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Abstract. Let sig denote the class number of the imaginary quadratic field K =
Q(+/2%m — k), where m and n are positive integers, k is an odd integer with & > 1 and
22" < k", In this paper we prove that if either 3 | n and 2% — k" = 5(mod 8) or n = 3
and k = (2*"*2 — 1)/3, then % | hx. Otherwise, we have n | hg.
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1. Introduction. Let Z, N, Q be the sets of all integers, positive integers and
rational numbers, respectively. For any fixed positive integer D, there exists unique
positive integers d and s such that

D=ds* d,seN, disa square-free number. (1)

Let hg denote the class number of the imaginary quadratic field K = Q(+/—D). There
are many papers concerned with the divisibility of /g, for

—D=a*—-8K', a,k,neN, ged(a, k) =1, k> 1, § € {1,4},a* < 8K" (2

(see [1, 3, 4, 7, 8, 9]). Recently, Kishi [7] proved that if a =2", k=3, § =1 and
(k, n) # (2, 3), where m is a positive integer, then n | hg. In this paper, we prove a more
general result than Kishi’s result, as follows.

THEOREM. If a = 2™ and § = 1, where m is a positive integer, then

0 (mod g), if either 3 | nand 2°" — k" = 5(mod 8)

hic = orn=73andk =¥ -1)/3 : 3)
0 (mod n), otherwise

The proof of our theorem relies on a recent result concerning the existence of
primitive divisors of Lehmer numbers given by Bilu et al. [2] and Voutier [10].

2. Preliminaries. For any positive integer D with —D = 0 or 1(mod 4), let H(—D)
denote the class number of binary quadratic primitive forms with discriminant —D.
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Let d be a square-free positive integer, and let #(—d) denotes the class number of the
imaginary quadratic field Q(/—d).

LEMMA 1. (Section 16.13 in[6])

_ JH(—4d), if d = 1(mod 4)
h(=d) = {H(—d), if d = 3(mod 4)"

LEMMA 2. If d > 3 and d = 3(mod 4), then

1 .

Hed) = {gH(—4d), if d = 3(mod 8) @

H(-4d), if d ="T(mod 8)

Proof. Since d > 7, by Theorems 11.4.3 and 12.10.1 in [6], we have
d
H(—d) = %K(—d), ®)
and

H(—4d) = %il((—%l), (6)

where K(—d) = ZZOZI(%)(%), (d/n) is the Kronecher symbol.

Further, since —d = 1(mod 4), by the definition of fundamental discriminants (see
Section 12.11 in [6]), —d is a fundamental discriminant, while —4d is not. Therefore,
by Theorem 12.11.2 in [6], we have

—d\ 1
K(—4d) = (1 - (7) 5) K(~d), ™)

where (—d/2) is the Kronecker symbol. Furthermore, by Theorems 3.6.3 and 12.3.1 in

[6], we get
—d 2 2 1, if d=7(mod 8)
I T B WP (o DY S )
( 2 >_(d>_( b _{—1, if d = 3(mod 8)’ ®)
where (2/d) is the Jacobi symbol. Substitute (8) into (7), we get

%K(—d), if d = 7(mod 8)
K(—4d) = . )
%K(—d}, if d = 3(mod 8)

Thus, by (5), (6) and (9), we obtain (4). The lemma is proved. ]
By Lemmas 1 and 2, we get the following lemma immediately.

LEMMA 3.

1
gH(—4d), if d > 3 and d = 3(mod 8)
H(—4d), otherwise

h(—d) =
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LEMMA 4. Let D and k be positive integers such that D > 1, k > 1 and ged(k, 2D) =
1. If equation

X2 +DY*=k? X,Y,ZeN, ged(X,Y)=1,Z>0, (10)
has solutions (X, Y, Z), then every solution (X, Y, Z) of (10) can be expressed as
Z =7t t €N,

X+Yv—-D= )»1(X1 + MY iv—D t, A, Ao € {£1},
where X1, Y1, and Z, are positive integers satisfying

X} + DY} =k*, ged(Xy, Y1) =1, Z; | H(4D).

Proof. This is a special case of Theorem 6.2 in [5] for (D1, D;) = (1, —D). We may
assume that the solution (X, Y, Z) belongs to a certain solution class S; of (10), and
let (X3, Y1, Z,) denote a solution of .S; such that X7 > 0, Y1 > 0 and Z; < Z for all
solutions (X, Y, Z) € S;. Then, by Theorem 6.2 in [5], the lemma is proved. ]

LEMMA 5. Equation
X" —y'=1, x,y,m,n €N, min(x, y, m,n) > 1

has only one solution (x,y, m,n) = (3,2, 2, 3).
LEMMA 6. Equation

222 _ 3y =1, yymneN, n>2 (11)

has no solution (y, m, n).
Proof. Let (y, m, n) be a solution of (11). Since (27! + 1,271 — 1) =1, we get
from (11) that either
2l p 1 =q", 2" — 1 =3b", y=ab, a,b €N, (12)
or

omtl 4 = 3d", om+l 1 — b", y=ab, a,b e N. (13)

But, since n > 2, by Lemma 5, (12) and (13) are both impossible. Thus, the lemma is
proved.

