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ON PRIME SEMILATTICES

BY
Y. S. PAWAR* AND N. K. THAKARE

ABSTRACT. Several characterizations for prime semilattices are
obtained. Prime semilattices that are compactly packed by filters
have been characterized. Solution to the problem, “Find a condition
on a semilattice by which every filter can be expressed as the
intersection of all prime filters containing it”, is furnished.

1. Introduction. Throughout this paper a semilattice will mean a meet
semilattice i.e. a partially ordered set in which any two elements a and b have
a greatest lower bound denoted by a A b. The least upper bound for any subset
{X1, X5, ..., x,} Oof S, if it exists will be denoted by x;Vvx,Vv- - -vx, The least
and the greatest elements of S when they exist will be denoted by 0 and 1
respectively.

A filter of a semilattice S is a non-empty subset F of S such that xAyeF if
and only if xeF and yeF. A proper filter F of S is prime if, whenever
X,V- - +vXx, exists and is an element of F then x; € F for some ie{1,2---n}.
For any non-empty subset A of S the filter generated by A is denoted by [A)
where

[A)={xeS:x=a,Aa,A*Aa, for some a,,a, - a, in A}.

An ideal I of a semilattice S is a non-empty subset of S satisfying

(i) y=x and xelI imply yel,

(ii) if join of any finite number of elements of I exists in S then it must be in

L

Balbes [1] introduced the prime semilattice as the semilattice S satisfying any
one of the following equivalent conditions:

(1) If x,v---vx, exists in S then for each x in S (xAx))V(XAX)V": -V
(x A x,) exists and equals x A (X; VX,V * -V X,).

(2) If F is a filter in S and J a non-empty subset of S disjoint with F and
such that x, v - - - v x,, exists whenever x,, x, - - - x,, € J, then there exists a prime
filter F’' such that Fc F' and FFNJ=0.
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(3) If x£y then there exists a prime filter F' such that x€ F' and y¢ F'.

In the first part of this paper we show that prime semilattices are charac-
terized by Stone’s theorem (Theorem 1). In the sequel we also consider the
relative annihilators in the context of prime semilattices. In the last section we
study prime semilattices that are compactly packed by filters.

2. Characterizations. Along the lines of Stone’s Theorem for distributive
lattices we have

THeOREM 1. A semilattice S is prime if and only if for any ideal I and a filter F
disjoint with I in S there exists a prime filter Q in S containing F and disjoint with
L

Proof. Let S be a prime semilattice. The existence of a filter Q containing F
and disjoint with I follows by Zorn’s Lemma. To prove Q is prime let
X1VXyV© - -vx, exist and is in Q with x;¢ Q for every i€{1,2 - - - n}. But then

[QU{x.D, [QU{xY,...,.[QU{x.}D

will have a non-void intersection with I; which in turn will imply that there
exist iy, i, - - i, in I such that

ZQIAX, A Xy, .o, By =G AX,
for some q,, g5, ...,q, in Q. I being an ideal, i;AiyA" - -Al, is in I. Further
AN AN Z(@AQA - AGIAX VXV -V X,),

by primeness of S. As

(@AGA - AG)A (X V-V X,)

is an element of Q,®# QNI; this contradicts the choice of Q. Hence Q is
prime.

Conversely, let x£y. Let I=(y] and F=[x). As INF=¢, by assumption,
there exists a prime filter Q containing F and disjoint with I, i.e. Q contains x
but not y, proving that S is prime.

It follows immediately from the above theorem

THEOREM 2. A semilattice S is prime if and only if any one of the following
separation properties hold.

(1) A filter and an element not belonging to it are separated by a prime filter.

(2) Anideal and an element not belonging to it are separated by a prime filter.

In a distributive lattice every filter is the intersection of all prime filters
containing it. The following theorem gives a solution to the problem:

“Find the condition on a semilattice S such that every filter of S can be
expressed as the intersection of all prime filters containing it”.
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In any semilattice, for a filter Q, define the radical of Q (= rad Q) to be the
intersection of all prime filters containing Q.
Theorem 1 allows us to have

THeOREM 3. A semilattice S is prime if and only if rad Q = Q, for any filter Q
in S.

Balbes [1, Theorem 2.4] proves that in a prime semilattice S every maximal
filter is prime. Hence any prime ideal in a prime semilattice will be a minimal
prime ideal if and only if its set complement is a maximal filter.

Recall that a semilattice S with O is called weakly complemented if for a# b
in S there exists ¢# 0 in S such that exactly one of a Ac, b Ac is zero (see [4]).
In a weakly complemented semilattice converse of Theorem 2.4 in [1] holds;
this we prove in the following

THEOREM 4. Let S be a semilattice with 0. If S is a prime semilattice then every
maximal filter is prime. The converse holds when S is weakly complemented.

