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1. Introduction

Let k be a fixed integer = 2. A positive integer n is called unitarily k-free, if
the multiplicity of each prime factor of n is not a multiple of k ; or equivalently,
if n is not divisible unitarily by the k-th power of any integer > 1. By a unitary
divisor, we mean as usual, a divisor d >0 of n such that (d,n/d)=1. The
integer 1 is also considered to be unitarily k-free. The concept of a unitarily
k-free integer was first introduced by Cohen (1961); §1). Let Q% denote the set
of unitarily k-free integers. When k = 2, the set Q3 coincides with the set Q* of
exponentially odd integers (that is, integers in whose canonical representation
each exponent is odd) discussed by Cohen himself in an earlier paper (1960; §1
and §6). A divisor d >0 of the positive integer n is called a unitarily k-free
divisor of n if d € Q%. Let 7%i,(n) denote the number of unitarily k-free
divisors of n.

In this paper we prove the following.

THEOREM 1. For x =3,

- k 2kp —k —1)lo
(1) T, rton) = a,,x(logx +2y-1 +§((k)) +3 ( = —2p)+ 1&2) +A%(x),
where A%, (x)=O(x" exp{— A log” x (log logx)"”}) or O(x*), according as
k =2,3 or k Z4; A being a positive constant, y is Euler’s constant, a is the
number which appears in the Dirichlet divisor problem (2.19) and o is the
constant given by (2.1).

THEOREM 2. If the Riemann hypothesis is true, then for x Z 3, the error
term At (x) in (1.1) is given by At.)(x)= O(x@ Y0y (x) or O(x"),
according as k =2,3 or k = 4; where w(x) = exp{A log x (lcglog x)™'}, A being
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a positive constant and « is the number which appears in the Dirichlet divisor
problem (2.19).

2. Prerequisites

Let u(n) and ¢ (n) denote respectively the Mobius function and the Euler
totient function. Let p*(n) denote the unitary analogue of the Mébius
wu-function defined by w*(n)=(— 1)"",where v(n) is the number of distinct
prime factors of n. Let o*(n) denote the sum of the s-th powers of the
square-free divisors of n. It is known Cohen (1961; Lemma 3.5) that

S p¥(m)d(m 1
@1 = 3 EIEI o T (1- 2+ ).

- p* o
where the product is extended over all primes p and {(k) is the Riemann Zeta
function.

It can be easily shown by using standard arguments that

(2.2) S Mo o) for s>0 and 0su<l.

We need the following lemmas:
LeMma 2.1. (Suryanarayana and Sita Rama Chandra Rao (1975; Lemma

2.8)). For x =3 and for every ¢ >0,

(2.3) M¥(x)= 2 u*(m)=0(o*..(n)x8(x)),

m=x
(m,n)=1

where the O-constant is independent of n and x and §(x) is given by
(2.4) 85(x)=exp{— A log”° x (loglog x) '},

A being a positive constant.

Remark. Hereafter, all the constants implied by the O-symbols are
independent of n and x.

LemMma 2.2. (Suryanarayana and Sita Rama Chandra Rao (1975; Lemma
2.13)). For x = 3,
(2.5) N*(x) = 3 uwHm)¢(m)=0(x8(x)),

where 8(x) is given by (2.4).

LeEMMA 2.3 (Suryanarayana and Sita Rama Chandra Rao (to appear))
For x 23 and for every ¢ >0,
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31 Unitarily k-free divisors 21

(2.6) N*(x) = Z pH*m)p(m)=0(c*,..(n)x*8(x)).

(mn)=1

Lemma 2.4. For x =3, s >2 and for every £ >0,

prm)e(m) _ (o*..(n)d(x)
@ 3, 4HmEm)_ (TR 20))

m>x
(m,n)=1

ProoF. Putting f(m)=1/m~, it can be easily shown that
1
fom + 1)~ fom) = 0 (=) .

