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Maximal Operators Associated with Vector
Polynomials of Lacunary Coefficients

Sunggeum Hong, Joonil Kim, Chan Woo Yang

Abstract. 'We prove the L? (RY) (1 < p < o0) boundedness of the maximal operators associated with
a family of vector polynomials given by the form {(2"l p1(e),...,2kapy(0)) 1 1 € R}. Furthermore,
by using the lifting argument, we extend this result to a general class of vector polynomials whose
coefficients are of the form constant times 2%.

1 Introduction

Let f € L. _(R?) and consider a multi-parameter maximal function defined by

1 r
MEFx) = sup — [ |f(x1—25pi(e), ..., x5 — 2Mpa(0)) | dt,
Kezd r>0 2r —r

where K = (ky,...,k;) € 7%, and p, isa polynomial of the form

q
(1.1) (1) :Za;t” foreacht =1,...,d.
(=1

We are interested in the L? boundedness of this operator. The history of our prob-
lem goes back to the case where p;(t) = --- = py(t) = t, which has been studied
by many authors [1,2,4,7]. Cordoba, Fefferman, and Stromberg developed the L?
(p > 2) theory for M by using a suitable geometric argument [2,7]. Nagel, Stein,
and Wainger [4] used the Littlewood—Paley decompositions to prove the remaining
range 1 < p < oo. Furthermore, Carbery [1] extended this result to arbitrary di-
mension d > 3.

Recently, Hare and Ricci [3] showed the L? boundedness of the operator M5
when the density of the measure on the line is changed. They considered the case
that the line Ly = {(2M¢,2%t) : t € R} is replaced by the polynomial curve
{@5p1(1),22p,(1)) : t € R} C L with py(£) = p(2).

In this paper we consider a general polynomial curve on R?. The purpose of this
paper is to show the L” boundedness of MU for all d > 1 and arbitrary polynomials
{p (0},
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Theorem 1.1 For1 < p < oo, there exists a constant C, > 0, independent of the
coefficients of V1, . . ., Pg, such that

IV Fllzoqrey < Coll Fll o gray-

Next we consider more general maximal operators. We set a vector polynomial

q q
Px(t) = (Z heapet, N defa;fté) ,

/=1 (=1

where K = (k; () € 794, Associated with Pk, we define a multi-parameter maximal
operator S by

r

(1.2) 8f(x) = sup 1 |f(x—PK(t))|dt.

Kez >0 27 J —r

In the last section of this article we use an appropriate lifting lemma and the result of
Theorem 1.1 to obtain the following.

Theorem 1.2 For1 < p < oo, there exists a constant C, > 0 independent of the
coeﬁ‘icients OfPK such that HSfHLV(IR(d) S Cp ||f||LP(]R{d)'

In proving Theorem 1.1, we develop the idea of [4] to reduce the parameters used
for defining M'* one by one. In Section 2, we briefly sketch the proof of Theorem 1.1
by introducing the reduction scheme. In Section 3, we give some vector valued and
Littlewood—Paley inequalities which will be used frequently in the proof of Theorem
1.1. In Section 4, we discuss the angular decomposition of the frequency part which
enables us to control the bad region having no decay property. The angular decom-
position is crucial in performing the reduction process successively. In Sections 5 and
6, we handle the operators corresponding to bad and good decay properties respec-
tively. In Section 7, we finish the proof of Theorem 1.1 by using the similar bootstrap
argument used in [4]. Finally in Section 8, we give a proof of Theorem 1.2.

Throughout the remainder of this paper, we shall use the notation A < B when
A < CB with a constant C depending only on the dimension d and the degrees of
polynomials py, ..., ps. We also write A ~ Bif A < Band B < A.

2 Sketch for the Proof of Theorem 1.1

Let P be a collection of vector polynomials of the form p(t) = (pi(¢),...,ps(t))
where p; is a polynomial of degree at most q of the form (1.1). Put

pj(u) = p(u/2) /2,

where ¢ is a nonnegative smooth function such that supp ¢ € [1/4,4] and p(x) =1
for all x € [1/2,2]. Now for each vector polynomial p € P and (j,K) € 7% we
define a measure '“?.,K on R? by

e = [ FE 0 200 g0
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We express the region of integration [0, 7] in the definition of M as the union of
[2/71,2/]’s. Then we can write the average of f over the line as

i 2
I (%/Z £ (5= 2p0(0), g = 25p(0)) )

- r j—1
2/ <r

Thus we see that M%< f with ¢ integral restricted on [0, 00), is majorized by the max-
imal function defined by sup; ¢ ,LL;K * | f], Therefore in showing Theorem 1.1, we
prove thatfor 1 < p <2

(2.1) I SJUI? 11 ¥ |f|HLP(]R{d)§ Coll fllze qrey-

The other range is obtained by the interpolation with p = oo and p = 2.

