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Abstract

We make a connection between the continuous time and lazy discrete time Markov
chains through the comparison of cutoffs and mixing time in total variation distance.
For illustration, we consider finite birth and death chains and provide a criterion on
cutoffs using eigenvalues of the transition matrix.
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1. Introduction

Let ©2 be a countable set and (€2, K, 7r) be an irreducible Markov chain on €2 with transition
matrix K and stationary distribution . Let

O At i
'K
— e UR =Y c
H t =¢€ = 0
i=0
be the associated semigroup which describes the corresponding natural continuous time process

on 2. For§ € (0, 1), set
Ks =461+ (1—-908)K, (1.1)

where [ is the identity matrix indexed by 2. Clearly, K is similar to K but with an additional
holding probability depending of §. We call K the §-lazy walk or §-lazy chain of K. It is well
known that if K is irreducible with stationary distribution 7, then

lim Kj'(x,y) = lim H;(x,y) =n(y) forallx,y e Q, € (0,1).
m—0Q —o0

In this paper, we consider convergence in total variation. The total variation between two
probabilities 1, v on 2 is defined by ||© — v|Tv = sup{u(A) — v(A) | A C Q}. For any
irreducible K with stationary distribution 7, the (maximum) total variation distance is defined
by

dry(m) = sup K™ (x, ) — 7llTv, (1.2)

xe
and the corresponding mixing time is given by

Trv(e) = inf{m > 0 | drv(m) < &}.

Received 15 June 2012; revision received 12 December 2012.

* Postal address: Department of Applied Mathematics, National Chiao Tung University, Hsinchu 300, Taiwan.
Email address: gychen@math.nctu.edu.tw

** Postal address: Malott Hall, Department of Mathematics, Cornell University, Ithaca, NY 14853-4201.
Email address: 1sc@math.cornell.edu

943

https://doi.org/10.1239/jap/1389370092 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1389370092

944 G.-Y. CHEN AND L. SALOFF-COSTE

We write the total variation dlstance and mixing time as d%} and TT(i,) respectively for the
continuous semigroup and as dTV, 155,) respectively for the §-lazy walk.

A sharp transition phenomenon, known as cutoff, was introduced by Aldous and Diaconis
in early 1980s. See, e.g. [5] and [8] for an introduction and a general review of cutoffs. In total
variation, a family of irreducible Markov chains (£2,,, K, 71,,)Oo | is said to present a cutoff if

T, Tv(e)

=1 forall0<e<n<I. (1.3)
n—o0 Ty, Tv (1)

The family is said to present a (t,,, b,) cutoff if b, = o(t,) and
|T,.tv(e) —ta] = O(by) forall0 <e < 1.

The cutoff for the associated continuous semigroups is defined in a similar way. This paper
contains the following general result.

Theorem 1.1. Consider a family of irreducible and positive recurrent Markov chains ¥ =
{(Q, Ky, ) | n=1,2,...}. Foré € (0, 1), let F5 be the family of associated §-lazy walks
and let ¥, be the family of associated continuous semigroups. Suppose Trff%v(so) — o0 for
some go € (0, 1). Then, the following are equivalent.

(a) Fs has a cutoff in total variation.
(b) F¢ has a cutoff in total variation.

Furthermore, if ¥, has a cutoff, then

Tn“%v(w

im 5 =1-6§ foralle € (0,1).

Theorem 1.2. Let F be the family in Theorem 1.1. Assume that t,, — o0o. Then, the following
are equivalent.

(a) F¢ has a (t,, by) cutoff.
(b) Foré$ € (0, 1), Fs has a (t,/(1 — §), by) cutoff.

We refer the reader to Theorems 3.1, 3.2, 3.3, and 3.4 for more detailed discussions. In a
private communication with Y. Peres and D. Levin, we understand that a similar approach to
the proof of Theorems 1.1 and 1.2 is also used in [12] to study the same comparison issue. See
Proposition 3.1 and [12, Theorem 20.3] for details.

For an illustration, we consider finite birth and death chains. For n > 1, let 2, =
{0, 1, ..., n} and K, be the transition kernel of a birth and death chain on €2, with birth rate
Dn.i» death rate g, ;, and holding rate r, ;, where p, , = qn0 =0and p,; +qni +rni = 1.
Suppose that K, is irreducible with stationary distribution 77,,. For the family {(€2,,, K, 7,)|n =
1,2, ...}, Ding et al. [10] showed that, in the discrete time case, if inf; ,, r,; > 0, then the
cutoff in total variation exists if and only if the product of the total variation mixing time and
the spectral gap, which is defined to be the smallest nonzero eigenvalue of / — K, tends to
infinity. There is also a similar version for the continuous time case. The next theorem, which
is a summary of Theorem 4.8, is an application of the above result and Theorem 1.1.
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Theorem 1.3. Let ¥ = {(2,, Ky, mp) | n = 1,2,...} be a family of irreducible birth and

death chains as above. Forn > 1, let 0, A, 1, ..., Ay n be eigenvalues of I — K,, and set
n
= Min Awi. se= Y A
1<i<n ’

i=1
Then, the following are equivalent.
(a) F¢ has a total variation cutoff.
(b) For§ € (0, 1), Fs has a total variation cutoff.
(©) Spiy — 0.