By partial summation and Lemma 2.3, we have

*
S aXmEUn) _ _ Nxofx1+ - S NEom)fom + 1) - fom)}

m>x m m>x

(m,n)=1
_ O(GTH;(SIEZB(X))_*_O(Z af.ﬂ(rsugla(m))

m>x m

*
= o(Z==lt P o (o1, (msx) 3 ).
X m>x M
since 8(x) is monotonic decreasing. Also, since s > 2,

D) ml““I - O(#) ’

m>x

Hence the lemma follows.
As a particular case of (2.7) for n = 1, we have

(2.8) S pHm)G(m) _ 0(32;53).

m>x m X

LemMa 2.5. For x 23, s >2 and for every £ >0,

pX(m)p(m)logm _ ag*..(n)é(x)logx
2.9) > A o(Zrs(md)logx)

(mn)=1
ProoF. Putting g(m)=1ogm/m?*, it can be easily shown that
logm
g(m +1)-g(m)=0("E%).
m
By partial summation, Lemma 2.3 and making use of the argument adopted in

the proof of Lemma 2.4, we get (2.9).
As a particular case of (2.9) for n = 1, we have
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(2.10) 3 *(m)p(m)logm _ O(a(x)logx>
. m>x m s x
Lemma 2.6. For s >2

2.11) 2 M

=l

l)ﬂ(

=+ on) [H{EZ 531

p*/ e lp*—2p +1

Proor. Let e(m) =1 or 0 according as m =1 or m > 1. Then the series on
the left becomes

i p*(m)e(m)e((m, n))

m s

This series is absolutely convergent for s >2 and the general term is a
multiplicative function of m. Hence the series can be expanded into an infinite
product of Euler type (Hardy and Wright (1960; Theorem 286)), so that we have
i p*(m )¢§m ]-[

p*n

-1 1 -1
-TI {l—pps 3 m_”}=]‘[ {1__L
pin

Hence the lemma follows

As particular case of (2.11) for n = 1, we have the following
o *
2.12)

) (m)?(M)=§(s—l)H<1-%+_1;) for s>2.
m=1 m » p
Lemma 2.7. For s >2,
(2.13) 2 *m )¢(m)logm

~26 -] (1-5+

1(1-5%5+57)
I'Gs=1 (2p —Dlogp
x{c(s—1)+§ p‘—2p+1}
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[5] Unitarily k-free divisors 23

Proor. This series is uniformly convergent for s =22+ ¢ >2 and so by
termwise differentiation of the series in (2.12) with respect to s, we get (2.13).
For finding the derivative of the right hand side expression of (2.12) with
respect to s, we write

f)=¢s =] (1 —pf..+p1,).

Then

log f(s) =log {(s =N+ 3 log(] _%’L#)’

so that

f)_¢'s-b, E(ZP Dlogp
fs) d(s—=1) p’-2p+1’

and this gives

2p — 1)1
fe) =1 [EE+ 3 TR

As a consequence of (2.8) and (2.12), we have

2.14) 3 LS _ o+ 0(22)).
Similarly, as a consequence of (2.10) and (2.13), we have
u*(m)¢(m)logm _ (L) (2p —Dlogp
@15 2 (5502 pr 2y )

+0(6(x)logx) ,
x
and as a consequence of (2.7) and (2.11) for s = k + 1, we have by (2.1):

m3Sx
(m.n)=1

LemMa 2.8 (Suryanarayana and Sita Rama Chandra Rao (1973; Theorem
4.1)). If r(m, n) is the number of divisors of m which are prime to n, then for
x =2,

217) S wm;n)= "’(")"

m3x

(logx +2r — 1+ a(n))+ O(c*.(n)x"),

where vy is Euler’s constant, a(n) is given by

___n p(d)logd _ < logp
(2.18) a(n) ¢(n)§ i ;p_l
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and a is the number which appears in the Dirichlet divisor problem namely
(2.19) > r(m)=x(logx +2r — 1)+ O(x").

m=x

It is known that ; < a < j (Hardy and Wright (1960; page 272)). The best result
known so far is due to Kolesnik (1969), who proved that the error term in
(2.19) is O(x"¥7**) for every ¢ >0. There is a conjecture that o =+ &.