2.1 Reduction Scheme

By using the class of measures {11} : p € Pand (j, K) € 2"}, we shall define A, as

a family of maximal operators for eachr = 0, 1,. .., d. We consider a set of r integers
{d(1),...,d(r)} satisfying 1 < d(1) < d(2) < --- < d(r) = d. To each collection of
rintegers {d(1),...,d(r)}, we assign a set

2(d(1),...,d(r))
={K=(ki,..., ki) € 2" : ky = kgpywhend(v — 1) < n < d(v)},

where v = 1,...,rand d(0) = 0. Associated with each {d(1),...,d(r)}, we define
the maximal operator

(2.2) Mfd(l),..,,d(r))f(x) = sup |/L?,K * f(x)].

Note that the maximal operator M, (p d(1)....d(r)) 18 determined by r + 1 parameters
kd(1)7 ceey kd(,) and ]

Definition 2.1 We define A, as the family of maximal operators given by

Example We see that the maximal operator M defined by
Mf(x) = sup/ |fler = 25pi(t), ...y xa — 25pa(1) | (1) dt
ik
belongs to the class A;. The maximal function M defined by

Mf(x) = S'liI;/ [fa =218, -y xam1 = 25Pa—1 (1), xa — 2'0a(0)|pj(¢) dt
7.kl

is in the class A;. The maximal operator f — sup; ¢ /L?,K x| f| is in Ag.
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Definition 2.2 We also define a number ||A, ||, associated with A, as follows:
Ao = sup{ M| o (e~ rme) : M € A}

We see that ||A,]|, < |lAr1]p, since the supremum over the larger index set is
greater than that over the smaller index set.
In order to prove (2.1), we show the following estimates.

Proposition 2.3 For1 < p <2, ||A|, < B(p). Forl1 < p <2andre€{2,...,d},
there exists a constant B(p,r — 1) > 0 such that

(2.3) A, < B(p,r—1)

where B(p,r — 1) is of the form
N, i
(24) Cp [TUA 1 llaigp) + D%,
i=1

whereC, > 0, N, > 1, c; >0andl < ai(p) < 2.

In what follows, B(p,r — 1) will be chosen to be different constants of the form
(2.4) line by line. Hence Theorem 1.1 which is the case r = d follows inductively
from Proposition 2.3.

Remark 1 For fixed K, the maximal operator defined by sup,., u?_’K * | f|(x) is
known to be bounded in L? (R?). For the proof, see [5, pp. 477—486].

2.2 Sketch for the Proof of Proposition 2.3

Let us consider = m in Proposition 2.3. Here we show how the reduction is per-
formed by using the angular decomposition in the spirit of [4]. To simplify the no-
tation, we write y; x instead of u? k- We write the Fourier transform of the measure

Hjx as

TR ) = / STPEED (1) d,

where

Pix(&,1) = 29601 (270) + - - + 2M¢pa(20)

=28¢ (aj2t + 278 + -+ a2t + -+ 02719
+2M¢, (af2it + ap 2%t + -+ a2t - 4 a7201)

+ 28¢5 (af2lt + a2 + -+ af2Ut 4 4 al29)
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We note thatif d(v — 1) < 7 < d(v), then k; = ky(,). Thus we can write

q m
Pix(&,t) = Z(Z kg (g, V)) 2t
/=1 v=1
where £(¢,v) = (aZ(V—l)Hgd(ufl)H +ee 4 aZ(V)gd(y)). By using the Van der Corput
lemma in [5, Chapter 8], we obtain that for some o > 0,

k€l < Cmind |32 e )| o=, q)
v=1
Since we do not have good decay property in the set
(2.5) {&: |32, m)| =0},
v=1

we need to split the frequency domain into two regions: one is the bad region con-
taining (2.5) and the other is the good region away from (2.5). Precisely, the bad
region is defined as the set

q
B(K) = U U B(kaw), kacu, £),
(=1 v+#p
where K = (ki, ..., kg). The first union above is taken over v, u € {1,...,m} and

Blkaw), ki, 0) = {& : 250 |€(0,v)| ~ 2500% T (0, )]},

where in what follows we denote a ~ b if (291d!)~! < |4] < 24%141,
The good region is defined as the set

q
G(K) =N N Glkaw), kaguy, £),
(=1 v+#p

where - -
Glkawy, kaqy, ) = {€ 2 2508 (0, )| o 2RI 1£ (2, )|}

Let x4 be the characteristic function of the set A. On the good region we have
good decay properties such as

ik (&, ) xam) (€)
< Cminf{| 2K e )| v =1,...,m, and (L = 1,...,q}.

