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Abstract. Let 7.(x) be the number of the integers n < x such that [n] is prime.

We shall prove that
X

7e(x) >
log x

for 1 <¢<45/38. This improves the former range 1 <c¢<13/11.

1. Introduction. The problem of representing of primes by irreducible poly-
nomials is one of the most important problems of multiplicative number theory.
However, while this problem is completely solved for linear polynomials, it is not
known if there exists any polynomial of degree n>2 that takes infinitely many prime
values. There is therefore some interest in studying if there exists any ““polynomial of
degree 1 <c¢<2” with this property. In 1953 I. I. Piatetski-Shapiro [16] showed that
this is true if ¢ is not much greater than 1. Let 7 .(x) be the number of the integers
n < x for which [n¢] is prime (here [0] is the integral part of 6). Piatetski-Shapiro’s
result states that

, X— 00 (1.1)

if
I <c<12/11 =1.0909... .

Afterwards, using the fact that the upper bound for ¢ is closely connected
with the estimate of an exponential sum over primes, a number of authors improved
this result obtaining longer ranges for ¢. The first were G. A. Kolesnik [10] and D.
Leitmann [12] who proved that (1.1) holds for any fixed real ¢ in the ranges

l<c<10/9=1.1111... and 1<c¢<69/62=1.1129...

correspondingly. In 1983 D. R. Heath-Brown [6] made two important innovations
which let him obtain the range

1 <c¢<755/662=1.1404...
which G. A. Kolesnik [11] improved again to
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I <c¢<39/34 =1.1470... .

Then, in 1990, H.-Q. Liu and J. Rivat [15] used the method of E. Fouvry and H.
Iwaniec [2] for the estimation of exponential sums and proved that (1.1) holds for

l <c<15/13=1.1538..,,

and in his doctorial thesis J. Rivat [17] succeeded to obtain the slightly better result

1 <¢<6121/5302 = 1.1544... .

We also mention that D. Leitmann and D. Wolke [13] proved that (1.1) holds for
almost all real ¢ € (1, 2) (in the sense of Lebesgue measure).

J. Rivat [17] was also the first who considered the problem for obtaining a lower
bound for 7.(x). Using a sieve method he proved that there exists an absolute con-
stant py>0 such that

7.(%) = o (1.2)

clog x

for each fixed ¢ in the range
1 <c<7/6=1.1666... .

After that R. C. Baker, G. Harman and J. Rivat [1] and C.-H. Jia [7], using the sieve
method from [4] and the exponential sum estimates of E. Fouvry and H. Iwaniec
from [2], independently proved (1.2) for

1 <c¢<20/17=1.1764...,

and C.-H. Jia [8] improved this to

l <c<13/11 =1.1818... .

In this paper we obtain a further improvement. We prove the following

THEOREM. Let ¢ be a fixed real number in the range

I <c<45/38 =1.1842.... (1.3)

Then (1.2) holds with py=1/20.

REMARK. The main point in the proof is to replace the original Fouvry—Iwaniec
estimate with its refined version due to H.-Q. Liu [14]. The constant 45/38 may be
improved somewhat but the numerical work showed that one cannot make a serious
progress without new exponential sum estimates (even the value 1.185 would require
more complicated decomposition in Section 5 in order to obtain a positive lower
bound).

Throughout the paper, we suppose that 13/11<¢<45/38, and denote y = 1/c;
£>0 is a sufficiently small fixed number depending at most on ¢, n = &%, X > Xy(e).
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The letters p, g, r, s always denote prime numbers. The notations m ~ M and 4 < B
mean that M <m <2M and A < B<K A. We write L =loglX, e(x) = exp(2mix),
N =[-n"] = [+ )], y(t)=t = [1] = 1/2,1(t) = Y(—(t + 1)) =y(=1").

The constants implied by « and O(-) notation depend at most on ¢ and e¢.

2. Outline of the method. We write

Pe) =[]r

p<z

and for any sequence of integers £

Ea={ne&:d|n}, SEz)=I|{nef:(n P2))=1}.