Lemma 2.9. For x =3,

a3 RS 5 logp o (6015x)

= pk+l_2p+1 xk—l

m=x

ProoF. We have by (2.18),

= m< . m < 4p-1
p*(pd)¢o(pd)logp
= pk+ldk4>l(p —_ 1)

- 3 ptpd)é(pd)logp s p*(pd)d(pd)logp
v pk+l dk+|(p _ 1) Pd*édx pk+|dk+l(p _ 1)

pld 4

3 p*(m)d(m)a(m) _ D p*m)é(m) < logp

(2.21) =A + B, say.
We have p*(pd) = n*(d) and ¢(pd) = pp(d) when p|d. Hence

_ p*(d)¢(d)logp
A “,,:.?;, p*d**'(p -1

pld
(2.22) _ p*(d)o(d)logp p*d)p(d)logp
2 ptd*tip -1 & prtd*'(p-1)
(p.d)=1
=A,— A, say.

We have by (2.14),

A =T 18P pHd)(d)

o(;)

Zopf(p -1,  d¥
X k-1
()

_ logp logp ( 1 log p (x))
223) = E — +O—— 2 s(Z)).
@) mw LT -D *&p (P -1 xXZplp-1 \p

& logp
=S 98P +0
ngxp"(p - |*
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(7] Unitarily k-free divisors 25

By (2.1), we have ax <1 and p*(p — 1) = p**'/2, so that the second term in
2.23) is

(3 1982) » 0(1987) - o2xeex).

=, X X
Also the O-term in (2.23) is

ok 3182 (£)o(2) = o142 3 bs8) - o (s,

x P=Ex p p

since x §(x) is monotonic increasing and

> 1051): O (log x) (Hardy and Wright (1960; Theorem 425)).

pP=x

Hence

(2.24) A,_akz kl(c;)gp) O(6(§)kl_(?gx>.

We have by (2.16) and (2.22),

log p w*d)¢(d)
A= 2 e
péxp (P 1)(“15:;31 d
x
log p p(p“ -1 5(5)
=p§§:xpk(p"l) akpk+l_2p+1+0 ik_l
(2.25) 4
_ (p* —Dlogp _ (p* —Dlogp
_akz k-l(p_l)(pk+1__2p+1) ak;‘pk 1(p__1)(pk+1_2p+1)
o l50(3):
+0(5= 2 sty ®

By(2.1), wehavea, <landp —12p/2,(p*"' -2p + D>p*"'2,(p* — D) < p*,
so that the second term is (2.25) is

0(3, 1288) - 018 - o (2ieex)

p>x X X

Also, the O-term in (2.25) is O(8(x)logx/x*™"), since it is the same as the
O-term in (2.23).
Hence

- (p* —1logp 5(x)log x
(2.26) A; akgpk_,(p_1)(pk+,_2p+1)+0( e )

Also, by (2.21) and (2.16),
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_ w*pd)d(pd)logp _ p*d)d(d)logp
B P;, k+1dk+l(p 1) p.:lzs,‘ pk+l dk+l
(pd)=1 (p.d)=1

I *(d)p(d
_zogl’z p*(d)o(d)

=, pk-H -/ dk+|
(d.p)=1
2.27)
X
log p p(p*—1) 6(3)
= ; k+1 k+l —2p +1+O (£>k—|
p

— (' ~Dlogp (p* —Dlogp
P -2p+ ) K E P T -2p + 1)

= 3 5 5(7))
+O(xk-‘,§, > 5 )

By (2.1), we have o <1 and (p**'—=2p + 1) >p**'/2, (p* — 1) < p*, so that the
second term in (2.27) is

o(322%)-

p>x P

(logk p) -0 (6 (x )kl(:g x)

X X

Also, the O-term in (2.27) is O(8(x)logx/x*™"), since it is the same as the
O-term in (2.23).

Hence
- — (p“—1logp 8(x)logx
(2.28) ak2p (pk+l 2p+1)+0< >

Hence by (2.21), (2.22), (2.24), (2.26) and (2.28), we have

prm)¢(m)a(m) _ logp (p*-Dlogp
“. m**! a“‘sz“p“(p—l) "2 p'p - DT -2p +1)

_ (p“—Dlogp (8(x)logx)
CU(EP (pk+] 2p+])+0 xk 1

_ logp (S(x)logx)
=-a X w07y ’

and the lemma is proved.