This leads us to the L? boundedness of the maximal operator

(2.6) fe sup ik % Xow) *
jez
KeZ(d(1),....d(m))
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where ¢V denotes an inverse Fourier transform of g.

Before considering the bad part, we note that B(kq(,), ki), £) defined above does
not depend on the parameter j. Moreover, we can observe that it is determined by
the parameter k() — ki()-

For the bad region, we need to handle the maximal operator for each v # y and ¢

(2.7) f sup 1k * Xg(kd(w,kd(m,é) * fl.

By using a new parameter k, we write kj(,,) = ka() +kand put Ay = Xl\g/(kd(u%kd(;)- o) We
then replace the supremum over one parameter k by the square summation

2
sup |,U*j.,K * XB(ki) k) 0) * f(x)|
jez
Kez(d(1),...,d(m))

S (3 M s HPR) g

kez.
where
A1), ...d
MM f) = sup Juxx f)].
’ jez
KezZ(d(1),...,d(m))
ko =kaw) +k

the following vector valued inequality

258) H (Z |Mz(j;(},l)<wd(m))(Ak % f)|2) %‘

kez

LP(R4)

< Bpom— || (X 14 )

kez

1P (Rd)’

where B(p, m — 1) is of the form (2.4), then the desired L? estimate is obtained from
the inequality

1
0 17) gy
| (X tae 1) S Ml

kez

This is a variant of the Littlewood—Paley inequality on the angular sectors and will be
shown in Lemma 3.4 in the next section.

We can easily see that (2.8) holds for p = 2 with the bound ||.A,,,—1 |2, which leads
us to the L? boundedness of the operator defined in (2.7). Combined with the L?
boundedness of the operator in (2.6), we obtain that the maximal operator defined
1 < p < 2, we shall use this L? estimate and the vector valued inequalities (2.8) in
Lemma 3.6, as we shall see.

https://doi.org/10.4153/CJM-2009-043-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2009-043-3

Maximal Operators Associated with Vector Polynomials 813

3 Preliminary Lemmas

Let us choose an even nonnegative function ¢ € C5°(—1,1) such that ¢y = 1 on
[—1/2,1/2]. Set x(¢) = ¥(¢/2) — ¥ (t). We define a function 2 by

244! .
Q) = Y x@/2).
=—24d!
ForT =1,...,d, we define a dyadic decomposition on each 7-th coordinate of R by
L;(f) = x(27&;) where § = (&1, .., &q). Let us define 2; on R? away from R! x {0}
by
(3.1) Qj(s,t) = Qs/(2'1)).

Then §; is supported in {2172 =1 < |s/¢| < 2/*2'd*1} We define a dyadic decom-
position on the angular sectors by using the following measures in R%:

Aga.ﬂ)(g) — Qj(fa, fﬁ)'

Let K = (ki,...,ks) in what follows. By the Marcinkiewicz multiplier theorem in
[6] we have the following Littlewood—Paley type inequalities.

Lemma 3.1 Letl < 7,0 # (i < dwithi = 1,...,m. Then we have for

1<p< oo
1
LTl*...*LTm* 2)2‘ <
H (K§m| ky kom f| Lo (Rt ™ ”f”LP(]R{d)a
1
A(m,fh) e *A(am,ﬁm) % 2) 2‘ < .
|2 273 4 )| oS W

Proof We use the Rademacher functions to switch the square sums above into linear

sums.
Then, by applying the multiparameter Marcinkiewicz multiplier theorem, we ob-
tain the above desired inequalities. ]
For a nonzero vector a = (ay,...,da;) € RY we define a measure P;-‘ which re-

stricts the frequency variable 2/|¢ - a| < 1 so that

P £(6) = w(2€ - ) f(©),
where £ - a = &ay + - - - + Eyay.

Lemma 3.2 Foreachx € R, sup;cy [Pj* f(x)| < Maf (x), where My is a directional
maximal function along the line {ta : t € R} in RY.,
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Proof The proof is obvious from the following inequality

P s = [ o= ait - an 0] (5;) de S Mof ),

because 1)V is a Schwartz function in RR. [ ]

Let {a',...,a"} bea collection of nonzero vectors in R? and define a measure by

LE(©) = (2 - ©).

Then we have the Littlewood—Paley type inequality corresponding to the above mea-
sures.