Let us define
A=mn:n~X, n=[m)}, B={n:n~ X}.
We have

3 N = SA X)) + O(1),

X<p=<2X

Thus to prove the Theorem it is sufficient to show that

1 AX
S(A, (2X)?) > 0.051 m , 2.1

where A = X771(27 — 1).
In order to prove (2.1) we use the Buchstab identity

SE.z2)=58E2)— Y. SEp.p) (2.2)

2=p<z)

together with asymptotic formulae of the form

> a(dS(Aq. 2(d)) = 1Y a(d)S(By. =(d)) + error terms, (2.3)

d~D d~D

where a(m) > 0 and lD,z(d) are suitably chosen. Applying (2.2) several times we
decompose S(A, (2X)?) into sums of the form appearing in the left-hand side of (2.3).
For some of them we obtain asymptotic formulae of the above type and the rest may
be discarded.

The most troublesome error terms arising in the proof of the asymptotic for-
mulae of the form (2.3) are sums of the type

DN atm)b(nyr(mn).

m~M n~N
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Using the Fourier expansion of the function ¥(-) we reduce their estimation to the
estimation of exponential sums of the form

DN eatmyb(nye(h(mn)”). (2.4)

h~H m~M n~N

The estimates for these sums used before are good enough if the sizes of H, M, N
satisfy some conditions (see Section 3 for details) and 11/13 <y <1. It was the last
condition that set the limit of the method in [8]. We can replace it with the less
restrictive 16/19 <y <1, which allows us to obtain the better result.

3. Exponential sums. In this section we prove the exponential sum estimates
which we need. Lemma 1 is proved by D. R. Heath-Brown [6, Lemma 4]. Lemma 2
is Theorem 3 of H.-Q. Liu [14]; it contains an improved version of Theorem 3 of [2]
and Lemma 1 of [1]. Lemmas 3 and 4 are refined versions of Lemmas 4 and 5 of [1]
and Lemmas 1 and 2 of [8].

LEMMA 1. Let 5/6+n<y <1, MN=<X, H<X'™7 "% Assume further that a(m),
b(n), c(h) are complex numbers of modulus <1, and N satisfies one of the conditions

X't < N < x4 (3.1)
or

X7t o N < XVE (3.2)
Then

D000 chatmbmye(h(mn)’) < X',

h~H m~M n~N

LEMMA 2. Let H>1, X>1, Y>1; let o, B and y be real numbers such that
ay(B—1)(y—1)#0, and A>C(a,B,y) >0, f(h,x,y) = Ah®*xPy". Define

S(H, X, Y) =Y ">"%"a(h, )b()e(f(h, x, y)).

h~H x~X y~Y
Also suppose that |a,(h, x)|<1, |b(y)|<1, F= AH*XPY">Y. Then
L3S(H, X, Y) < (HX)' Y2 YY2 B2 L gy ys(l 4+ Y4104
(X232 Y18 116 (5132 4y y p /4
where L=1og(AHXY+2), M=max (1, FY™2).

LEMMA 3. Let 16/19+e<y <1, MN=X, H<X'7r*%. Assume further that a(m),
b(n), c(h) are complex numbers of modulus <1, and N satisfies the condition

X3 o N < X2 (3.3)
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Then

D00 eha(myb(nye(h(mn)’) < X',

h~H m~M n~N

Proof. Let us suppose first that N < X'/2. Then we apply Lemma 2 with
(h, x, ) = (h, n, m) and using the assumptions of the lemma obtain

XT3N clya(m)bme(h(mn)) < X',

h~H m~M n~N
For N > X'/? we interchange the roles of m and n.

LEMMA 4. Let 16/19+e<y <1, MN=X, H<X'~r*%. Assume further that a(m),
c(h) are complex numbers of modulus <1, and N satisfies the condition

N > x373r+e, (3.4)
Then

DO ehatmye(h(mn)’) < X',

h~H m~M n~N

Proof. If N satisfies the condition (3.3), Lemma 4 is a consequence of Lemma 3.
Let us suppose now that N > X3*~>=¢_ We first apply Poisson summation formula
(Lemma 6 of D. R. Heath-Brown [6]) and obtain

Z Z Z c(h)a(m)e(h(mn)")

h~H m~M n~N

=NF'23 "N 3 " e(hya(m)b(k)e(f(h, m, k)) + O(HM(NF™'/* + L)),

h~Hm~M k

where F= HXY, fih,m, k) = B - (hm"k~")"/=") < F a(m), b(k), c(h) are of modulus
< l(a(m), c(h) possibly not the same), and k runs through an interval [K;, K] for
which K; < K = FN~'. Now we use a variant of the Perron formula (Lemma 6 of E.
Fouvry and H. Iwaniec [2] or formula (4.4) below) to remove the dependence
between the summation variables. We get

> > - chatmelhmn)’)
h~H m~M n~N
<LNF'2| S0 5™ S catmpbRye(fih, m. k)| + HMNF2 + L),

h~H m~M k~K

We estimate the last sum via Lemma 2 with (4, x, y)=(h, m, k) and the required
estimate follows immediately.