Lemma 2.10. For x =3 and for every ¢ >0,
(2.29) 2 pXn)T(m;n) = O(x(m)x8(x)),

nsx

where x(m)= = 4°,
d/m
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9] Unitarily k-free divisors 27

ProoF. Let

M¥.,(x)= 2 u*(m).

msEx
nlm

Then we have

% ;L(d)M’b‘(X)=; p(d) ?;a p*(m)

(m,d)=1

= 2 wdurm)= 3 wXm) 3 w(d).
m=x m=x din
din (d.m)=1
(md)=1
If n is square-free, then it is easy to show that
d)y=1 0,
;ﬂ p(d) or

(dm)=1

according as n|m or n t m.
Hence, if n is square-free, then we have

; p(d)M¥(x) = zx n*(m)= M¥,(x),
nim

and so by (2.3),

M*(x) = o(;ﬂ uz(d)a*4+,(d)x6(x))

230) =o(xs [1{1+0%..01) = 0 (x5 [ 3)
=0 (3" x8(x)).
Now,

rgx IJ'*(")T(m ; n) - Ex I‘L*(n) d82=m I - r;x IL*(") d&z=m rl(zd:)#(r)
dmr=1 "

Z p*n)p(r) = 3‘:, p(r) 2 p*(n)

rsé=m rin
rin

Z p(r)M*,(x).

Hence, for square-free r, applying (2.30), we get
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S u*n)r(m;n)= o(xg(x)w 'uz(r):;u(r)).

n=x

Now the lemma follows, since

> w03 =3 3 w3 =3 {[Ta+)

rs|lm plu

=2 4= x(m).

ulm

LEMMA 2.11. (Suryanarayana and Sita Rama Chandra Rao (1975; Lemma
2.16)). If the Riemann hypothesis is true, then for x =3 and for every € >0,

(.31 M*(x) = D u*(m)= 0(ot.(n)xiw(x)logx),
(mn)=1

where

2.32) w(x)=exp{A logx (loglog x)~'},

A being a positive constant.

LemMMA 2.12 (Suryanarayana and Sita Rama Chandra Rao (to appear;
Lemma 4.3)). If the Riemann hypothesis is true, then for x = 3 and for every
e >0,

(233)  Nix)= Y p*m)$p(m)=0(c*1.(n)x}w(x)logx).

(m,n)=1

LemMmA 2.13. If the Riemann hypothesis is true, then for x =3, s >2 and
for every £ >0,

*
2.34) mzx M*(";):b(m) _ O(gn(';)’tfjg\?)logx) -
(m,n)=1

Proor. We get this lemma by following the same argument as in Lemma
2.4 and making use of Lemma 2.12 instead of Lemma 2.3. We have only to
replace o*,..(n)8(x) in Lemma 2.4 by

o*.. (n)x‘%w(x)logx.
Similarly we get, as in Lemma 2.5, the following.

LeEMMA 2.14. If the Riemann hypothesis is true, then for x =3, s >?2 and
for every £ >0,
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[11] Unitarily k-free divisors 29

*
(2.35) S pllpdim os e o("-é”("x),“’ (x)log” 7).
The results corresponding to (2.14), (2.15) and (2.16) in case the Riemann
hypothesis is true are given by the following:

k+1 k—172

@36 3 e, +O(M>

m=x

prm)¢(m)logm _ (k) (2p — Dlogp
(2-37) r;x mk‘l v {g(k) + 2 k+l zp + 1)}
w(x)log’x
+0(“w2—>

p*m)d(m) _ pp‘ -1 oy (nw(x)logx
(2.38) é e H{ o, +1}+O( P )

(mn)=1

LemMA 2.15. If the Riemann hypothesis is true, then for x =3,

@) 3 OIS o 3 o287

Proor. Following the same argument adopted in Lemma 2.9 and making
use of (2.38) instead of (2.16), we get this lemma. We have only to replace §(x)
in Lemma 2.9 by x *w(x)logx.