Lemma 3.3 Forl < p < oo, we have

(it )|

kiez

<
@D I[Nl ze ey

1
1 m 2 2
H(Z L, *"'*Llacn,*fl ) ‘ S flzeemey-
LP(RY)
Keurm
Proof We may assume that a’, # 0 for some v = 1,. .., d. Then the first inequality

follows from Lemma 3.1 and the fact that
LY (€) = LY (Gi€),

where f]’:\ (€) = x(2%¢,) where G; is the invertible d x d matrix defined by

1 0 - 0 0 0
0 1 -+ 0 0 0
0 0 : 0 0
Gi=|a a a, a,_, a,
0 0 : 0 0
0 0 0 1 0
0 0 0 0 1

We obtain the second inequality by switching it to linear sums via Rademacher func-

tions. |
Foreachi = 1,...,m,let o' and b’ be two nonzero vectors in R¥ and set
(3.2) ALY (E) = i€l € B,
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Lemma 3.4 Forl < p < oo,

P 1
ipi 2
At
H (kzell ¢ fl Lr(RY)
1
H ( Z |A2:’bl e *Aznx7b * flz) 2

Kezm

S ”f”LP(]R{d)a

< RA)-
ey Sl

Proof Suppose that al and b’ are linearly dependent. Then there exists a nonzero ¢
such that & - a’ = c& - b’ for & € RY. Then by (3.1), for all x € RY we have

(1> IA,ii’bif(x)jz) " <1l
k

Thus we assume that a’ and b’ are linearly independent vectors. Without loss of gen-
erality we may assume that (a4}, a}) in o’ and (b}, b}) in b’ are linearly independent.
Then the d x d matrix

a da dy eeod
v, b b, - b
0 0 1 0 0
R; = _
0 : 0
0 : 0 - 1
is invertible. For each i = 1,...,d, we use the fact A} " (€) = A,*(R;€) and the

known corresponding estimate for A,quz in Lemma 3.1 to obtain the first inequality.
We obtain the second inequality by switching the square sum into a linear sum. M

For the L? estimate, we shall use the following vector valued inequality.

Lemma 3.5 Suppose that o with each ] € 7' is an operator satisfying the positivity
condition such that |o;(f)(x)| < |oj(g)(x)] if |f(x)| < |g(x)| for all x € RY. We as-
sume that || sup ez |01l [ < ol sy for some q < 2, and [loy(f)
Col| fllpr(mey for all r > 1. Thenfor% <31+ é) we have

H(Zb](ﬁ)'Z)% LP(RY) = CH(ZV]F)%

jert jer!

r®y) <

L (RY)

where C = C, > C}/* with r satisfying L = L+ 1(1— 5), thatis, r = 2[1— (£ — 1)q].
Proof This lemma follows from the interpolation of L"(I"(RY)) with any r > 1 and
LI(I°°(RY)) for the vector valued operator T given by { f;} — {o;(f;)}. We can see
that

I3

(1o () —La(1o> (Rey) < Cly ”z||L'(l'(lR{d))ﬂL'(l'(]R{d)) <G

By using % = 1;019 + g and 1 = % + g, we obtain the desired bound. ]
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This lemma is applied to the following situation. We recall the maximal operator
M- that appeared in Section 1,

M( f(x) sup ik * f(x)].
jez
KeZ(d(D),....d(m))
Ko =kaw) +k

Thus we can write

MADdlm) £y — sup lpjx * flx)| = sup MV ok Am) £(x).

JEZ
Kez(d(1),....d(m))

M(‘?(l)""’d(m)) is bounded in L' (] {d)for all r > 1. Then for % <3(1+ é), we have

where the constant C is chosen to be

.d 1-3 d(1) 2
C = [[ M@0 e IV |y

Wherersatisﬁes% = % + %(1 — 3), thatis, r = 2[1 — (% - %)q].

4 Reduction and Angular Decomposition

In this section we set up the reduction process and angular decompositions which are
used for the proof of (2.3) with r = m in Proposition 2.3.

4.1 Reduction

We recall that the Fourier transform of the measure y; x is

TR ) = / STPEED (1) d,

where oo
Pk =3 (Yo 2etm) 2
/=1 v=1

Let Ag = {(4,v) : (af(”71)+1, e, aj(”)) #0wherev=1,...,mand ¢ =1,...,q}.
We take an arbitrary subset A C A and define

M (€) = / FE @ dr,  Ph(g ) = Y € vk,

r)eA
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Let us define a maximal operator M* associated with A C A as

MA f(x) = sup M2+ f(x)].
(j,K)EZX2(d(1),...,d(m))

In showing (2.3), we shall prove the following lemmas in Sections 4 through 6.