Proof. Though the proof of first part follows from (Balbes [1], Theorem
2.4), we give here a rather simple proof. Let x;v "+ -vx, exist and

X1VXVe e vXx, €M

with x;¢ M for each i in {1,2 - - - n}, where M is a maximal filter in a prime
semilattice S. As M is maximal, x;¢ M imply that there exist y; in M such that
x;Ay; =0 for every ie{l,2 - n}; (see [4]). But then

(X VXV VE)A(YIAY2A  AY) =0

by primeness of S, implies that 0e M, contradicting the maximality of M.
Hence M is a prime filter.

Now for the second assertion, as S is weakly complemented, x£y in S
implies that there exists a maximal filter F containing x and not containing y
(see [4]). As F is prime, by assumption, we conclude that S is a prime
semilattice. This completes the proof.

As the complement of a maximal filter in a prime semilattice is a minimal
prime ideal we get

CoROLLARY 5. In a prime semilattice with O a prime ideal M is a minimal
prime ideal if and only if for every x in M there exists y not in M such that
xAny=0.

Varlet [3] defined an annihilator {a, b) of a relative to b in a semilattice S to
be the set of all elements x in S such that a A x <b. Mandelkar [2] charac-
terized distributive lattices in terms of such annihilators. The following theorem
shows that this very characterization applies well to prime semilattices.
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TueoreM 6. For any semilattice S the following are equivalent.
(1) S is prime

(2) (a, b) is an ideal for all a,b in S

(3) (a, b) is an ideal for all b=a.

Proof. (1)=> (2).
Let S be a prime semilattice and x,, X,,..., X, are in (a, b) such that
X1V X,V -vXx, exists. Then as S is prime

a/\(xlvxz\/...vxn)z(a/\xl)v(a/\xz)v...V(a/\xn)Sb
as x;e{(a, by forevery i in {1,2---n}.

This proves that x;vx,v:--vx,€{a,b). If x<x, and x,€{a, b) then anx=
aAx,;=<b implies that x €{a, b). Hence {(a, b) is an ideal.

(2)= (3) Obvious.
3)=>().
Let x,v---vx, exist in S and a be any element in S. As

(anx)vi@nxy)v---vianx,)=a

we get
(a,(anx)v(@nxy)v---vianx,))
is an ideal in S. As x;, X,,..., X, are in
(a,(anx)v---v(anrx,))
and x;vx,v---vx, is an element of
(a,(anx)v- -v(anx,))

hence an(xyv---vx,)=(anx;)v---v(anrx,). As the reverse inclusion al-
ways holds we get

an(x;v---vx)=(@nax)v:--vianx,)
proving that S is a prime semilattice.

Let us denote by a*b the pseudocomplement of a relative to b in a
semilattice S, i.e. a *b is an element satisfying

anx=b ifandonlyif x=a=*b.

If a=b exists for all a,b in S then S is called an implicative or relatively
pseudocomplemented semilattice (see [1]).

It follows from the definition of relative annihilator and implicative semilat-
tice that a semilattice S is implicative if and only if the relative annihilator
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(a, b) is a principal ideal (a*b], for all a, b in S. Hence we have

CoroLLARY 7. Every implicative semilattice is prime.

A sufficient condition for a prime semilattice to satisfy (a, b)U(b,a)=S is
given in the following theorem. It will be interesting to see whether the
condition is necessary also.

TueOREM 8. In a prime semilattice if the filters containing the given filter F
form a chain then F is prime and

{a, b)U(b, a)=S.
Proof. Let a,, a,,...,a, be elements in S which are not in F. Fix up any

element a;, 1 <j=<n. Then as [FU{q;}) and [FU{aq,}) are comparable for every
iin{l,2--- n} we may assume without loss of generality that

[FU{a}) =[FU{qa;}), ie{1,2---n}
Hence for some f in F,
fra,<a;  ie{l,2---n}
If a,va,v---va, exists and is in F then
fAalagva,ve--va,)=Ffnra)v(fra)v---v(fra,)
by primeness of S. But as fe F and a,va,v---va,eF we have
fa(ayvayv---va,)eF

ie.

(fra)v(frayv:--v(fra,)eF.
But then

fra)v(fra))v---v(fra,)=g

implies that ag; € F, which is a contradiction. Hence a,v a,Vv - - - v a, ¢ F, proving
that F is prime. Let us assume that J=(a, b)U(b, a) be proper. Hence by
Theorem 2, there exists a prime filter Q disjoint with J. By hypothesis we may
assume that

[QU{a}h) c[QU{bY.