Similarly we get, as in Lemma 2.10, and making use of (2.31) instead of
(2.3), the following.

LLEMMA 2.16. If the Riemann hypothesis is true, then for x = 3 and for every

£>0,

(2.40) > w*m)r(m;n)= O (x(m) x*w(x)logx).

n=x

3. Proof of Theorem 1

Let g ¥(n) denote the characteristic function of the set of unitarily k-free
integers. It has been shown by Cohen (1961; 3.7 and 3.1 as r— ) that

gin)= Y, p*d).

dk8=n

(d.8)=1
Hence : ‘ :
Thon) = 2 gt =3 kE p*d)= Y, u*d)

@ .fﬁ’. P
E pAd) 3 1= 3 pHd)ru;d).
du =n
(8d) l
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Hence

3.1 2 tron) =2 Y pXdrusd)= Y pXd)r(;d),
n=x nE=X ghy=n d*usx

the summation on the right being taken over all ordered pairs (d, u) such that
d*u =x.

Let z = x"“. Further, let 0 <p = p(x) < 1, where the function p(x) will be
suitably chosen later.

Now, if d*u = x, then both d > pz and u >p~* can not simultaneously
hold, and so from (3.1), we have

1/k

(3.2) 2 ¥0(n) = E pXd)r(u;d)+ Z pw*d)r(u;d)
d*sx d MSx

- S uXd)r(u;d)=S,+S,- S, say.

By (2.17), we have

Si= 2 wMd)r(u;d)= Z p*d) X r(u;d)

ddu§x usx|d“
= 3 w*@) {%—) o (log Lr2y -1+ a(d))

+O( -a(d) dka)}
=x(logx +2y—1) D, *d)o(d) kxS p*d)¢(d)logd

k+1 k+1
dspz d dspz d

ix S EDS@Dad) gy o

k+1
dspz d

where

*
Etun)=0(x+ 3 =),

dspz
If k =2 or 3, then since < a <}, we have ka <1, so that by (2.2),
Eto(x)=0x(pz)™)=0(p'™2);

and if kK =4, then ka > 1, so that E¥,,(x) = O0(x*).
Hence we have

(3.4) E?k)(x)= O(Pl—hz) or O(xa)y

according as kK =2,3 or k = 4.
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[13] Unitarily k-free divisors 31
Now, by (3.3), (2.14), (2.15) and (2.20), we have

(3.5 Si=xQogx +2y - ”{ak +O(M)}

(pz)kl
8Kk (2p —Dlogp 8(pz)log(pz)
kx{ ak[l(k)+z(P“+'—2p+1)]+o( (pz)*™" )}
logp 8(pz)log (pz)
+x{"ak§(pk+-l_2p+l)+0( (pz) )}‘*Efk)(x)
- 48k, 5 @kp —k —Dlogp
—akx(logx+2y 1+§(k) ; o 2p+1)>

+0(p' ™ 2z8(pz)logz)+ E¥i(x).
We have by (2.29),

= 3 pMdrwid)= T 3 prd)rtu;d)

-"5@ o (D)s( 1),

k
Since 8(x) is monotonic decreasing and (\/k x/u)Z pz we have 8(Vxju)=
3(pz). Also,

2 x(n) = 0O(xlog*x).

Hence

36 $:=0(25(2) T xu™")=05(p2)p™) " 108 (0™

=0 (p "% z8(pz)log* (%)) .

Also, we have by (2.29),

3.7 ZF*(d)T(” d)= 2 2 ¥ d)yr(u; d)
B O( Z_kx(u)pza(pz)) =0 (pz8(pz)p~" log*(p ™))

= O(p % 28(pz)log* (—:;)) .

Hence, by (3.2), (3.9), (3.6) and (3.7), we have
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G8 T Tt = a (logx +2y -1+ i((lf)) +3 (2(":,(; k ;p”:oﬁ ”)

+0(p'"™ z8(pz)logz) + O(P'_kza(pz)l°g4 (%))

+ E’{‘k,(x).