Lemma 4.1 Forl < p <2,

||MAHLV(IR(‘1)~>LP(]R{‘Z) S B(p,m—1) Z HMAiD”LP(]R")HLP(]R")7
DeP(A)

where P(A) is a family of all nonempty subsets of A, and B(p, m — 1) is of the form
(2.4).

By applying Lemma 4.1 finitely many times, we see that the set A will be exhausted
down to @. Therefore Lemma 4.1 leads to the following.

Lemma 4.2 For1 < p <2, |M*|| 1) rome) S B(p,m—1) where B(p, m — 1) is
of the form (2.4).

Note that Lemma 4.2 implies Proposition 2.3, since A is an arbitrary subset of Ay.

4.2 Angular Decomposition
Since @(5 ) is of the form of oscillatory integrals, we split @(5 ) into a good part
and a bad part based on whether the size of the phase function is dominated by one

term or not. The bad region is defined as the set of frequency variables such that for
some ({,v) and (¢, ) in A with v =

(4.1) 28 e (8, v)| ~ 254 e, )]

The good region is defined as the set of frequency variables such that

(4.2) bt e, v)| oo 280 (0, )],

for any (¢,v) and (¢, i) in A with v # p. We define a good maximal function by

MA f(x) = sup M fx))-
(j,K)EZX2(d(1),...,d(m))

The Fourier transform of the measure ‘JJ?%K is restricted to the region (4.2), and writ-
ten as

M) = MA@ JT (1= Qe (6 ), 60 1))
(/,I/),(Qu)GA
VH#L
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On the other hand, a bad maximal function %" f is also defined by

N f(x) = sup R x f(2)].

(jK)ELXZ((1),....d(m))

The Fourier transform of the measure ‘R?K is restricted to the region (4.1) and writ-
ten as

WO =M@ (1= T (1= Qugy o €0, ) ).

(L), (Lp)EA
v#u

From the fact that M f < M2 f + N f we show that the L? bounds of NA and M

are majorized by certain powers of ||A,;,—1][a(p) and ZDE%A) HMA’D||Lp(]R(d)_)Lp(]R(d),
respectively, for the proof of Lemma 4.1.

5 L? Estimate for the Bad Maximal Operator 9"

In this section, as a part of the proof of Lemma 4.1, we show that for p = 2,
(5.1) ||%A||LP(]R‘7)HLP(IR(‘1) < B(p,m—1),

where B(p, m — 1) is of the form (2.4). The case p # 2 will be treated in Section 7.

Proof of (5.1) for p = 2 Our proof is based on the angular Littlewood—Paley de-

composition. We can write %?K(ﬁ ) as the sum of

(52) MA©O - T Qb € 0), 6 ),

(),(t,w) EGX G w#p

where G and G’ are subsets of A. Let us consider the simple case

(5.3) MﬁK(é)de(WW (&, v), (L, 1))
with fixed v, u, and /4. Let
(5.4) a =(0,...,0,a Va0, 0),

where nonzero terms are located from the (d(v — 1) +1)-th entry to the d(v)-th entry.
We also let

(5.5) A =(0,...,0,al" D alw 0,0,

where nonzero terms are located from the (d(x — 1) + 1)-th coordinate to d(u)-
th coordinate. Then it is immediate thatthe two vectors defined above are linearly
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independent. In view of (5.3), (5.4), (5.5) and (3.2) the maximal function %;‘Kf can
be written as

ay
N f(x) = sup Mg+ ALy F ).
(j,K)EZXL(A(1),....,d(m))

Let us define a new parameter k as k = ky(,;) — k(). Then

l

W9 < (DI (47 5 o) )

k

where

(5.6) MDD fe) = sup (M * f(x)],
(7. K)ERk

with Ry = {(j,K) € 741 : (j,K) € z x Z(d(l) . d(m)) and kyy = kaq) + k}.

Note that the maximal operator M '""'d( Vs the operator in the class A, as

we have seen in (2.2). In this way our max1mal function corresponding to (5.2) is
majorized by

(St 4icesen’)

keZ

where

Gef(x) = ( sup |Aa‘* e % ( ® AV a’) * f(x)))

aa— (eremnen’ e

and H = G x G’ — [(¢*,v), (£*, )] with the notation @f\;lAi =A;*---x AN. By
changing the supremum into square summation and using Lemma 3.4, we obtain

[(Siar) %

& Il
In view of the bound B(2,m — 1) = ||A,,—1]2, we obtain that for p = 2,

57 [[(Eheii " a@nt’) 1,

o S Bpym = D fllrway,

LP(RY)

which implies (5.1) when p = 2. ]

Remark 2 For the case A}, we do not deal with the bad part and regard the operator
SUP ey ke IMjk * f| as the good maximal function M f.
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6 [’ Estimate for the Good Maximal Operator "
In this subsection we prove that for p = 2,
(6.1) ||5mA||LP(W)HLP ri) S B(p,m—1) + Z ”MAiD||LP(IR(‘1)~>LP(IR(‘1)a
DeP(A)

where P(A) is a family of nonempty subset of A and B(p, m — 1) is of the form (2.4).

