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Abstract

In Zermelo-Fraenkel set theory weakened to permit the existence of atoms and without the axiom
of choice we investigate the deductive strength of five statements which make assertions about the
cardinality of the union of a well-ordered collection of sets. All five of the statements considered
are consequences of the axiom of choice.
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1. Introduction

We will work in Zermelo-Fraenkel set theory without the axiom of choice (Z F)
or in Z F weakened to permit the existence of atoms (Z FU). Our concern will
be with the deductive strength of several theorems of the theory Z F + AC (that
is, provable under the assumption of the axiom of choice) which make assertions
about the cardinality of the union of a family of well-ordered sets. In general
UT((condition 1, condition 2, condition 3) will denote the sentence which
asserts that whenever X satisfies condition 1 and each element of X satisfies
condition 2, then | J X satisfies condition 3. If d is a cardinal number then the
condition has cardinal number d will be denoted d. In addition W O will stand
for the condition is well-orderable. This is the notation of [3].

The theorems of ZF + AC whose deductive strength we shall study are

(1) (Y infinite cardinals Y UT (d, d, d)
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(2) (Mordinals o) UT (R, Ry, Ry)

(3) (Vordinals @) UT (Rg, Ry, R,)

(4) UT (R, R, Ro)

(5) If{A, :n€ew}and {B, : n € w} are disjoint families of sets with
|A,l = |Bu| forall n € w then | |, Anl = | U, e Brl

Theorem (1) was considered by Sierpinski in [7] while Theorem (3), The-
orem (4) and Theorem (5) were first employed by Cantor. (See [5, p. 9, 36]
and [2, p. 117].) All five of these statements appear in {5, p. 324] as part of an
implication diagram in the following relative positions

(1) «— AC
S
@ — 6
+ \
3) )
v
@

We first want to point out that (5) implies AC is not provable in Z F since the
axiom of choice for countable collections of sets implies (5) but does not imply
AC, [5, p. 324, 325].

Secondly, the fact that the implication (4) implies (3) is not provable in
Z F follows from the results of [1] where it is shown that for any ordinal 8,
UT (Rg, Rg, Rg) does not imply the axiom of choice for countable collections
of sets each of cardinality Rg;;. Since UT (Ro, N1, Rp41) clearly implies
the choice principle mentioned above, we obtain the fact that UT (Rg, Rg, Rg)
implies UT (R, Rp41, Ng41) is not provable in Z F.

Thirdly, (1) implies that for every infinite set A, |A x A| = |A| which is
known to be equivalent to AC (see [6, p. 140, CN 6]).

In the following section of the paper we will prove that (5) implies (3) and
that the implications (2) implies (5) and (3) implies (2) cannot be proved in
the theory ZFU. This will give the following diagram, where none of the
downward arrows can be reversed.

() — AC
y !

2 =3 %)
! y

3) 3)
!

4)
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The problems remaining unsolved are
PROBLEM 1. Does ZF I (5) > (2)?

PROBLEM 2. Can the results ZFU t/ (2) - (S)and ZFU t/ (3) — (2) be
strengthened to ZF I/ (2) — (5) and ZF ¥ (3) — (2)?

(We suspect that the implication (2) — (5) from the first diagram is a misprint
in [5] since no references to the result are given. We have therefore included the
question of whether or not ZF + (2) — (5) as an open problem.)

2. The Proofs

THEOREM 2.1. (5) implies (3).

PROOF. Assume that { A, : n € w} is a countable family of sets such that
Vn € w)(|A,] = R,). By (5) with B, = {(n,8) : B < 8,} we obtain
| U, e Anl = IR0 x Ry| = R, by [4, p. 29, Theorem 10.12].

THEOREM 2.2. ZFU I/ (3) — (2).

PROOF. Let M’ be amodel of ZFU + AC with a set A of atoms of cardinality
R;. Let a be a fixed bijection from 8, x R; onto A (¢ € M’). We use a
to partition A into ¥; blocks each size 8, as follows: For each ¢ < R, let

A, ={ala, B) : B <R }; A, is called the ath block. Let G be the group of all
permutations of A which fix the set of blocks, that is

1-1
G={¢:A—=>A:(Va <Rp)(¢(A) = Ad) }.
For each countable subset E of X, let
G(E)={¢ € G: (Ya € E)(¢ fixes A, pointwise ) }

and let I" be the filter of subgroups generated by { G(E) : E T R A |E| =8y }.
Finally, let M be the permutation model determined by M’ and I'.