The remainder of this article is organized as follows. In Section 2, the concepts of cutoffs
and mixing times are introduced and fundamental results are reviewed. In Section 3, a detailed
comparison of the cutoff time and window size is made between the continuous time and lazy
discrete time cases, where the state space is allowed to be infinite. In Section 4, we focus
on finite birth and death chains and provide a criterion on total variation cutoffs using the
eigenvalues of the transition matrices.

2. Cutoffs in total variation

Throughout this paper, for any two sequences s, and #, of positive numbers, we write
sp = O(ty) if there exists C > 0 and N > 0 satisfying |s,| < C|¢t,| foralln > N. If
sp = O(ty) and t, = O(sy), we write s, < t,. If 1, /s, — 1 as n — 00, we write t,, ~ s,.

Consider the following definitions.

Definition 2.1. Referring to the notation in (1.2), a family ¥ = {(2,, K,,, mp) | n = 1,2, ...}
is said to present a total variation

(a) precutoff if there is a sequence #, and B > A > 0 satisfying
lim d, tv([Bt,]) =0, liminf d, tv(LAt,]) > 0;
n—o00 n—o0
(b) cutoff if there is a sequence ¢, satisfying, for all € > 0,
lim dn,TV(|—(1 + o) = 0, lim dn,TV(l_(l —&ty]) = 1;
n—oo n—0o0
(©) (tn, by) cutoff if b, = o(t,) and
lim F(c) =0, lim F(c) =1,
c—>00 c—>—00
where

F(c) = lim supd, v([ty + cby]), F(c) = linn_1>ior<1)f dp v ([t + cby)).

n—o00

In definition 2.1, 1, is called a cutoff time and b,, is called a window for #,,. The cutoffs for
continuous semigroups are the same except for the deletion of [-] and |[-].

Remark 2.1. In Definition 2.1, if , — oo (or equivalently 7;, Tv(¢) — oo for some ¢ €
(0, 1)), then the cutoff is consistent with (1.3). This is also true for cutoffs in continuous
semigroups without the assumption ¢, — o0.
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The following lemma characterizes the total variation convergence using specific subse-
quences of indices and events, which is useful in proving and disproving cutoffs.

Lemma 2.1. Consider a family of irreducible and positive recurrent Markov chains {(2,, K,
) |n=1,2,...}. Lett, be a sequence of nonnegative integers. Then, the following are
equivalent.

(@) dn,Tv(ta) — 0.
(b) For any increasing sequence of positive integers ny, any A,, C 2, , and any x,, € Sy,
there is a subsequence my for which

. Im
lim |Kmkk (xmk’ Amk) — Ty (Amk)| =0.
k— 00

Proof of Lemma 2.1. (a) implies (b) is obvious. For (b) implies (a), choose A, C €2, and
X, € S, satisfying d,, Tv(t,) < 2|K5' (Xn, Ay) — 7. (Ap)|. Let ng be an increasing sequence
of positive integers and choose a subsequence my for which

. tim
k]l>rgo |Kmkk (xmkt Amk) — TTmy (Amk)l =0.

This implies dy,, Tv (1, ) — 0, as desired.

Remark 2.2. Lemma 2.1 also holds in continuous time by allowing #, to take values in the
positive real numbers. See [4] and [5] for further discussions on cutoffs.

3. Comparisons of cutoffs

In this section, we establish the relationship between the cutoffs of lazy walks and continuous
semigroups. Let 2 be a countable set and K be a transition matrix indexed by 2. In the notation
of (1.1), the §-lazy walk evolves in accordance with

t

t . L
(Ks)' = (l,>5”(1 —8)'K' forall§ € (0,1), t >0,

i=0
whereas the continuous time chain follows
[o,0] tl’
_ —t(I-K) _ -t i
H =e —Z(e i!)K'
i=0

Observe that I — K = (I — K;s)/(1 — §). This implies that

m [
i) N [1/ (1= BT
diy(n) = /0D YT SE T iy (m).
i=0 :

Concerning the cutoff times and windows, we discuss each of them in detail.

3.1. Cutoff times

Theorem 3.1. Let ¥ = {(2,, Ky, ) | n = 1,2,...} be a family of irreducible Markov
chains on countable state spaces with stationary distributions. For § € (0,1), let 5 =
{(Qn, Kps,mp) | n=12,...}and F. = {(Q, Hyr,n) | n = 1,2,...}. Suppose there is
go > 0 forwhich Tn(fsT)V (e9) — oo or Tn(fT)V (e0) — 0. Then, the following are equivalent.
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(a) Fs has a cutoff (respectively precutoff) in total variation.
(b) F. has a cutoff (respectively precutoff) in total variation.
Furthermore, if ¥, has a cutoff, then
(©)
lim 2T

M

=1—-6§ foralle € (0,1).

The above theorem is in fact a simple corollary of the following proposition.

Proposition 3.1. Let F5, ¥ be the families in Theorem 3.1 and t,,, r, be sequences tending to
infinity. Fix § € (0, 1).

