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LOCALLY BOUNDED TOPOLOGIES ON
THE RING OF INTEGERS OF A GLOBAL FIELD

JO-ANN D. COHEN

1. Introduction and basic definitions. A subset 4 of a topological
ring R is bounded if given any neighborhood U of zero, there exists a
neighborhood V of 0 such that AV € U and VA C U. The topology
on R is locally bounded if there exists a bounded neighborhood of 0.

We recall that a seminorm ||- || on a ring R is a function from R into
the non-negative real numbers satisfying [x|| = 0 if x =0, |—«| =
[l [l + 3l = [lxl] + [lyl| and [xy]| < [lx[| [ly]| for all x,yin R. A semi-
norm ||+ -] on R is a norm on R if ||x|| = 0 implies x = 0. We note that
a seminorm ||--|| on R defines a locally bounded topology 7ij on R,
and a norm on R defines a Hausdorff, locally bounded topology on R.
Two norms on R are said to be equivalent if they define the same topology
on R.

Let D be a Dedekind domain that is not a field, let F be the quotient
field of D and let P be the set of nonzero prime ideals of D. Every nonzero
fractional ideal 4 of F has the unique factorization 4 = [[,cpp"»®
where n,(4) € Z and n,(4) = 0 for all but finitely many p € P. If 4
and B are nonzero fractional ideals, then 4 € B if and only if
np,(4) = n,(B) for all p € P, n,(4 + B) = min {n,(4), n,(B)} and
1n,(AB) = n,(A) + n,(B) for all p € P [2, pp. 25-26]. For each p € P,
let v, be the p-adic valuation on F defined by, v,(0) = c© and v,(x) =
ny(Dx) for x £ 0. Let |--|, be the absolute value on F defined by
la|, = 27%@ for all @ € F. Then |--|, restricted to D defines a non-
discrete, Hausdorff, locally bounded ring topology on D which will
usually be denoted by 75,. If p € P and = is a nonnegative integer, then
the set {p"} is a fundamental system of neighborhoods of zero for a
nondiscrete, locally bounded ring topology on D. Henceforth, we will
denote this topology by 77,» and we note that 77, is associated with the
seminorm || - -|’,» defined on D by

1] = 0if d € p"
? 1 otherwise.

If K is an algebraic number field, that is, a finite dimensional extension
of the rational numbers Q, let R be the integral closure of the rational
integers Z in K, let P be the set of nonzero prime ideals of R and let P,
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be a set of proper archimedean absolute values on K such that each
proper archimedean absolute value on K is equivalent to exactly one
element of P,. Mahler proved that if ||- - || is a norm on R, then there is
a finite subset P; of P, a finite subset P, of P\ P, positive integers n(p)
for p € P;and a finite subset P; of P, such that |- || is equivalent to

sup (suppepi|* lo SUPPEPZH"H’P"(p)’ SUp|..1epsl* *|)

In Section 2, we consider Hausdorff locally bounded topologies on a
Dedekind domain R for which there exists a nonzero topological nilpotent
(that is, a nonzero element ¢ in R such that ¢* — 0) and we characterize
all such topologies on the ring of integers of a separable, finite dimen-
sional extension of F,(x) where F, is a finite field having ¢ elements and
x is transcendental over F,. We thereby obtain the analogue of Mahler’s
results for these rings (Corollary 2, Theorem 2). Then in Section 3, we
generalize Mahler's Theorem and completely describe all Hausdorff,
nondiscrete, locally bounded topologies on the ring of integers of an
algebraic number field for which the set of topological nilpotents is a

neighborhood of zero.

2. Locally bounded topologies with nonzero topological nil-

potents.

THEOREM 1. Let T be a Hausdorff, locally bounded ring topology on a
Dedekind domain D. Suppose that the open ideals of D form a fundamental
system of meighborhoods of zero for T and that there exists a mnonzero

topological nilpotent for T. Let J = {d € D: d* — 0}.

1. J is a nonzero proper ideal of D and J = P, ... p, for some sequence

of distinct nonzero prime ideals of D.

2. There exists a nonempty subset I of [1,r] and positive integers n;,

7 € [1, 7\, such that

T = sup (supier T5;, SUPjet1, s Tlpj"i)-

Proof. 1. Letry, 72 € Jand letay, az € D. Let U be a T-open ideal and

let » > 0 be such that r,*, r,* € U. Then for all m = 2,

|

2n
_ om\ . e .
(a1r1 + awr)™ = (a1 + agr)™™™ > ( . )(111711 as™

1

=0

n
9 2n {
((lﬂ’l + (lzrz)m n[?’zn Z ( i )aﬁniaz

i=0

2
Lo 2n i t-n _ 2m—1 2n—1
+ " Y ;e ar T

i=n+1

€ D(UD + UD) C U.

https://doi.org/10.4153/CJM-1981-047-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1981-047-6

LOCALLY BOUNDED TOPOLOGIES 573

So air; + agrs € Jand hence J is a nonzero ideal of D. As T"is Hausdorff,
1 ¢ Jand so J is a proper ideal of D. Therefore there exist distinct non-
zero prime ideals pi, ..., p, of D and positive integers a1, . . . , a, such
that

] = 131 pl’ai.