Let a, B be algebraic integers. If (@ + ) and a8 are non-zero coprime integers and
/B is not a root of unity, then (o, B) is called a Lehmer pair. Further, let a = (« + 8)?
and ¢ = of. Then, we have

1 1
o= 5(«/5+x«/5), B = E(“/—_ awb), e {£l1},
where b = a —4c. Such (a,b) is called the parameters of Lehmer pair (a, 8).
Two Lehmer pairs, (a1, 81) and (a2, B2), are called equivalent if /o = Bi/B> €

{£1, £4/—1}. Obviously, if («;, 1) and (s, B>) are equivalent Lehmer pairs with
parameters (a1, by) and (az, by) respectively, then (ay, by) = (ray, by), where A € {£1}.
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For a fixed Lehmer pair (¢, 8), one defines the corresponding sequence of Lehmer

numbers by
CF it risold
o —
L(a,B) = reN. (14)
a —p" o
m, 1I r 1S even

Then, Lehmer numbers L,(«, 8) (r =1,2,...) are non-zero integers. Further, for
equivalent Lehmer pairs (o1, B1) and (a2, B2), we have L,(«;, B1) = +L,(a2, B2) for any.
A prime p is called a primitive divisor of the Lehmer number L,(«, 8) if p | L,(a, B)
andp tabLi(«, B) ... L,_i(a, B), where (a, b) is the parameters of Lehmer pair («, 8). A
Lehmer pair («, 8) such that L,(«, 8) has no primitive divisor will be called r-defective
Lehmer pair. O

LEMMA 7 [10]. Let r satisfy 6 < r < 30 and r # 8, 10, 12. Then, up to equivalence,
all parameters (a, b) (a > 0) of r-defective pairs are given as follows.

r=17, (a,b)=(01,-7),(,-19), (3, =5), (5, =7), (13, =3), (14, —=22).

r=9, (a,b) =(5,-3),(7,-1), (7, -95).

r=13, (a,b) = (1, =7).

r=14, (a,b) = (3, —13), (5, =3), (7, =1), (7, =95), (19, —1), (22, —14).

r=15, (a,b) = (7, —1), (10, =2).

r=18, (a,b) =(1,-7),(3,-5), (5, =7).

r=24, (a,b) = (3, -5), (5, —3).

r=26, (a,b)=(7,—1).

r=130, (a,b) =(1,-17), (2, —10).

LEMMA 8 [2]. If'r > 30, then no Lehmer pair is r-defective.

3. Proof of the theorem. Since a = 2" and § = 1, we see from (2) that k is an odd
integer with k& > 1. By (1) and (2), equation

X?—dY?’=k? X,Y,ZeN, ged(X,Y)=1,Z>0
has a solution (X, Y, Z) = (2, s, n). Therefore, by Lemma 4 we get

n=27t teN, (15)
2" 4 5/—d = M(X1 + M Y1/=d), A, A € {1}, (16)

where X1, Y1, and Z; are positive integers satisfying

X2 —dY? =K%, ged(X), Yy) =1, (17)
71 | H(—4d), (18)

where H(—4d) is the class number of binary quadratic primitive forms with
discriminant —4d.
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Since k is odd, we see from (1), (2) and (17) that D, d and s are odd, and (X; Y7) is
even. Therefore, we find from (16) that # must be odd. Then, by (16), we get

(1=1)/2

2}77 = )\,le Z (22) X{_Zi—l (_dYIZ)l’ (19)
i=0
(1=1)/2 p ‘ )
s =AA Y Z <2i+ 1) Xf_z’_] (—lez) . (20)
i=0

Further, since s is odd, we see from (20) that Y; is odd and Xj is even. Furthermore,
since

(=1)/2

S (5) e aviy

i=0

is odd , we get from (19) that

X, =2" (21
and
(=1)/2 . .
> <2l.) =20 (g y?) = 1. (22)
i=0
Let
o = Yw—d+2"’, B = Yl,/_d_zm. (23)
Then we have
a+p=2YV—d, a—B=2"" af =—k”, (24)

by (17). We see from (24) that (¢ + B)* = —4d Y and «f = —k#' are coprime non-zero
integers. Further, by (23), («/B) satisfies

2
K? (0—‘> 2022 —dyH2 1 k% =o. (25)
p p

Since k > 1 and ged(k?!, 2(2*" — dY?)) = ged(2®" +d Y2, 2(2*" — dY})) = 1, we find
from (25) that a/f is not a root of unity. Therefore, by (23), («, B) is a Lehmer pair
with parameters (—4d Y7, 22"+2).

Let L, (o, B) (r=1,2,...) denote the Lehmer numbers defined by (14). We get
from (14), (22) and (23) that

Lia, ) = 1. (26)

It implies that the Lehmer number L,(«, 8) has no primitive divisor. Therefore, by
Lemma 8§, we get ¢ < 30. Further, since ¢ is odd, by Lemma 7, we get ¢ € {1, 3, 5}.
If t = 5, then from (22) we have

29— 10-22d Y} +5(dY?)’ = +1. 27)

https://doi.org/10.1017/5S0017089511000486 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089511000486

154 ZHU MINHUI AND WANG TINGTING

But, since d¥7 is odd, we see from (27) that 2*" — 10-2*"d Y} + 5(d Y} =5 #
+1(mod 8), a contradiction.
If t = 3, then we have

22" _3dY} =1, (28)
since 22" = 1(mod 3). The combination of (17), (21) and (28) yields
22m+2 _ 3% = 1. (29)

Since k > 1, by Lemma 6 we see from (29) that Z; = 1. Therefore, by (15) we get
1
n=3,Z =1, k= 5(22””2 —1). (30)

By the above analysis we get from (15) that r = 1 and
n=272 (31)
except the case (30). Therefore, by (18) and (31), we have
n| H(—4d) (32)

except when (30). Further, by Lemma 3 we deduce from (30) and (32) that (3) is true.
Thus, the theorem is proved.
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