@) Ifd 1y ([1a]) = O, then
Tim d Gy (1 = 8)ty + cby) = 0

for all ¢ > 0 and for any sequence by, satisfying \/ty = o(by).
() Ifd Yy (rw) — O, then

. ) r
nlggodﬂvql _”8 +can =0

for all ¢ > 0 and for any sequence by, satisfying /1, = o(by).
(©) Ifd\ 3y (rn) — 1, then
: ©) n _
([ 5)) -

lim_ A1y (1= 8)ty) = 1.

() Ifd 1y (Ltal) — 1, then

Proof. We prove (a); the proof of (b) is similar and is therefore omitted. Suppose that
d,(l(?%v([tnl) — 0. Since \/f, = o(by), it is clear that

lim d®y [ty + cby + /i) =0 foralle > 0,¢' € R. 3.1)
n—o0 ’

Fix ¢ > O and let x,, € 2, and A, C €2,,. Given any increasing sequence n;, we may choose,
according to Lemma 3.1, a subsequence m; for which m,,(A;;,) — o € [0, 1] and, for all
¢ eR,

. rtln[+0hn11 +C/4/tm1-|
lim Km[,ﬁ (xm,’ Am;) =

[—o00

1 o /
o f o~ (x—v1=bc )2/(2‘3)f(x) dx
—0o0

and

1 o0 x2
i Hy (128t +cby) Comy» Amy) = o /;ooe fx)dx,

where f is nonnegative and bounded by 1. Note that f(x) is not exactly the function in
Lemma 3.2 and, in fact, should be replaced by f(+/1 — éx). As the dilation f(+/1 — 8x) of
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f(x) does not matter in this proof, we simply write f(x) for it. By (3.1) and Lemma 3.2, f is
equal to o almost everywhere and, by Lemma 2.1, this implies that d,, %V((l — 8ty +cby) - 0
asn — oo forall ¢ > 0.

The proofs for (c) and (d) are similar and we only give the details for (4). First, we choose
sequences x, € 2, and A, C 2, satisfying

lim o (A) =1, lim K" (o, A,) =0,

Let n; be a sequence tending to oco. Applying Lemma 3.1 with ¢ = 0 and a,, ,, = K' (X, Ay),
we may choose a subsequence, say m;, for which

. 1 o
11_1)120 Hm1,(l—8)lm, (xm19 Amz) = E /;OO c

im K -
l—> m16 Xmy s ml \/—

where g is a nonnegative measurable function bounded by 1. This leads to g = 0 almost
everywhere and

7x2/2g(x) dx

and
e x7/(28)

g(x)dx,

Jlim d(c)TV((l — 8)tm) = 1.

The following is a simple corollary of Proposition 3.1 (a) and (b).

Corollary 3.1. Let F5 and F; be the families in Theorem 3.1 and t,,, ry, be sequences tending
to infinity. Fix § € (0, 1).

@ Ifd )y ([ta1) — O, then
lim d\3y (1 +&)(1 = 8)t) =0 forall e > 0.

(b) Ifd Yy (rw) — O, then

1
lim d,‘;‘%vqmb =0 foralle > 0.

n— 00 1—-96

Proof of Theorem 3.1. Set r, = T,S?T)V(eo) and s, = T,l(fT)V(eo). Suppose that r, — oo.

By Corollary 3.1 (b), if
e =8y
lim inf d,ry (T =0,

then

C e () (I+eo)r
1}1H_1>lol’<1>f dn’TV<’VTn =0 foralle > 0.

But, taking ¢ = % implies that, for large enough n,

(1 +¢e)r
(| 52 ]) 2 e =0 = 200

This makes a contradiction and, hence, if r,, — o0, then

e (=8
hnn_l)g(l)f dnfTV(T > 0.
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Similarly, if s,, — o0, then Corollary 3.1 (a) implies that
lim inf d, 1 (75, 7) > 0.

This proves the equivalence

Tn(fsT)V(€0) — o0 forsomeegy >0 < Tn(,c'l)‘V(EO) — oo for some gy > 0.

For the equivalence of (a) and (b), the proof, for precutoffs, is given by Corollary 3.1 (a) and
(b), while the proof for cutoffs also uses Proposition 3.1 (c) and (d).

3.2. Cutoff windows

This section is devoted to the comparison of cutoff windows introduced in Definition 2.1.

Theorem 3.2. Let ¥ be a family of irreducible positive recurrent Markov chains and F3, ¥
be the associated families of lazy walks and continuous semigroups. Let t, and b, be sequences
of positive reals and assume that t, — oo. If F5 (respectively F.) presents a (t,, b,) cutoff in
total variation, then \/t, = O (by).

Remark 3.1. There are examples with cutoffs but the order of any window size must be bigger
than ./7,. Consider the Ehrenfest chain on {0, ..., n}, which is a birth and death chain with
rates p,; = 1 —i/n, qn; = i/n, and r,; = 0. It is obvious K, is irreducible and periodic
with stationary distribution 77, (i) = 27" (’f) An application of the representation theory shows
that, for 0 < i < n, 2i/n is an eigenvalue of I — K,,. Let 1, = 2/n and s, = Z?:l n/2i =
%n logn + O(n). By Theorem 4.1, since X, s, tends to infinity, both ¥, and Fs have a total
variation cutoff. For a detailed computation on the total variation and the L?-distance; see, e.g.
[7]. It is well known that £, has a (J—‘n log n, n) total variation cutoff. By Theorem 3.3, F;
has a (nlog(n)/4(1 — §), n) total variation cutoff for § € (0, 1), which is nontrivial. For the
continuous time Ehrenfest chains, Theorem 3.2 says that the window size is at least /n logn,
while n is the correct order.