Let n = max {a;:1 £ 4 £ r}. For each 17, 1 £ 17 < r, let x; € p4. Then
(¢1...x,)" € J, that is, (x;...x,)" is a topological nilpotent. Con-
sequently, x; . . . x, is a topological nilpotent and hence an element of J.
As J is an ideal,

p1... .0, S J = I;[lpi‘”'.

Soa; =1forz=1,2,...,7r.

2. We first show that if Wisa T-open ideal of D, then W = p1. .. p2r
where a; = 0 for ¢ € [1,r]. As J is an ideal of D, there exist #; and %; in
J such that J = Dhy + Dhy [9, Theorem I, p. 110]. Then

Pl Py = J = Dh, + th - H pmln(vp(hl),vp(hz)).

pEP

So for all p in P\{py, ..., p.}, either v,(h1) = 0 or v,(hy) = 0. Note also
that for all » > 0,

Dhln — H pnvp(hl) and Dk2n= H Pﬂﬂp(’t;!).

peEP pEP

Let m > 0 be such that k™, ho™ € W. Then Dhy™, Dhy™ € W and so for
all p € P, n,(W) £ mv,(h:) and n,(W) < mv,(hs). Therefore for all
p € P\{p1, ..., p:}, n,(W) = 0 and consequently, W = p,2r...por
where a; = 0 forz € [1,r].

For each 7 € [1,7], let n; = sup {n,,(W):W is a T-open ideal}.
Suppose there exists an 7 with 7z, = 0. Without loss of generality, assume
i1=1 Letx; € p,fort=2,...,7r, let h =x,...x, and let W be a
T-openideal. Asn; = 0, W = p*2 ... p,2r. Letn = max {a;: 2 £ 7 £ 7).
Then for all m = n, k™ € W and so k € J. Consequently, as J is an
ideal, p2...p, S J = p1...p,. This is a contradiction. So n; > 0
fori=1,2,...,7r.

Define I by I = {7 € [1,7]: n; = o0 }. Since T is Hausdorff and since
the intersection of finitely many nonzero ideals of a Dedekind domain
is a nonzero ideal, there exist infinitely many open ideals p,*t. .. p2r.
Hence there exists an 7 such that n; = o and so I # .

Let (Nier %) M (Njeir, s ) be a neighborhood of 0 for

/
sup (supuer Tpiy SUPjer1, sz ij"f)-

If 2 € I, then as n; = o, there exists a 7-open ideal W; such that
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1ye (W) 2 a;. So W, C pei. For each j € [1,7]\I, let W; be a T-open

ideal such that n,;(W;) = n;. Then W, C p;*. So, the T-open ideal
Mi=1 W is contained in

(Nt ) N (Njetrnv P).

Therefore, the supremum topology is weaker than 7. Finally, as every
T-open ideal is of the form Nz, p#* where a; £ n; for all j € [1, r]\,
T is clearly weaker than the supremum topology.

CoROLLARY 1. Let 1" be a Hausdorff, locally bounded ring topology on D
Sfor which the open ideals form a fundamental system of neighborhoods of 0.
If there exists a nonzero topological nilpotent for T, then T is normable.

Proof. T is defined by |- - || where

”d” = sup (supigidlm, SUPje[l,r]\IHd”Im"i)

foralld € D.AsI 5 @, ||- || is a norm on D.

If K is a finite dimensional extension of the rational numbers Q, define
R, P and P, as in Section 1. Then R is a Dedekind domain properly
contained in K and P, is a finite set (7, Theorem 1]. In [4], we proved
that if P, has exactly one element then every Hausdorff, nondiscrete,
locally bounded topology on R has a fundamental system of neighbor-
hoods of zero consisting of ideals (Theorem 2).

COROLLARY 2. Let K be a finite extension of Q such that P, has exactly
one element and let R be the integral closure of Z in K. Suppose that T is @
Hausdorff, locally bounded ring topology on R for which there exists a
nonzero topological milpotent. Then there exists a momempty, finite set
{p1, - .., s} of P, a finite set {q, . . ., qs} of P\{p1, ..., p,} and positive
integers n;forj = 1,2, ..., s such that

T = sup (supisiz, iy sUpi=;=s 17¢5n5).
In particular, T is normable.

Note. Mahler's characterization of a norm on R for the special case
when P, has exactly one element follows easily from Corollary 2.

COROLLARY 3. If R is Z or the integral closure of Z in Q(\/—m) where
m 1s a positive, square free integer, then every Hausdorff, locally bounded
ring topology on R for which there exists a monzero topological nilpotent is
normable.

Proof. As P, has exactly one element (see the proof of Corollary 3 to
Theorem 3 of [7]), Corollary 3 follows from Corollary 2.