4. Asymptotic formulae. We begin this section with two lemmas concerning the

so called Buchstab’s function w(u) which is defined to be the continuous solution of
the differential-difference equation
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w(u) = 1/u, forl <u <2,
(uww)) =wu—1), foru> 2.
Lemma 5 follows easily from Lemma 2 of J. B. Friedlander [3], and Lemma 6 fol-
lows from Lemma 5 by partial summation.
LEMMA 5. Let £ >0 be fixed, x>x¢(¢), xX*<z=<x. Then for any u € (x, 2x] we have

1 —
Z 1:W(ogx>.u x+o< x2 )
x<n<u 10g z log z 10g X

(n,P(2))=1

LeEMMA 6. Under the assumption of Lemma 5 we have

Yooy i=a ) 1-<1+0<@>).

n~x n~x
(n,P(z))=1 (n,P(z))=1

with A= (2v—1)xr1.
Lemmas 7 through 10 provide us with the asymptotic formulae of the form (2.3)
which we need in the next section.

LEMMA 7. Let 16/19+e<y <1, MNxX, and a(m), b(n) are complex numbers of
modulus < X"3. Assume further that N satisfies one of the conditions (3.1)—(3.3).

Then
D0 ambm) =" " am)b(n)y(mn) ™t + OX7 ). (4.1)
m~M n~N m~M n~N
mneA mneB

Moreover, if N satisfies (3.4) then

D) atmy= )" atmyy(mny ' + O(X7N). (4.2)

m~M n~N m~M n~N
mneA mneB

Proof. Let us consider (4.1). We have

DO atmbn) = D" a(m)b(m)N (mn)

m~M n~N m~M n~N
mneA mneB

and therefore

> amyb(n) = ) + %,

m~M n~N
mneA

where
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Y= D03 am)bn)((mn+ 1) — (mn)).

m~M n~N
mneBB

., = Z Z a(m)b(n)r(mn).
"omes”

It is easy to see that

Y= Z Z:a(m)b(n)y(mn)y_1 +OX").

m~M n~N
mneBB

Thus the proof of (4.1) will be completed if we show that

Y, KX,

Applying a well-known reduction argument using the Fourier expansion of the
function ¥(¢) (see [6, pp. 245-247]) we find that the last inequality follows from the
estimate

D00 elhatmyb(nye(h(mn)’) < X'

h~H m~M n~N

where H < X'77*% and the coefficients a(m), b(n), c(h) are complex numbers of
modulus <1. This estimate is provided by Lemma 1 if N satisfies (3.1) or (3.2), and
by Lemma 3 if N satisfies (3.3).

One can prove (4.2) similarly using Lemma 4 instead of Lemmas 1 and 3.

LEMMA 8. Let 16/19+e<y<1, MNx<X and N satisfies one of the conditions
(3.1)—(3.3). Let 1, J are integers and I;, J; are intervals for 1<i<I, 1<j<J. Write

ammy=Y_ cm) > dm)

kpy--pr=n Iq1---qy=m
Pr<p2<-<pp Q1<q2<-<qy
Pi€L; q,e],'

with |c(n)|, |d(m)|<1 and ps,...p; and q;,...,q; satisfying t joint conditions of the
form

Pu=qy OF gy =py

or

[1e[lav=H or T]pu=]]a

ueld vey ueld veV

or similar (for given UC{1,....I}, VC{l,....J}, H<X). Then

SO atmony= "> alm, ny(mny " + O(X" LY. (4.3)
m~M n;l«N m~M ”EN
mne mne
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Proof. Each joint condition can be removed by the truncated Perron formula

T
L[ peGinyp) {1+O('F1(ﬂ—|a|)—‘), iflo| < B
R G . 4.4
nJ VI 0T el - p . iflel > B “4)

at the cost of an additional L factor in the error term.
For example, in order to remove the condition p, < ¢, we apply (4.4) with
a =logp,, B =log(q, +3) and T = X?. We find