Proof of Theorem 3.2. We prove the continuous time case. The lazy discrete time case
can be treated similarly. Assume the converse that the sequence 4/7,/b, is not bounded. By
considering the subsequence of /7, /b, which tends to co, we lose no generality by assuming
that b, = 0(\/,;). According to the definition of cutoffs, we may choose C > 0, x,, € 2,, and
A, C 2, satisfying

lim 10133f |Hn,t,,+Cb,, (xn, Ap) — mp(Ay)| > 0.

n—

By Lemma 3.1, we may choose a sequence n; tending to oo for which m,,, (A,,) converges to
o €[0,1] and

1 o0 xz
. _ — /2
i o4y, G An) = —= /_ @ 2.

where f is positive and bounded by 1. Let ¢ € R. For any ¢ > 0, choose N > O satisfying,
forn > N,

_ (tp + cby)’ .
Hn,t,,—l—cbn (xns An) - Z <C (tn+Cb")nl.—,n Kyll ()Cn, An)
it li—ty| <N /in '

<Eé&.
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Note that

e_(’"Hb”)—(tn +. ,Cbn)l' = e_(t"+Cb”)—(tn +-,Cbn)—l (I+0(1)) asn— oo,
i! i

where o(1) is uniform for |i — 1,,| < N\/f,. This implies that

. 1 o0 2 2
Jm, Hoy e, G ) = = i R forallc e R

Since ¥ presents a (t,, b,) cutoff, the right-hand side integral is equal to «, a contradiction.

Theorem 3.3. Let 5, F. be the families in Theorem 3.2 and t,, — oo. Then, the following are
equivalent.

(a) F5 has a (t,, by) cutoff.
(b) F. has a ((1 — d)t,, by) cutoff.
To prove this theorem, we need the following proposition.
Proposition 3.2. Let F5, . be as in Theorem 3.3 and t,, r,, be sequences tending to oo.

(a) If 5 has a (ty, by) cutoff then F¢ has a (1 — 8)t,,, dy,) cutoff for any sequence satisfying
d, = o(ty) and b,, = o(d,).

(b) If F. has a (ry, by) cutoff then Fs has a (r, /(1 —38), dy) cutoff for any sequence satisfying
d, = o(ry) and b, = o(d,).

Proof. Immediately from Theorem 3.2 and Proposition 3.1.

Proof of Theorem 3.3. We prove (a) implies (b), while the reasoning for (b) implies (a)
is similar. Suppose that Fs has a (1, b,) cutoff with 7, — oco. Fix ¢ € (0,1) and set
= |T,ff%v(e) — (1 = 8)t,|. By [5, Proposition 2.3], it remains to show that ¢, = O(b,).
Assume the converse, that is, there exists a subsequence & = {n; | [ = 1,2, ...} for which
Cny /b, — 00 as | — oo. Respectively let F5(§), Fc(§) be families of F5, F. restricted to &.
This implies that F5(&) has a (¢,,, b,,) cutoff, but #.(£) has no ((1 — 8)t,,, \/by,cy,) cutoff, a
contradiction with Proposition 3.2.

3.3. Chains with specified initial states

For any probability 1 on a countable set 2, we write (i, 2, K, 7) for an irreducible Markov
chain on 2 with transition matrix K, stationary distribution 7, and initial distribution p. The
total variation distances for the associated §-lazy walk and continuous time chain are defined
by

)
A (e.n) = |nK) —wlity,  dig(u.n) = |H; — 71y (3.2)

Denote by TT(f,) (m, &) and TT(i,) (e, €) the corresponding mixing times, and the concept of cutoffs
can be defined similarly to how they appear in Definition 2.1 according to (3.2). It is an easy
exercise to achieve a similar version of Lemma 2.1 for cutoffs with specified initial distributions.
The proofs for Propositions 3.1 and 3.2 and Corollary 3.1 can be adapted to the case where the
initial distribution is prescribed. This gives the following theorems.

Theorem 3.4. Let ¥ = {(n, L, Ky, wn) | n = 1,2, ...} be a family of irreducible Markov
chains and F5, F; be the families of associated §-lazy walks and continuous time chains.
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(a) Fs has a cutoff (precutoff) if and only if F. has a cutoff (respectively precutoff).

(b) If F5 has a cutoff then Tlff%v(un, e)~(1— B)Tn(js%v(un, €) as n tends to oo for all
e e (0,1).

Lett, — oo andb, > 0.
(c) Fs has a (t,, by) cutoff if and only if F. has a (1 — 8§)t,, by,) cutoff.
(d) If Fs has a (ty, by) cutoff then /1, = O (by,).
3.4. Proofs
This subsection collects required techniques for the proof of theorems in Sections 3.1 and 3.2.