Hence for some q in Q we have gara=<b, i.e. ge(a, b) and hence g€ QNJ,
contradicting the choice of J and hence (a, b)U(b, a)=S.

DEeFINITION (see [4]). Let P be a bounded poset. An element b is called a
complement of a if the only upper bound of a and b is 1 and their only lower
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bound is 0. This fact is expressed by avb=1 and anb=0 even when the
operations A and v are undefined for some pairs of P. Interestingly we have,

TueOREM 9. Let S be a prime semilattice with 0 and 1 in which complement of
every maximal ideal is a maximal filter. Then S is complemented.

Proof. As S is prime semilattice, by Theorem 8, {a, 0) is an ideal for any a
in S. Assume that a has no complement. Then avx#1 for all x in (a, 0).
Consider the set

A ={{a, x}*:xe{a, 0)}

and let J= A', where for any non-empty subset Y of S, Y* and Y' denote the
set of all upper bounds of Y and the set of all lower bounds of Y respectively.
As J is a proper ideal in S and 1€ S, J must be contained in some maximal
ideal say M in S. Hence by assumption S— M is a maximal filter. As ae S— M
there exists b in S —M such that a Ab =0. Hence b €{a, 0)= M gives that b is
in M. Thus b€ MN (L —M), a contradiction. So our assumption that a has no
complement is false. Hence the proof.

3. Prime semilattices that are compactly packed by filters.

In any semilattice S with 1, if a filter Q is contained in |-, F,, where F;’s
(1=i=n) are prime filters of S then it can be verified that Q = F, for some i.
Define a semilattice S with 1 to be compactly packed by filters if S satisfies (*)
if a filter Q< UU,ca F,, where F,’s are prime filters of S, then Q< F, for
some A.

For prime filters in a semilattice which is compactly packed by filters we have

THEOREM 9. Every prime filter of a semilattice which is compactly packed by
filters, is a radical of a principal filter.

Proof. Let there be a filter Q such that Q# rad [x) for any x in S. Hence, by
definition of rad [x], there exists a prime filter F, in S containing x but not Q.
Clearly Q< J,co F.. S being compactly packed by filters, Q < F, for some x
in Q, which is a contradiction. Hence the result.

Equivalent formulation of the condition (*) of compactly packedness by
filters in a prime semilattice with 1, is given in the following

Tueorem 10. A prime semilattice S with 1 is compactly packed by filters if
and only if it satisfies (* ). If a prime filter F < | J,ca F\, where F, are prime filters
of S then Fc F, for some'A € A.

Proof. As only if part follows directly from the definition, we will prove if
part only. Let S satisfy (**) and Q< s F,. Clearly I=S— |, F, is an
ideal and INQ =9. By Theorem 1 there exists a prime filter F' such that
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F'NI=@and QcF',i.e. Q< F' < J,cs F.. Hence Q< F' c F, for some A €A,
by (* *), proving that S is compactly packed by filters.

By using the property (**) we now give the characterization of prime
semilattices which are compactly packed by filters.

TrEOREM 11. A prime semilattice S with 1 is compactly packed by filters if
and only if every prime filter of S is a principal filter.

Proof. In view of Theorem 2 and Theorem 10 we need only prove the “if”
part. Let every prime filter of S be a principal filter. If the prime filter
Qc Ujea F. we get [x)< Upca Fy, where Q=[x), for some x in S. Hence
x € F, for some A €A, i.e. Q< F, for some A € A. Hence S is compactly packed
by filters.

If J(S) denotes the poset of all join-irreducible elements of a semilattice S
then J(S) is isomorphic with {{x):xe€J(S)} when S is a prime semilattice.
Hence by Theorem 11, if ? denotes the family of all prime filters of S, we have

CoroLLARY 12. If S is a prime semilattice with 1 that is compactly packed by
filters then P is isomorphic with J(S).

The authors are thankful to the referee for making various suggestions which
helped to improve the earlier version of the paper.

ReMark. The referee has very kindly supplied the following counterexam-
ple; it says in essence that the existence of a,v::-va,n=3, in a meet
semilattice does not imply in general the existence of a;v a,.
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This led the referee to suggest the following interesting question which we
state here for the consideration of others also:

“Is the following condition sufficient for a meet semilattice S to be prime? If
X, V x, exists then for each x € S, (x A x;) v (x A x,) exists and equals x A (x; Vv x,).”

The authors are also indebted to the referee for inviting their attention
towards the above question.
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