Z Za(m,n):%] Z Zal(m n, y)—+(’)(1)

m~M n~N m~M n~N
mneA =T mneA

where
Voo 1
ay(m,n, y) = aj(m, n)p; sin( ylog| g, +5

and a;(m, n) is the same as a(m, n) but with the condition p, < ¢, removed. Applying
this procedure ¢ times we obtain

T
S atmn) = J J 3 Z“ “im, m, Y)d +0) 4.5)
e Sy Spsiey M

where a*(m, n,y) is defined similarly to a(m,n) but with all the joint conditions
removed, so that

a*(m, n,y) = a(m, y)b(n, y).

We can therefore apply (4.1) to the last sum. We get

T
1 J J a(m, a(m, y)b(n.y) ,
-} y
' “r m~Mn~N e
- mneA (4 6)
1 r 0 b ’
— || Yty + ot
' “r - r71~M)1~N Y Y

mneB

Applying (4.4) t more times we finally find

T
s J J 3 Za(m y)b(n y) Ymny’~\dy
! “r Y m~Mn~N
mneB (47)
= Z Za(m, n)y(mn)’ ' + O(1).
m~M n~N

mneB
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The lemma follows from (4.5)—(4.7).

LEMMA 9. Let u>1 and for some N satisfying one of the conditions (3.1)—(3.3)
there exists DC{l1,...,u} such that

HPk“N

keD

D SAp ) =2 D SBy o p)1HOWLT)) +OXT). (43
P

Here the summation is over prime numbers pi,. . ..p,>X"3 satisfying p, > p:1, together
with <1 further conditions of the type

pe<pror Q<[] =R
keF

(for some FC{1,...,u} and R<X).

Proof. The left-hand side of (4.8) equals

>y L

k:
P1--pukeA
(k, P(p1))=1

We can write this sum in the form

Z Za(m, n)

m~M n~N
mneA

where

n=[]p. m= (Z;;,) -k

Jeb Jj¢D

and a(m, n) are of the form considered in Lemma 8. Since N satisfies one of the
conditions (3.1)—(3.3), we can use Lemma 8 for the last sum, so that we obtain

>0 Sy 1)
- Z Z a(m, n)y(mn)l’*1 + O(XV’3”L”)

m~M n~N
mneA

= > D vprpdk) T+ OX,
PlsesPu k:

p1.--pukeB

(k,P(p1))=1
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Here a is the number of the joint conditions between the variables.
Applying Lemma 6 to the inner sum we complete the proof of the lemma.

LemMMA 10. Suppose that y>38/45+ s and M<X¥'3. Suppose further that a(m)
are real numbers, such that 0<a(m )<< X" and a(m) =0 unless p|m=>p>X'15. Then we
have

D am)S(Ap, XY =1 " a(m)S(By, XY+ OL™) + OX7 ).

m~M m~M

Proof. We follow the approach of G. Harman [5, Lemma 2]. We shall make use
of the Eratosthenes—Legendre sieve, which states that

Y. Sm= ) udfind) o
("q;(SZ;\)]:l Z'fi(]\}

where u(d) is the Mobius function.
We take z = X''/15 and applying (4.9) to S(A,,, z) we find

> am)S(An.2) =Y alm) Y pu(d). (4.10)
m~M m~M ) g,LZ(;)A

Now we proceed to show that

D _am) Y o)=Y alm) Y udymnd)™" + O(""), (4.11)
T i T s

We first consider the case M > X7/15. We produce a new variable k = dn and find

> am) Y ud)= > a(mb(k)

m~M d|P(z) m~M
mnde A mke A

with |b(k)| < (k) (z(k) denotes the number of the positive divisors of the integer k).
Splitting up the values of k into intervals of the form (K, 2K] we derive (4.11) from
(4.1) with (m, n) = (m, k).