Lemma 3.1. Let ay;,m € [0, 1], t, > 0 and ¢ € R. Suppose that t, — oo. Then, there exists
a subsequence ny. of positive integers and a nonnegative measurable function f bounded by 1
for which

o0
b —c i (8 N 1 >
lim (e Ing =Caf Ing —( Mk +:1‘ nk) )ank,m = —2 f e_(x_c)z/zf(X) dx
! N2 J—co

k— 00
m=
forall c € R, and
lim )" <[(t"k e/ (1= 5)]>(1 _ gyl e A=8-m
m

k— 00
m=>0

! / e/ ) d
A/ 27'[8 —00
forallc € R, § € (0, 1), where [z] is any of [7], |z].

Proof. Forn > 1 and any Borel set A C R, set

1
mA)=—= )
" ms m—ty ) JineA)

Let ny be a subsequence of N for which

klim tn, ((a, b]) = u((a,b]) foralla,beQ, a <b. (3.3)

Clearly, u((a, b]) < b —a fora < b witha, b € Q. This implies that the convergence in (3.3)
holds for all a < b and w((a, b]) < b — a. As a consequence of the Carathéodory extension
theorem, w can be extended to a measure on R. It is obvious that p is absolutely continuous
with respect to the Lebesgue measure and we write f as the Radon—-Nykodym derivative.

Let ¢ > 0 and choose M > 0 satisfying, forn > M,

m
Z e_tn_cﬁ (tn + C«'/a) <¢
m!
{m: Im—tn|//tat(—M M1}
For any integer N > 1,setx; =iM/N and A,; = {m >0 | |[m — ty|//Tn € (xi, xi+11}. By
Stirling’s formula, it is easy to see

2
oty Un + e/ _ 1+0(1)exp _l(u_c asn — 0o,
m! V2t 2\ Vi
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where o(1) is uniform form € A, ; with —N <i < N. This implies that

Mi/'Ln(Ani)
< 7 1
—1, —cﬁ(tn +c/t)"™ - V2 o).
Z e n n —m' An.m mi (A )
meAn; : > s + o(1),

Var

where M; = sup{e’(’c’c)z/2 | x € (xj, xi+1]}and m; = inf{e’(”’c)z/2 | x € (xj, Xi+1]}. Sum-
ming over the index i and replacing n with nj yields

00 N—-1
. 1 — tn, + /)™ 1
hmsupZ(e tng—C/tny %)amﬁm < E E Mip((xi, xi+1]) +¢&
! =

k—o0 m=0 i=—

and

[e'e) N-1
.. —ty, — (ty + ¢t )" 1
l1m1nf2<e I = Ot I _ N N > — Z mip((x;, xiy1]) — &.
] ksm — 1 Iy M+
k — m! Vin =,
Letting N — oo and then ¢ — 0 gives the desired limit. The proof of the second limit is

similar and is therefore omitted.

Lemma 3.2. Let f be a bounded nonnegative measurable function and let F be the function
F(@t)= [ % o—(x—n? f(x)dx. If F is constant then f is constant almost everywhere.

—00

Proof. Set A= F(1), B~' = [* e /2 f(x) dx and write

ef(xft/z)zf(_x) _ Blmetz/é‘.(%e(lx)z/z) (Befxz/zf(x)).

v

Note that AB/(v/2me! 2 4) is the density of X + Y, where X has the standard normal distribution,

Y is continuous with density function Be=*"/2 f(x), and X, Y are independent. This implies
that AB = l/ﬁ and

e = B X+ — e 2R ) forallu € R.
Clearly, Y has the standard normal distribution and, thus, f is a constant almost everywhere.

3.5. A remark on the spectral gap and mixing time

In this subsection, we make a comparison between the spectral gaps of continuous time chains
and d-lazy discrete time chains. Let (2, K, ) be an irreducible and reversible finite Markov
chain with spectral gap A, the smallest nonzero eigenvalue of / — K. First, we consider the
continuous time case. Since (K, ) is reversible, there is a function f definedon {0, 1, ..., n}
for which Kf = (1 — A) f. This implies that

ICH; — ) flloo _ e
201 flloo 27

where || Allco—oco := SUp{||Agllcc: Iglloc = 1}. Consequently, we obtain

1
A\ @) = S Hi = T lloosco =

—log(2¢)

T (e) > -
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For the lazy discrete time case, a similar discussion yields

dyy (1) = &, Tryv () > Llog(za)J’
log Bs

where Bs is the second largest absolute value of all nontrivial eigenvalues of K. By setting
8o = inf{s € (0,1) | Bs = 1 — (1 — §)A}, it is easy to see that §y < % and, for § € [Jp, 1),
Bs =1 — (1 —&)A. As a function of §, Bs is decreasing on (0, §p) and increasing on (8o, 1).
Note that [I — (1 — §)A| < Bs < max{l — 25,1 — (1 — 8)A}. The first inequality implies
1 — Bs < (1 —38)A. Using the second inequality, if 85 > 1 — 2§ then 1 — Bs = (1 — §)A.
If Bs < 1 — 25 then 1 — Bs > 28 > S\, where the last inequality uses the fact A < 2. We
summarize the discussion in the following lemma.