Now, we choose

3.9 p=px)={8(x Wk YLK
and write
(3.10)  f(x) =log}(x"*){loglog (x ™)} * = (%) U3(V —log 2k) ™,

where U =logx and V =loglog x.

For V = 2log 2k, that is, U = 4k?, x Z exp (4k?),

we have

1

(3.11) V‘§§(V—log2k)’§é<—2‘f)s
and therefore
(3.12) rUivisfoyskiuiv
We assume without loss of generality that in (2.4)
(3.13) A<1.
By (3.9), (2.4) and (3.10), we have

A

(3.14) p=exp{——k—f(x)}.

By (3.11), we have

k3yuiv

A

R

Hence by (3.12), (3.13), (3.14) and the above,
p zexp(—Ak‘gl Ut V"g);exp(—k‘g Uiv

éexp(—%) =exp(—l;ix> s

so that p = x ',
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Hence
1
(3.15) log (;) =log(Vz)=0(logx) and pz=x"*

Since &(x) is monotonic decreasing, 8(pz) = &(x'**), so that by (3.12) and
(3.14), we have

(3.16) p'*8(pz)=p éexp{ —i;— kUl V-i} .
Hence, by (3.15) and (3.16), the first and second O-terms of (3.8) are
1/k A, 8,03, 4
O(x exp{—ik sUsv 5}10g x) .
Hence, if A¥,,(x) denotes the error term in the asymptotic formula (3.8), then
we have
8

3.17) A¥(x) = O(x vk exp{ —% k2U3 V‘é} log* x) + E*¥y(x).

Case k =2 or 3. In this case, we have 0<1—ka < 1, since 4 < a <3. By (3.14)
and (3.12), we have

p' e =exp{—ii(—l—,zﬂf(x)}éexp{—L;ka_)k_g Ut V-g}’

so that by (3.4),

Etu(x) = 0<x 1k exp{ _Ll;ia_) kUt V—%}) )

Again, since 0 < 1— ka < 1, the first O-term in (3.17) is also of the above order
of E*,(x). Hence

(3.18) A%.(x) = O (x"™ exp{— B log*x (loglog x)7}),

where B is a positive constant.

Case k = 4. In this case, by (3.4), E iy(x) = O (x*) and the first O-term in (3.17)

is O(x")= 0(x) = O(x). Hence A%, (x) = O(x*). Hence Theorem 1 follows.
4. Proof of Theorem 2

Following the same procedure adopted in Theorem 1 and making use of
(2.36), (2.37), (2.39) and (2.40) instead of (2.14), (2.15), (2.20) and (2.29), we get
the following instead of (3.8):
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Z'(k) (kp —k —1)logp
i) T2 e 3 1) )

+0 (2 w(pz)log’z)

4.1 Z 7¥0(n) = awx (logx +2y -1+

n=x

+ O(pé_kz%w(pz) log z log* (%)) + E*.(x).

Now, choosing

—1/(1+2k(1—a))
’

p=z
we see that 0<p <1, 1/p <z, so that log(1/p) <logz and
(2-0)/(|+2k(l—cl)).

1 1 -
pz kzzzpl kaz =X

Since w(x) is monotonic increasing, we have w(pz) < w(z). Also, by (2.32), we
see that w(x'*)log’ x = O(w(x)). Hence, if A%, (x) denotes the error term in
the asymptotic formula (4.1), then

4.2) A¥p(x) = O (x G020 4 (x)) + E ¥iy(x).
Case k =2 or 3. In this case, by (3.4), we have
to(x) = 0(p' ™ z) = O (x */2727),
Hence by (4.2), Theorem 2 follows in this case.
Case k = 4. In this case, by (3.4), we have E¥,,(x) = O(x*). Also, since k = 4
and i< a <!, we have

2—a - 2—«a

1+2k(l-a) - 9-8a %

Since w(x)=0(x°) for every £ >0, taking
_1 { __2_*_a_}
ET21% 79 8aJ"
we see that the first O-term in (4.2) is
o) (x a/2+(2—u)12(9—8a)) = O(xa).

Hence Theorem 2 follows in this case also. Thus Theorem 2 is completely
proved.
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