Now suppose that M < X”/1>. We divide the sum in the left-hand side of (4.11)

into two parts
Y= am Y ),

m~M d|P(z)
mnde A
md<X8/15

Yo=D atm) Y ud.
m~M d|P(z)

mnde A
md>X%/13

https://doi.org/10.1017/S0017089599970477 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089599970477

DISTRIBUTION OF PRIME NUMBERS 95

In ), we produce a new variable k = md and get

Y= 2, b
k<Xx8/13
kneA

where |b(k)| < k"t(k). Therefore (4.2) with (m, n) = (k, n) implies

Yo=Y am) Y udy(mndy "+ OX),

m~M d|P(z)
mndeB
md<X8/15

Now we write ), in the form

So=— o amy ) Y ud)
m~M p<z dPQp)
mnpde A

mpd>X3/13

and divide the last sum into two parts

Yo=Y amy Y ),

m~M p<z d|P(p)
mnpde A
md<X®"5 <mpd

Yu= D amd > .
M

md> X813

In ) ; we produce two new variables k = md and [/ = np and we get (note that
p <z,mpd> X = k> X7/15)

Y= >, bk
X715 << x8/15
kle A

where |b(k, )| <« k"t(k)t(/) is of the form appearing in the left-hand side of (4.3) with
the only two joint conditions

p>q and pk > X¥/"
(here ¢ is the largest prime divisor of d). Therefore Lemma 8 with (m, n) = (k, /)
implies
o= amd > udymnpd)” + OXTL).
m~M p<z d|P(p)

mnpdeB
md<X%"5 <mpd

We treat Y 4 similarly to Y, and write it as the sum of two sums
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Y= am YooY ),

m~M H<p1<Z d|P(p>)
mnpprde A
md<X¥"5 <mpd

Y= am Y. Y ().

m~M p2<p1<z  d|P(p)
mnpprde A
md>X%13

We deal with ) 5 as we did with ) ; and obtain a similar asymptotic formula, and
we give further decomposition for ) . We can continue in this fashion obtaining
each time ) »;_; for which we can apply Lemma 8 and ) ,; for which we give further
decomposition. Since the integers in the interval (X, 2X] have <L prime divisors
after at most L such steps we will obtain an empty ) »; and we will have given
asymptotic formulae for all the occurring sums. Clearly, combining the asymptotic
formulae for all Y, | we complete the proof of (4.11) for M < X7/15.
Applying (4.9) and Lemma 6 we find

D am) Y p(dy(mndy ™ =" am)S(By, 2)(1 + O(L™)). (4.12)

m~M d|P(z) m~M
mndeB

The lemma follows from (4.10)—(4.12).

5. Proof of the Theorem. We apply twice (2.2) and get

S(A, 20)') = SA X = 3" S(Ay,p)

X114 <p<Xx*/°
- Y. SA.p
X115<p=<(2x)'?
- > S(A, XY
X2 <p< XI5
+ ) S(Ag9
X0 <p< X715 (5.1)
X‘/15§q<X7/45
+ Y S(Ay9)
X2/9<p<X7/'5
X7/45 S(15)(2/9

+ § S('qus Q)
/\’2/9<q<p</\’7/15
Pr=<2X

=S51-5—-8:—-84+ S5+ S¢+ 57, say.

For S;, S5 and S7; we give further decompositions. We apply to S; the Buchstab
identity (2.2) four times and we get
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S| = S(.A, Xl/lS) _ Z S(AP,XI/IS)
X115 <p< X1/45
+ Z S(qu, X1/15)

X115 <g<p<X7/45

Y Sy X (5.2)

X115 <p<q<p<X7/4

+ > S(Apgrs: 5)

X/ <s<r<q<p<X1¥
=S5 — So + S10 — S11 + Sz, say.
Now we consider Ss. We write (V) for the conditions
XY <p< XS, xS < g o XU pg? < X315,
and (V,) for the conditions
XY < p< XTS5 xS < g < XTI pg? s xS,

We apply (2.2) two more times to the part of S5 corresponding to the conditions (V)
and get

Y S )= D S(Apg, XV

P.q:(V1) p-¢:(V1)
— Y Sy X1
p.9:(V1)
X<r<q (5.3)
+ Z S(qurs’s)

P.q:(Vi)
X' <s<r<q

= S13 =S4 + Sis, say.