Theorem (2) fails in M since { A, : « < R} is a family of R; sets each
of cardinality ®; whose union is not well-ordered in M. (3) holds in M, for
suppose that { B, : n € w} is a countable collection of sets each of cardinality
R,. For each n € w, assume E, C R,, E, is countable and G(E,) fixes a
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well-ordering of B,. Then G(E,) fixes B, pointwise so if welet E = J,_, E.,
then E C R,, E is countable and G(E) fixes Unew B, pointwise and therefore,
since | (J,c, Bal = Ra in M', |, Bl = Ro in M.

new

THEOREM 2.3. ZFU ¥ (2) — (5).

PROOF. We construct a permutation model with the idea in mind that we want
(5) to fail.

Assume M’ is a model of ZFU + AC with a countable set of atoms A.
Write A as a disjoint union A = ({J,., A) YU (U, Bi) where forall i € w,
1A;| = |B;| = Ry. Let f; be a fixed bijection between A; and B; for eachi € w.
The idea is to construct the model M so that for each i € w, f; is in M but
e, fiisnotin M. Let

G = {¢ : ¢ is a permutation of A
A(Vi € w)(¢p(A;) = A; AP(B) = By)
ANa € A: ¢(a) #a}is finite
A(Yi € w)(¢ | A; and ¢ | B; are even permutations) }

For each finite subset x C w and finite E C A let

G(x,E)={pcG:(VaeE)¢(a)=a)A(Viex)@(f)=f)}

(where ¢ (f;) = f; means (Va € A;)(¢(fi(a)) = fi(¢(a)) ). Let I" be the filter
of subgroups of G generated by the groups G(x, E) where x C w, E € A and
x and E are finite and let M be the permutation model determined by M" and I'.

Then {A; :i e w}and {B; : i € w} are in M and are denumerable in M.
Further (Vi € w)(|A;| = |B;|) in M since G({i}, @) fixes f;. However it is clear
that there is no one to one function from |, A; onto | J,,, B; in M. (Assuming
G (x, E) fixes such a function, considerana € A — [E U (|, (A; U B)].) So
(5) is false in M.

To show that (2) is true in M, it is enough to show that the union of a well-
ordered collection of well-orderable sets in M is well-orderable in M since this
implies (2) in all permutation models.

Assume Z € M is well ordered in M and that G(x, E) fixes Z pointwise.
We assume without loss of generality that

iex

©6) (Yi e w)(Va € A))(a € E < fi(a) € E).
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Also assume that each element of Z is well-orderable in M. We will show
that G(x, E) fixes | J Z pointwise. Therefore assume t € y € Z. We will
show that G(x, E) fixes . By our assumption, G(x, E) fixes y and for some
x' Cwand E' C A, G(x', E') fixes y pointwise. We may assume without loss
of generality that x € x’and E C E’.

LEMMA 24. Ifi € x' — x and there is a ¢ € G(x, E) such that
i) (VaeA)ad A — ¢(a) =a)and
() @) #1¢
then Y € G(x’, E) and 3t’ € y such that
(i) (Vae A)(a g A;UB;, > ¥(a) =a)and
(v) Y #1.

PROOF. Assume that ¢ satisfies conditions (1) and (2) and that the conclusion
is false. Then for every ¢ € G(@, E) if

(@ MaeA)aé& A UB; - Y(a)=a) and

(d) (Va e AW (fi(@) = fi(¥(a)))

then (Vt' € y)(¢(¢') = t') and in particular, ¥ (¢} = .

Ifwelet K = {¢ € G(@, E) : (a) and (b) hold } then we could rephrase our
assumption as (Vi € K)(Vt' € y)(¥(t') =)

Let H ={n:n€ Gx,E)A(Va € A)(a & A; — na) = a)}. We
identify H with the group of (finite) even permutations of A; — E and we let
H, ={ne H :nt) =t}. Byhypothesis H, # H. Further H, is a normal
subgroup of H for suppose o € H and € H,. We argue thatono ™! € H,, that
is that ono ~!(¢) = ¢, as follows: Let ¢ be defined by

o(a), a € A;

W”‘{ﬁwuﬁmm, acB
so that Va € A;, ¥ (fi(a)) = fi(o(f7 (fi(@))) = fi(o(a)) = fi(¥(@) so ¥
satisfies (b). ¥ clearly satisfies (a) so ¥ (¢) = t. Also ano~'(a) = ¥ (a) for all
a € A (by considering two casesa € A; anda € B))soono~'(¢t) =¥ (t) =1t.

Since the alternating group on an infinite set has no non-trivial, proper, normal
subgroups and H, # H, H, = { 1} where 1 denotes the identity permutation.