Lemma 3.3. Let K be an irreducible transition matrix on a finite set 2 with stationary
distribution . For & € (0, 1), let K; be the §-lazy walk given by (1.1). Suppose that (, K)
is reversible, that is 1 (x)K (x, y) = 7(y)K(y, x) for all x, y € 2, and let A be the smallest
nonzero eigenvalue of I — K and Bs be the largest absolute value of all nontrivial eigenvalues
of Ks. Then, it holds true that

min{l —8,8A <1—Bs<1—|1—(1—=8xr| <(1—8xr foralls e (0,1).

Furthermore, for ¢ € (0, %),

L) = 10g(28)’ 79 (e) > {log(ze)J - { —log(2¢) J
A ~ | logBs | ~ [ 2max{1 — §,log(2/8)}r

where the last inequality assumes that |2| > 2/6.

Proof. It remains to prove the second inequality in the lower bound of the mixing time for
the §-lazy chain. Note that if 1 < %, then

—logBs < —log(1 — (1 = &)A) < 2(1 — 8)A,

where the last inequality uses the fact log(1 — x) > —2x for x € (0, —) For A= 5, let
01(8), ..., Oiq|(8) be eigenvalues of Ks. Then, 6;(8) =& + (1 — 6)6;(0) and Z 1 0i (0) > 0.
See [13] for a reference on the second inequality. This implies that

12

L+ (2] = Dps = Z@'@) > [€218.

i=1

Assuming |2| > 2/8, the above inequality yields

5 |Q|8—1 ) log s < (21 2)»
—_— -, — 1o < og — .
S_IQI 2 g Ps gB

4. Finite birth and death chains

In this section, we consider the total variation cutoff for birth and death chains. A birth and
death chain on {0, 1, ..., n}, with birth rate p;, death rate g;, and holding rate r;, is a Markov
chain with transition matrix K given by

KGi+1)=p;, KGi-1=q, K(Gi)=r forall0<i<n,
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where p; +¢q; +r; = 1 and p, = qo = 0. It is obvious that K is irreducible if and only
if pigi+1 > 0for 0 < i < n. Under the assumption of irreducibility, the unique stationary
distribution 7 of K is given by 7 (i) = c¢(po - - - pi—1)/(q1 - - - i), where c is a positive constant
satisfying > /7 (i) = 1.

In the next two subsections, we recall some results developed in [9] and [10], and make an
improvement on them using the result in Section 3. In the third subsection, we go back to the
issue of cutoffs and make a comparison of total variation and separation cutoffs.

4.1. The total variation cutoff

Throughout this subsection, we let

F={(Q,Kp,mp) |n=1,2,...} 4.1)
denote a family of irreducible birth and death chains with €, = {0, 1, ..., n} and transition
matrix

Kn(i,i +1)= pu,, Kn(i,i — 1) =gqgn.i, Kn(i,i)=r,; forall0<i <n,

where p,; +qni +rni = 1and p,, = gn0 = 0. Write A, = A(K},) as the spectral gap of
K. As before, ¥, denotes the family of associated continuous semigroups and, for § € (0, 1),
Fs denotes the family of é-lazy chains. Recall one of the main results in [10] as follows.

Theorem 4.1. (Theorems 3 and 3.1 of [10].) Consider the family in (4.1). Forn > 1, let
A be the smallest nonzero eigenvalue of I — K, and let B, s be the second largest absolute
value of all nontrivial eigenvalues of K, 5 Then, ¥, (respectively ?'3 wz[h 6 € (0,1)) has a
total variation cutoff if and only lfT V( YAn — o0 (respectively Tn( TV( )(1 — Bn.s) — 00).
Moreover, if . (respectively Fs) has a cutoff, then the window has size at most /T, n(‘%v( 1)/ An

. s
(respectively \/Tn(’%v(%)/(l — Bn.s))

Remark 4 1. By Lemma 3.3, the total variation cutoff in the discrete time case is equivalent
to T TV( )\, — o0. By Theorems 3.1 and 4.1, and Lemma 3.3, if ¥ or ;5 has a cutoff, then

the window size is at most \/T«)v( )/ Ay Or \/T(f;T)V(Z)/)Ln.

Remark 4.2. There are examples with cutoffs, but the order of the optimal window size is less
than /7, (1)/As. See Remark 3.1.

The combination of the above theorem and Theorem 3.1 yields the following.
Theorem 4.2. Referring to Theorem 4.1, the following are equivalent.

(a) F¢ has a total variation cutoff.

(b) Fs has a total variation cutoff.

(c) F¢ has a total variation precutoff.

(d) Fs has a total variation precutoff.

(e) Tn(cl)-\,(s))»,, — oo for some ¢ € (0, 1).

® T(B)V(s))» — o0 for some € € (0, 1).
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Proof of Theorem 4.2. Tt remains to show (c) implies (e) and this is given by the inequality
d(C) )
oy (@) = e /2,

Theorem 4.3. Consider the family in (4.1). It holds true that T(%)V (e/2) < T( TV(17/2)for all
&, n,8€(,1). Furthermore ifthere is &g e (O 1) for which T(C v (€0/2)Ay or Tn TV(SO/Z))‘
is bounded, then T TV(&‘/Z) =< 1/A, andT TV(8/2) = 1/A, foralle 5 €(0,1).

