PRrROPOSITION 5.3 Uniqueness of global solution. Let all the conditions of theorem
4.4 hold. Then there exists atmost one global solution to equation (1.4).
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Proof. Consider ¢ = (¢;) and d = (d;) be two solutions to equation (1.4). Set =1
in lemma 5.1, to get

(oo}

d .
azwci—dﬂg 10A, Zjﬁﬂ (¢ +dj) Zz\c,— il -

i=1 j=1

Recalling lemma 3.4, for R, > 0 the above assumption can take the form

oo

% S ilei - dif < (20A*cl+ﬁ (1 +fﬁ/V)> iz lei — dy] .
1=1 3

1=

The fact 0 <~y gives t — (1 +t‘5/"f) is integrable at zero. Thus, due to the
Gronwall’s inequality, we can obtain ¢ = d. O

6. Existence and convergence of equilibrium solution

In this section, we will establish the existence of a unique equilibrium solution.
Moreover, with the help of lemma 5.2, we will show that any solution to equation
(1.4) converges to this equilibrium with an exponential rate.

THEOREM 6.1. Let conditions (Hy) — (Hs) hold. Moreover, for each p > 1 either

24, (ku oMy 2) {122+/\u+a <2u+ﬁ+3g*)p qlfp(st\i)1+p+)\u+5
p

1
~ A\ A T+,
+ 23 e Gt (1) } " _R.<0

or
u+ﬁ+3A 14p
8A, (k, +2" +2) { q (8 +55:+ﬁ} ~ R,<0,
where p = 5+Z é, q= %1 and Ayyp = u+g71' Then

(i) there exists a unique stationary solution Q = (Q;)ien € K}L forall p>1

(ii) for each solution a, there exists some constant K, n > 0 (independent of a)
and a time T, > 0 such that

la(t) — Q”Q < Kexp[—-nt] forall t>T..
We will prove the following lemma, which is a direct consequence of lemma 5.2.

LEMMA 6.2. Let all the conditions of theorem 6.1 hold. Then for any solution
a = (a;)ien to equation (1.4), we have
t—o0

lnn‘al ‘—O for all i eN.
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Proof. For any h > 0, we introduce a shifted (along time) sequence a” = (a?);en,
defined as a’(t) = a;(t + h). Therefore, a" is again a solution to equation (1.4).
Applying lemma 5.2 with these two solutions a and a” yields

%Zi“|ai(t+h)—ai(t)|<—nZi“|ai(t+h)—ai(t)| for all t>T,.
i=1

i=1
(6.1)
Integrating
S it fai(t + h) — ai()] < it ai(Tu+h)
i=1 i=1
—a;(Ty)| exp [—n (t — T)] for all ¢ > T..
Since a € C'((0, 00), £},), so taking the limit b — 0 yields
d t < d T. t—T. for all t>T
|ga0],, <|gaml, swlne-mo1 foran =1
Further taking limit ¢ — oo on the above estimation, we obtain
) d
tllglo H&ai(t) 4, N
Which completes the proof. O

Now we have reached the point where we can prove the existence and uniqueness
of the equilibrium solution. Consequently, we will prove exponential convergence to
the equilibrium solution.

Proof of theorem 6.1. We will prove the theorem in three steps.

Ezistence of equilibrium solution: Let a = (a;);en be a solution to equation (1.4)
associated with some initial data a*”*. According to lemmas 3.1 and 3.5, for each
1> 1 we have

M (t) <251 and M, (t) <9, (L+¢*)  for sufficiently large t.  (6.2)

This yields the existence of a sequence (t,) which satisfies ¢, — 0o as n — o0
and non-negative sequence (@Q;) such that

a(t,) — Q inﬂi forall p >1 asn— oo.

In particular, with the help of Fatou’s lemma and estimation (6.2), the sequence @
also satisfies

> iQi< 28! and > Qi <Q, forall p> 1.
1=1

i=1
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It is now a straightforward application of proposition 4.1 to the stationary sequence
a(t,) and taking into account lemma 5.2, we get

FiQ) = Jim_ Fifa(tn) = lim Sai(tn) =0

This proves that @ is an equilibrium solution to equation (1.4).

Uniqueness of equilibrium solution: On the contrary, we assume that there exist
two equilibrium solutions Q' and Q? to equation (1.4). Since Q* and Q? both are
solutions of equation (1.4), applying lemma 6.2 we can obtain

d >
OZQZZ”Q%*QﬂgfnZZ“’Q%*Qﬂ forall p>1

=1 =1

from which the uniqueness follows.
Convergence to equilibrium: Applying lemma 5.2 for any solution a and equilib-
rium solution @);, we have

dtZz”|az Qi < 7722“|aZ Qi for all t > T.

By integrating the above differential inequality, we can obtain
Zi“ la;(t) — Q4] < Zi“ la;(Ty) — Q;| exp[—n(t — T)] forall ¢>T,.. (6.3)

According to lemma 3.5, there exists a constant K which is independent of a and
a time 7" such that

S it ai(Te) = Qi <Y i (ai+ Qi) < 2K forall t>T. (6.4)
i=1 i=1
Finally, take T, = max{T.,, T}, K :=2K exp(T,) and using esimation (6.4) on
(6.3) we get
Zi“ la;(t) — Q;| < Kexp[-nt] forall t>T,,
which concludes the proof. 0

7. Concluding remarks

In this article, we consider an extension of the Safronov—Dubovskii aggregation
equation, where particles input and output can take place. A complete theoreti-
cal investigation for well-posedness and convergence to the steady-state solution
to the IVP (1.4)-(1.5) has been done. Here all the associated kinetic coefficients
are unbounded and cover a large class of physical kinetic rates. Initially, we trun-
cated system (1.4) in a finite-dimensional system and with the help of standard
Picard—Lindelof theorem, we have proved the local existence theorem. After that,
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a strong convergence result, which is known as Arzela—Ascoli theorem, ensures the
convergence of the sequence of solution whose limit function is proved to be a solu-
tion of the IVP (1.4)—(1.5). In the subsequent sections, by proving some contraction
property of the solution, for a long time limit, we established that the solution
converges to a unique equilibrium solution with the exponential convergence rate.
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