We shall treat the case p # 2 in Section 6. Let ¢° = 1 — v and decompose EUE?’K({)
as

M (©) = ] @@ el v) + e @ el 1)) - M ()

Lv)eA

- Y we,

AUB=A,ANB=g

where I ¢(€) is defined by
W) = [ v ) J[ @ e, ) M),
(Ly)EA (Lv)EB
We define a maximal operator I8 by

M f(x) = sup |YUE?£ * f(x)].

(jK)EZXZ(A(1),....d(m))

In order to prove (6.1), it suffices to show that for any choice of two subsets A and B
of Asuchtht AUB=Aand ANB = g,

(6.2) HweA’BHLP(Rd)»—»LP(Rd) < B(p,m—1)+ Z HMA_DHLP(]R{d)b—)LP(]R{d)'
DeP(A)

B . TAB e
Let us define a measure T?}( whose Fourier transform T?}( () is given by

63) T = [ @ Rwattr T @R o
(Lr)EA
We note that
(6.4) TR ) = M (©) + Z M.
DeP(A

In view of (6.4) and Lemma 3.2, we obtain

(6.5)  [|ME f| oy < |l sup T3 * Flllzraey
(G K)EZXZA), ...d(m))

+ Z IMAPG )|y

DeP(A)
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where

&) = TROTTTT(1 = ety (€00, €L )

v

x [ w@ritew, vy T ve@erew,v)

Lv)eA (Lv)EB

and Gf is the composition of directional maximal functions in Lemma 3.2. The
second term in the right-hand side of (6.5) is bounded by

(6.6) Z ||MA7D||LP(]R‘7)HLP(IR(‘1)HfHLP(lR(d)'
DeP(A)

Thus in proving (6.2), it suffices to show that

AB
(6.7) l sup 1T * bl ety ~ By m = D fllowa)-
(K EZX L), (m)

To establish (6.7) we proceed to a dyadic decomposition based on the size of the phase
function. We set

L (€) = x2"€(L,v)).
Denote card(A) by the cardinality of the set A. For each 1 = (17,,)(r.)en € 25740,
N
we define Lk, = ®(Z,u)€A Li;l(j,,)+j~/7m‘,, where ®i:1 A; = Ay -+ x Ay. Then we
can decompose

lsf= Y TgsLjxa*f.

nezcard(A)
It is easy to see that the support of L; x ,, is contained in
277[1’,)/72 < de(,,)+j1/|§(£7 V)l < 27114,,4—1

for each (¢, v) € A.
In order to show (6.7), we prove that for each fixed n = (ny,),

9) | sup |1/;.’1]<3 L * fllloocray
(j,K)EZX[2(d(1),....d(m))] '

S 27 Zwmer " B(p m — 1) £l o guay-

We shall prove (6.9) in the rest of our paper. To do this we first claim that in the
region {& : Iﬁ}f * Ljxn(§) # 0}

(6.10) ITHE(O)] S 27 B o]
(6.11) ITH ()] S 27 Tmea e,
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Proof of (6.10) and (6.11) Recall that
7/*11,*;3(5) — /ei S emes Ep) 2RI H (eig(z,u)zkdwif# —1)p(e) dt,
(Ly)eA
where
|£(0, v)|2Ktit = 2w > 1 for (£, v) € B,
(0, v) |2kt 2 < 1 for (€, 1) € A.