Assume now that ¥ € G(@, E) and y satisfies (Va € A)(a € A, UB, —
Y (a) = a). We first want to show

(*) Y=t <+ ¢y € K.
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By assumption ¥ € K — ¢ (t) =t. Assume ¥(¢t) =t and ¥ ¢ K. Then
for some ag € A;, ¥ (fi(ap)) # fi(¥(ap)). Define ' € G(@, E) by

v (a), a € B
V@) =1 v i@, aeA
a, otherwise.

We first note that ¢’ fixes E pointwise since ¥ does. (This uses our assumption
(6).) ¥’ clearly satisfies (a). We argue that v’ satisfies (b) as follows. Suppose
a € A;. Thena = f;'(a’) for some @’ in B;. Therefore

Vi@ =Y fif7 @)= @) = v .

Hence fi(¥'(a)) = ¥~ 1(fi(a)) = ¥'(fi(a)). Since ¥’ satisfies (a) and (b) we
conclude that ¢’ € K and therefore that ¢'(¢) = ¢. Furthermore ¢¥'¢(a) = a
for all a € B;. Since ¢ and ¢’ are both equal to the identity outside of A; U B;,
it follows that ¥'y € H. Now ¢y is not the identity since

Y'¥(ao) = £ fiv(ao) # 7 ¥ fi(a0) = ao.

So 'y € H,, thatis, ¥’y (¢) # t. But this contradicts (¥ (¢) =t A ¢¥'(t) =1).
This establishes (k).

By our assumption, ¢ € H and ¢(¢) # t. Therefore for some ay € A,
¢ (ap) # ap. We claim there exists ¥ € K such that

(k) pvo ¢ K.

Choose a, € A; — E suchthat ¢ (a;) = a; and let Y = (ay, a))(fi(ao), fi(a)))
(the product of two disjoint cycles). Clearly + € K. We also note that
Vo~ (ap) # a, since ¥ (ay) = a; and ¢~ (ay) # a;. Now we calculate

PV~ (fi(a0)) = ¢¥ (fi(a0)) = ¢(fi(a0)) = filar)
and
fi(@¥ o~ (a0)) # fi(dp(@)) = fi(ar)

showing ¢r¢~' ¢ K.
Now the proof of Lemma 2.4 is completed by observing thatt’ = ¢~!(¢) € y

and that ¥ (¢~ '(z)) # ¢~ !(¢) (since otherwise ¢ ~'(¢) = ¢, and by (x),
dv ¢! € K contradicting (*x*).)
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Now continuing with the proof that G(x,E) fixes t, assume that there is some
¢ € G(x, E) such that ¢(¢) # .

LEMMA 2.5. 3y € G(x', E))(3¢ € y)(¥ (') £ 1').

PROOF. To see this we first write ¢ = ¢,¢, where

¢(a), if (i € x)(a € A; UB)),
a, otherwise;
a, if (i ex)(ae A UB),
¢(a), otherwise.

¢1(a) = {

$2(a) =

If ¢,(¢) # ¢ then Y = ¢, will work. Therefore we assume that ¢,(¢t) = ¢. Then
¢1(t) # t since ¢p(t) #t. Foreachi € x', let

_ ¢1(a)’ ifael4iLJl;ia
’7"(")_{ a, ifa ¢ A; UB,.

Then ¢, = [],., n:- Therefore for at least one iy € x', n;,(r) # ¢. We can write
ni, = 010, Where

_ nio(a)9 ifa € Aioo
(@) = { a, otherwise;

_} my(@), ifae€ B,
o2(a) = { a, otherwise .

It follows that 0, (z) # t or 0,(¢) # t. Assume without loss of generality that
o1(t) # t. (The case 0,(t) # t would require a version of Lemma 2.4 obtained
by interchanging A; and B;.) Applying Lemma 2.4 with ¢ = o, gives us the
desired conclusion. This completes the proof of Lemma 2.5.

Assume that ¢ and ¢’ satisfy the conditions of Lemma 2.5. Let E” = {a €
A : Y¥(a) # a} and choose n € G(x', E) such that n(E”) N E’ = . Then
n(t") € ysincen € G(x’, E) € G(x, E). Leto = nyrn~'. Then

N oe€GW,E.

(o is clearly in G(x’, E) since n and i are. We need only show o(a) = a
foralla € E'. If a € E’ then n™'(a) ¢ E”, so ¥ (n~'(a)) = n~'(a), and so
nyn~'(a) = a)

®) o (") # ().
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(For if not, nyrn~'(n(t")) = n(t"), that is, ny (t') = n(¢), giving ¥ (t') = t'.)
(7) and (8) contradict our choice of x’ and E’, completing the proof of
Theorem 2.3.

(11
(2]
(3]
(4]
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