Proof o ; Theorem 4 3. Assume that there s a subsequence ni and €, n € (0, 2) for which
either T(° (8)/Tnk T\,(775) — o0 or T,” Tv(n)/T(‘ rv(€) > co. By Lemma 3.3, we have
Tnk TV(E))»,,L — 00 or T;fk)TV(”))‘nk — 00. In either case, Theorems 3.1 and 4.1 imply that
the subfamily indexed by (n4)72, has a cutoff in both contmuous time and 8 lazy discrete
time cases. As a consequence of Theorem 3.1, we obtain T TV(e) ~(1-— 8)T e, TV(n) which

contradicts the assumption.

Concerning the window size, a combination of Theorem 3.2 and Theorem 4.1 yields the
following Theorem.

Theorem 4.4. Let £, \,, be as in Theorem 4.1. Suppose that F. or Fs has a total variation
cutoff and A, < 1. Then, for any e,n € (0, 1) with e # n,

TN (&) = Ty )] =\ Ty () = Ty (8) = TN ()]

4.2. The separation cutoff

In this subsection, we apply the results obtained in the previous subsection to the separation
cutoff. First, we give a definition of the separation. Given an irreducible finite Markov chain
K on 2 with initial distribution p and stationary distribution 7, the separation distance at time
m is defined by

pnK™(x)
d. ,m):=max{1l — — .
sep (1 ) er{ (x)
Aldous and Diaconis [1] introduce the concept of the strong stationary time to identify the
separation distance. Set dsep(m) = max; dsep(i, m). A well known bound on the separation is
achieved by Aldous and Fill in Lemma 7 of [2, Chapter 4], which states that

d(m) < dsep(m),  dsep(2m) < 1 — (1 —d(m))?,

where d(m) = max; ; [|[K™(, ) — K™ (J, -)lltv. Itis clear from the definitions that dty (m) <
d(m) < 2dry(m). Let Tgep(e) be the separation mixing time. The above inequalities imply

Try(e) < Tiep(e) < 2TTV(§) forall e € (0, 1). 4.2)

Note that the above discussions are also valid for the continuous time case. As the separation
distance is between (0, 1), the separation cutoff is similar to the total variation cutoff as given
in Definition 2.1. By (4.2), we obtain the following lemma.

Lemma 4.1. Let ¥ be a family of finite Markov chains in either the discrete or continuous
time case. Assume that Ty Tv(e) — 00 or Tj, sep(&) —> 00 for some ¢ € (0, 1) in the discrete
time case. Then, ¥ has a total variation precutoff if and only if ¥ has a separation precutoff.

For birth and death chains, the application of (4.2) to Theorem 4.3 leads to the following
theorem.
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Theorem 4. 5 Theorem 4.3 also holds in separation. Furthermore, for e, n € (0, 2) we have
T<C)v(5) =p sep(n)

Let K be an irreducible birth and death chain on {0, 1, ..., n} with stationary distribution
7. The authors of [10] obtain the following fact:

¢ H;(0, n) _ K§'(0.n)
dg(ef,(t) =1- Jtr(—n) diig( ) = vy forall § € [% 1). 4.3)

The authors of [9] provide a criterion on the separation cutoff for continuous time chains and
monotone discrete time chains. The result says that a separation cutoff exists if and only if the
product of the spectral gap and the separation mixing time tends to infinity. The next theorem,
which is also obtained in [10], is a consequence of this fact and Theorems 4.2 and 4.5.

Theorem 4.6. Let & be a family of birth and death chains given by (4.1). The following are
equivalent.

(a) F¢ has a cutoff in total variation.

(b) For§ € (0, 1), Fs has a cutoff in total variation.

(c) F¢ has a cutoff in separation.

(d) Foré € [%, 1), s has a cutoff in separation.

The next theorem is a simple corollary of Theorems 4.2 and 4.6, and Lemma 4.1.
Theorem 4.7. Theorem 4.2 also holds in separation distance with § € [%, 1).

4.3. The cutoff time in total variation and separation

In this subsection, we introduce a spectral representation of the total variation mixing time.
Let K be the transition kernel of an irreducible birth and death chain on {0, 1, ..., n}. Suppose
that K is irreducible with stationary distribution 7 andlet0 < A1 < --- < A, be the eigenvalues
of I — K. Consider the continuous time case. Using [9, Theorem 4.1] and [10, Corollary 4.5],
we have

H; (0, Hi(n,0
9@ =1~ 2O H@O b
P 7 (n) 7 (0)
where S is a sum of n independent exponential random variables with parameters A1, ..., A,.

By the one-sided Chebyshev inequality, we have

E(S) — /Var(S ngg(e)<E(S)+ / -—1 var(S) forall & € (0, 1).

Note that

| "1
ES) =) 70 var§) =) s (E(S))*.
i=1""

i=1

Clearly, this implies

WT=e—VOE®S) _ )  _ e+ VT=0E®)
N Tsep( ) < NG forall e € (0, 1). “4.4)
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The above equation states that, given ¢ € (0, %), the separation mixing time is bounded by
h ){1 up to universal constants. The above discussion is also valid for the discrete time
case with the assumption that K(i,i + 1) + K(i + 1,i) < 1for 0 <i < n. See [9] for the
details. The next proposition is an application of (4.2) and (4.4).