For the part of S5 corresponding to the conditions (V,) we find

Do SA =Y. Y. 1=Si+Spy (5.4)

(V. (V. n:
P.4:(V2) p.q:(V2) paneA

(n,P(g))=1

where

S= > oL

2.4.:(V5) o
pqrsneA

9=r=\2X/pq (n, P(s))=1

r<s<(2X)/pqr

For S; we have
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S7 = Z S(qu, LI)

X2 <q<p< X715
pg<X1s

+ ) S(Apg. 9)
X2/ <q<p<X7/]5
X115 <pg<x8/15

+ § S(qu» q)
X2 <qep<X'/15
XYV <pg<pg’<2X

= S13 + Sio+ S, say.

Using the definition of the sifting function we obtain

Sis= Y Yoo

2/9 /15 R
X7 <q<p<X pane A

Pa=XTE ( pg=1
= S + Sa,
where Sy, is the number of the integers of the form pgr € A for which

XP <q<p<pg<X'5 and r>gq, (5.5)

and Sy—the number of the integers of the form pgrs € A for which
X2/9<q<p<pq</\’7/15 and ¢ <r<s. (5.6)
Hence,

S7 = S19 + S20 + S21 + S. (5.7)

Combining (5.1)—(5.4) and (5.7) we obtain

S(A, 2X)/?) = — 83 — 83 — Sy + S+ Ss — So 4+ S10 — Si1 + Si2 + Si3

(5.8)
— S14+ 815+ Sie + S17 4+ Si9 + So0 + So1 + S,

Lemma 9 provides asymptotic formulae for S, S3, S¢ and S;9, and Lemma 10—for
Ss, Sg—S11, S13 and Sy4. Using Lemmas 8 and 9 we can also find asymptotic for-
mulae for those parts of S5, S15—S17, S>1 and S», where some subproduct of pgr or
pgrs lies in one of the intervals

(X745, X297, [X7/15, X815, [X7/9, X38/49).

Since S>y and the remaining parts of these sums give positive contribution to the
right-hand side of (5.8), we may discard them obtaining a lower bound for
S(A, (2X)"?). Now using the corresponding decomposition for S(B, (2X)"?) we
obtain that

S(A, X)) > MS(B, 2X)"/*) = T1y — Tys — Tig — Ty — Tog — Tar — Tr). (5.9)
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Here T», ..., Ty are almost the same as the discarded sums with the only difference
that A is replaced by B, for example,

T20 = § S(qu’ q)
X9 <q<p<X1/1S
X315 <pg<pg?<2X

The Prime Number Theorem implies

S(B, (2x)'?) = )Z((l + O(L™Y). (5.10)

In order to evaluate Ti,...T>» we use Lemma 5 and the estimates for the
Buchstab function contained in the following lemma (cf. Lemma 8 of [9]).

LeEmMA 11. If w(x) is the Buchstab function, then we have

(a) w(u)<0.5644 for u>3;
(b) w(u)<0.5672 for u>2.

We consider first 7. Applying Lemma 5 and the Prime Number Theorem we

obtain
X log (X,
T20 = W( g( /pq))(l + O(Lil))
X0 <q<p<X7/13 pqlog q log 4q
X5 <pg<pg? <2X
X
= (o + O(Lfl))z
where

and D, is the region defined by the conditions

2/9<y<x<T/15, x4+y>8/15 x+2y<]l1.

The computation of the last integral shows that

X
Ty < 0.416952. (5.11)

Now we consider T,;. We have
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me ¥ (x(2)-()

X2 <q<p<X7/]5

pg<X715
X
= ————(1+0(L™)
20 e yns PA108 (X/pq)
pg<Xx1

= (I + O(L”)))z(

I _JJ dxdy
) ) o =x—y)

Dy

where

and D, is the region defined by the inequalities

2/9<y<x<x+y<T7/15.
Hence

X
Ty < 0.004333 7. (5.12)

Treating T and T, similarly we get

Ty < 0.35301%/ and T» < 0.000244%(. (5.13)

The sums T, and 75 may be estimated similarly to 75, via Lemma 5 and the Prime
Number Theorem. We find

X X
T < 0.006183z and 75 < O.OOO386Z. (5.14)

Finally we consider T77. We divide it into two parts: T>3 where

and T,4 where

and we obtain

Ti17 = Trs + Ty (515)
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With T»3 we proceed similarly to 75;, and with T»4—similarly to T,y. We get

X
Ty < 0.115868 . (5.16)

and

X
To = 0.020259 7. (5.17)

Finally from (5.9)—(5.17) we derive

S(A, (2X)%) > 0.08%( .
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