Let n(¢) = max{ny, : (¢{,v) € By} where By = {(¢{,v) € B: (s fixed}. Then from
the conditions (4.2) and (6.8), we can observe

R {(A% AN NIV
(¢,v)EBy

Thus by applying Van der Corput’s lemma, there exists a constant ¢ > 0 such that

|T/]A\1?(§)| 5 Zicmax{n(l),... n(q)} '

By using the Mean Value Theorem,

IT4@I S T 1240 ee,v)] m 2= e,
L)eA

By putting things together, we complete the proof of the claim. ]

For the proof of (6.9) we replace the supremum by a square summation. In doing
this, we need to be careful for the number of parameters k;1), . . . , ki), and j. We
rewrite Eﬁ}f * Lixnas

B A

s(® P ) s ® E-Py L)) ® LY

(toyea Kawtit (t)eB (t)eh

where aj is defined as in (5.4) and 0 is a dirac measure at 0 in R? . Note that all
measures in (6.12) depend only on the parameters

(6.13) (ko) + j€: (L) € A}

We can check that the measure Tf‘lf is determined by k4(,) + j¢ for each (¢,v) € Ain
view of (6.3). All other measures

v o p
a0

ay Ly
(ko0 — kg +0)> L

/4
kaw)+jt? Kawy+j-l—ne,
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are determined by ky(,)+ j¢ for each (¢, ) € A, as we have seen from their definitions.
Let us investigate A. We can assume that for each v = 1,. .., m, there exists at least
one/ € {1,...,q} such that (¢, v) € A. If not, our maximal operator belongs to the
class A, with r < m — 1. Now we consider the following two cases.

Case 1. Suppose that for each v = 1,...,m, there exists a unique ¢ such that
(l,v) € A. Let us denote such ¢ by £(v). By combining this with (6.13), we see
that the measures in (6.12) actually depend on only m parameters,

il = kd(l) + ]6(1), ey im = kd(m) + ]g(m)v

which allow us to simplify the notation by renaming

B

lea"n,im = T?,Ka

o e
Ajj i = @ y).%?p)eA((S A(kd(v)+j€)_(kd(/1)+j€))7

L (4,v) _
Pitrein = ( (4?@;1)"“”””) * ( (&V@)DEB((S Pkd(u)+j/))’
Liin= ® LY

I5eeoslm (o)eA Kawy+j-l—ng,

Let J = (j1, . . ., im)- Then the left-hand side of (6.9) is bounded by the square sum

1/2
6.14 H (17 Ay« Py s ¢ ) ‘ .
(6.14) Z|1* g Pyx Ly f| Lr(at
jern
Case II. Suppose that there exists a ¥ among 1,...,m such that (/,v) € A for

more than one £. For example, for v = m, there exist two £(m) and £’(m) where
£(m) # {'(m) such that both (¢£(m), m) and (¢/(m), m) are in A. Thus we see that
I‘;}?(s) * L x n actually depends on m + 1 parameters:

i1t = kacy + 01, .. im = kagmy + j0(m)  and {1 = kagmy + 7€' (m).

This follows from the fact that there exists an invertible (m + 1) x (m + 1) matrix G

10 0 /1)
0 1 0 42
G=1o0 o 0o
00 1 l(m)
00 1 ¢'(m)
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satisfying G(ky(1y, . - - s kagmy, j) = (hs -+ 5 ims Ime1). We then rename

v op
A = ® G-A"" )
f1yensimet ((!‘,u),(&u)eA (kaw)+ 7€) — (kag +7£) )’

P = ( ® P ) (® G-P ),

(rea Fwtitl TR g ep

_ Ly
Lllwwlmﬂ - (1’%‘)96/\ Lkd(y)*’j'é_“&u :

Let J = (j1, - - ., im+1)- Then the left-hand side of (6.9) is bounded by the square sum

(6.15) H( Z |‘J']*.A]*T]*L]*f|2) v

]GZ”’H

Lp(R9)

Now we turn to the estimate of (6.9). To prove this we shall use (6.10), (6.11),
(6.14) and (6.15).

Proof of (6.9) for p = 2 We use the Plancherel theorem and the orthogonality of £;
combined with (6.10) and (6.11) to obtain the estimates for (6.14) and (6.15) of the
form

S 27 el £ gy,

)N

(6.16) H(ZU,*.A,*T;*L]*fP) 1/2‘

L2(R4
Jez ¢

where Z is taken as 7™ and 7"*! for Case I and Case II, respectively. Therefore (6.9)
for p = 2 has been proved with the bound B(p,m — 1) = 1. ]

Hence (6.9) combined with (6.7) and (6.2) completes the proof of (6.1) for p = 2,
which was the goal of this section.

7 Bootstrap Argument

By applying Lemmas 3.2 through 3.4 combined with the L?(¢?) — LP({*) bounded-
ness of the strong maximal function majorizing P; * f or L * f, we obtain that

(7.1) H(Z|A,*T,*L]*f|2) 1/2‘

jez

< RA)-
ey S Il

More direct proof of (7.1) is applying the multi-parameter Marcinkiewicz multiplier
theorem after changing the square sum into a linear sum in the same way as Lemmas
3.1-3.4. We shall frequently use (7.1) for the L? estimate of (7.2) in this section. By
using (5.1) and (6.1), we obtain Lemma 4.1 for p = 2. By iterated application of
Lemma 4.1, we obtain Lemma 4.2 when p = 2. In this section we use a bootstrap
argument to prove Lemmas 4.1 and 4.2 for 1 < p < 2.