Proposition 4.1. Let K be anirreducible birth and death chainon {0, 1, ..., n}. Let 0, A1, ...,
An be eigenvalues of K and sets = ;_, A;l. Then,

V1 —¢e— V1=

(J) (e) < (M>s foralle e (0, 1),
J1—¢ JE

1 /41 —4e—4/4 V1=
SRV SSTT(%)(S)S M s forallse(O, %)
2 V1 —4e Ve
The above also holds in the discrete time case with the assumption that K (i,i + 1) + K(i +
1,i) < 1forO<i <n.

s < T(C)

sep

and

Applying Proposition 4.1 to Theorems 4.2 and 4.6 yields the following theorem, where the
result in separation is included in [9] and the result in total variation is implicitly obtained

in [10].
Theorem 4.8. (Cutoffs from the spectrum.) Let ¥ be the family in (4.1). For n > 1, let
An1s -, Ann be nonzero eigenvalues of I — K,, and set
1
Ay = min Ay, = .- .
" lrfnilgn i o )Ln,l * * )\n,n

Then, the following are equivalent.
(a) F¢ has a total variation cutoff.
(b) Foré§ € (0, 1), Fs has a total variation cutoff.
(c) F¢ has a total variation precutoff.
(d) For§ € (0, 1), Fs has a total variation precutoff.
(e) spiy —> 0.

The above also holds in separation with § € [%, 1). In particular, if (e) holds, then, for

ee€ (0,1, © ©
C C
l < liminfT"’T—VS < limsupM <

n—oo sn n—00 sn
The last result establishes a relation between the mixing time and birth and death rates.
Consider an irreducible birth and death chain (Xm)fjfzo on {0, 1, ..., n} with transition matrix
K and stationary distribution 7. Let N; be a Poisson process of parameter 1 that is independent

of X, and set, for 0 <i < n,

1.

r=1inf{r > 0| Xn, =i}.

Brown and Shao discuss the distribution of 7; in [3] and obtain the following result:

n

Po(t, > t) = Z(l_[ Ok )e_gf’,

77 N O
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where IP; is the conditional probability given Xog = i and 0y, ..., 6, are eigenvalues of the
submatrix of I — K indexed by {0, 1, ..., n — 1}. Let [E; be the conditional expectation given
Xo = i. Clearly, this implies Eo(7,) = Z’}Zl 1/6;. Note that Eqz, can be formulated by the
birth and death rates using the strong Markov property. This leads to

n—1

— ([0, k])
Eo(t,) = , (4.5)
121 ,; 7 (k) p

where m(A) = ZieA (7). Now fix 0 < igp < n. By (4.5), we have

io 1 n—io 1
Bo(t) = 57 Enmi) =) 57
i=1 "1 i=1 "1
where A}, ..., k;o and A7, ..., A i, are eigenvalues of the submatrices of / — K indexed by
{0,...,ip — 1} and {ip + 1, n} _respectn_/ely LetA; <--- <X, bea rearrangement of
Moo )»;0, AL Clearly, Al, ..., Ay are eigenvalues of the submatrix obtained by

removing the ipth row and the igth column of / — K. Let A < <Ay be nonzero eigenvalues
of I — K. By Theorem 4.3.8 in [11], we have A; < A; < A;4+1 and this leads to

0.k & w([k, )
Z— <Z_ = Z g 7 (k) pr k%l m(k)g

where the first equality uses (4.5). By Proposition 4.1, we obtain, for ¢ € (0, 1),

i—1 n
T (e) < TO(e) < (ﬁJr— VI—S) min {Z m(0.kD 5 7([k. n) }
- Yk

P NG — T®pe o whgk

The above discussion also holds in the discrete time case with the assumption that p; +¢;4+1 < 1
for all 0 < i < n. This includes the §-lazy chain for 6 € [%, 1) and we apply it to get the
following corollary.

Corollary 4.1. Let F = {(R, Ky, ) | n = 1,2, ...} be a family of irreducible birth and
death chains in (4.1) with birth, death, and holding rates py ;, qn.i, and ry ;. Forn > 1, set

i—1
[ (10, &) nmmm}
ty = y 4 el
@gLﬂmwmkkﬂHmwﬁk

n

If . or Fs has a total variation cutoff then, for ¢ € (0, 1) and é € [%, 1),

(©)]
e T, e 1
lim sup ———— I, Sep( ) <1, lim sup nsep( ) <
n—00 In n— 00 t, l -4
and, for e € (0, 1),
)
; v () o Tiaye
im sup <1 lims <
n—o0 n n—oo n 1-6
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Remark 4.3. In [6], the constant #, in Corollary 4.1 is proved to be of the same order as the
constant s, in Theorem 4.8 and the following term

n

7n([k, n])
ﬂn(k)‘In,k '

i:n,,[Ok

nn(k)pn k ket +1

where i, satisfies ([0, i,]) > and 7, (lin, n]) > —.

Remark 4.4. The bound in Corollary 4.1 is also obtained implicitly in [10] using a coupling
argument.
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