We first deal with the range 4/3 < p < 2.
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Proof of (5.1) By using Lemma 4.2 with p = 2, we see that the maximal operator
defined by

is bounded in L?>(RY) with the L?-operator norm B(2,m — 1). Thus we are able to
apply Lemma 3.6 to obtain (5.7), which yields (5.1) for 4/3 < p < 2. [ |

Proof of (6.1) Since Lemma 4.2 holds for p = 2, we can apply Lemma 3.5 with g = 2
and (7.1) to obtain that for4/3 < p < 2

(7.2) H (Z [Ty« Ay« Py L= f|2) 1/2HLP(Rd) S B(p,m — D) fllerey-

jez

Now we interpolate (6.16) with (7.2) to obtain that for4/3 < p < 2,

< p—a Z(AI/)EA Ine. | ||f||LP(

~

(7.3) H(Z|‘J’,*.A,*T;*L]*f|2) 1/2‘

jez

R4
LP(RA) )

which yields (6.9) for 4/3 < p < 2. We combine this with (6.6) to obtain (6.1) for
4/3 < p<2. [ |

By (5.1) and (6.1) we now obtain Lemma 4.1 for 4/3 < p < 2. We repeat the
argument in Lemma 4.1 finitely many times to obtain Lemma 4.2 for 4/3 < p < 2.

For the second step we consider the range 8/7 < p < 4/3. We use the result of
Lemma 4.2 for 4/3 < p < 2 and (7.1) in applying Lemmas 3.5 and 3.6 to obtain
(5.7) and (7.2). We see that (5.7) yields (5.1). We also see that (7.2) combined with
(7.3) and (6.6) gives (6.1). We repeat this process so that p is moving backward,
4/3+ 8/7 — 16/15 + - - -, satisfying the range restriction of Lemma 3.5 such that
1/p<(1+1/9)/2. [ |

Remark 3 For the case m = 1, that is, M* € A,, the oscillatory term is given by
q .
Pi(&,t) =Y &0, 12,
=1
where K = (k, ..., k). Then we have already a good decay property

&, &0l Smin{ |2, 1)~ 0 =1,...,q}

~ min{27€|""|,€ =1,...,q},

where 2! < 2K7¢|£(¢,1)] < 2™*! and ny > 0. This combined with (5.6) leads us
to (6.16). Thus we use Lemma 3.5 to obtain Lemmas 4.1 and 4.2 by showing only
(6.1) with B(p, 0) = 0.
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8 Proof of Theorem 1.2

We shall obtain Theorem 1.2 by using Theorem 1.1 and the lifting lemma used in
[5, p. 484]. We first deal with the localized version of the maximal operator in (1.2)
defined by

S,/ =  sup  — [ [fGe—Pe(t)dt.

Kezw 0<r<p 2r —r

Let N =gdand u = (u',...,u%) € RN where " = (u],...,u}) € R1. We define a
linear transform L: RN — RY by L(u) = O°1_, alu}, ..., >0, afud), and define a
maximal operator

MEF(u) = sup /|f<u—QK<r>>|dt

KeZN >0 2

where Qg (¢) = (kg ..., 2kaga), .. (2K, ..., 2kat)). We know that Mlac
bounded in L? (RYN) from Theorem 1.1. By using thls we obtain that for any R > 0,

1
/ |spf(x)|de5R—N/ / 1S, £(x)|P dcu
i u|<R JRd

/ / |MEE, ()|? dudx
R4 J RN
_N/d /N |Fy(w)|? dudx

N
< R+p)Y (R+p) / FJP d,

where F(u) = f(x + L(u))Xxs,,,(u) with x,,, a characteristic function supported
in the ball centered zero with radius R + p. Take R — oo; then we obtain that
18l 2o (re)—1r(rey < C with C independent of p. By using the Monotone Convergence
Theorem, we have

2/\

A

lim [8,f(x)|? dx
R P00

lim/ 18, f (x)|F dx
P00 JRd

/ IS f(x)|P dx
R

SC"/ |[f(x)|P dx.
R

This completes the proof of Theorem 1.2.
Remark 4 One may work with the maximal operator associated with Qk(¢) in or-

der to prove Theorem 1.1. However, one can check that things are not simplified by
just applying a lifting argument.
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