We recall that an almost order of a field F is subset H of F such that
1)0,1 € H,2), HH C H,3) —H C H, 4) there exists a nonzero h in H

https://doi.org/10.4153/CJM-1981-047-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1981-047-6

LOCALLY BOUNDED TOPOLOGIES 575

such that h(H + H) C H and 5) for each nonzero ¢ in F there exist
nonzero elements » and s in H such that ¢ = rs~'. If T is a Hausdorff,
nondiscrete, locally bounded ring topology on F, then there exists an
almost order H of F which is a T-bounded neighborhood of zero. Con-
versely, if H is a proper almost order of F, then there exists a unique
Hausdorff, nondiscrete, locally bounded topology T on F for which H
is a bounded neighborhood of 0 [5, Theorems 5 and 6].

Let K be a finite, separable extension of F,(x) where F, is a finite field
having g elements and x is transcendental over F,. Let R be the integral
closure of F,x] in K, let v, be the valuation on F,(x) defined by
v(f/g) = deg g — deg f and let P, be a complete set of extensions of
¥, to K [1, Definition 3, p. 140 and Theorem 1, p. 143]. For each v € P,
let |- |, be the absolute value defined on K by |r|, = 27", Then P, is
a finite set, R is a Dedekind domain properly contained in K, K is the
quotient field of R and every proper valuation on K is equivalent to
either v, for some nonzero prime ideal p of R or to v; for some v; € P
[7, Theorem 2].

In (7], we proved that if 7" is a Hausdorff, nondiscrete, locally bounded
topology on K, then there exists a nonempty, proper subset .S of P \U P,
such that the set O(S) defined by,

0(@S) = {z € K:v(z) 2 0forallv € S},

is an almost order of K and 7" = 7oy (Theorem 4). We note that if S
is a nonempty, proper subset of P\J P, then O(S) is a Dedekind
domain with quotient field K [8, Theorem 21.3, p. 43 and Theorem
33.12, p. 78].

LeEmMA 1 [4, Lemma 2]. Let I be an integral domain properly contained
in its quotient field F. If T is a Hausdor(f, nondiscrete, locally bounded ring
topology on I, then there exists a bounded neighborhood H of O for T such
that H is a proper almost order of F.

LeEmMmA 2. Let K be a finite, separable extension of F,(x) and define R,
P and P, as before. Let T be a nondiscrete, Hausdorff, locally bounded ring
topology on R. Then there exists a Dedekind domain R’ contained in R such
that K s the quotient field of R', R’ is open for T and the open R’ —ideals
form a fundamental system of neighborhoods of O for T. Moreover, there
exists a proper subset S of P, such that

R ={z€ R:v(z) 20 forallv € S}.

Proof. Let H be a bounded neighborhood of 0 for 7" such that H is a
proper almost order of K. Let 7' be the unique Hausdorff, nondiscrete,
locally bounded topology on K for which H is a bounded neighborhood
of 0. We note that 7|z D 7.
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By [7, Theorem 4], there exists a nonempty proper subset S’ of
P \U P_ such that O(S’) is a bounded neighborhood of 0 for T. Let
h € H\{0} be such that rO(S") € H € R. Then O(S’) € R. Indeed, if
0(S") € R, let z € O(S')\R and let p € P be such that ,(z) < 0.
Choose m > 0 such that v,(k) + mv,(z) < 0. Then kz™ € hO(S’) C R
but v, (hz™) < 0. This is a contradiction. So 0(S’) € R = O(P). There-
fore, P C 5. Let S =S "N P,. Then S C P, as S’ is a proper subset
of PUP, Let R\ = O(P\U.S). Then R’ is a Dedekind domain with
quotient field K [8, Theorem 21.3, p. 43 and Theorem 33.12, p. 78] and
R C R. As R’ is open for T, there exists a nonzero element %; in H such
that hH C R’. Arguing as before we find that H C R’. So R’ is open
for 7.

Now let U be any closed 7-neighborhood of 0. We may assume that
UCR CR. AsRisa T—neighborhood of 0 and as T|R DT, Uisa
T-neighborhood of 0. Then, since R’ is a T-bounded neighborhood of 0,
there exists » € R'\{0} such that R'r C U. Therefore, U contains a
nonzero R’-ideal I which we may assume is closed for T|z-. Then R'/I,
equipped with the topology induced by 7'z, is a Hausdorff ring [3,
Proposition 18, p. 25]. Also, R’/I is finite [8, Theorem 33.2, p. 67] and
hence discrete. Therefore, as the canonical epimorphism from R’ to
R’/I is continuous, I is open for Tz and hence for T as well.

THEOREM 2. Let K be a finite, separable extension of F,(x) and let R
be the integral closure of F,(x] in K. Let T be a Hausdorff, locally bounded
ring topology on R for which there exists a nonzero topological nilpotent.
Then there exist disjoint, finite subsets Py and P, of P, a proper subset
S of P, and positive integers n(p) for each p € P such that Py \J S # @ and

T = sup (supyep, Ty, supses Iy, supyep, I'mm).
In particular, T 1s normable.

Proof. Let R’ be a Dedekind domain contained in R such that R’ is
open and the open R’-ideals form a fundamental system of neighborhoods
of 0 for 7. Let .S’ C P, be such that R' = O(P\JU S’). If S’ = @, then
R = R’ and the result follows from Theorem 1. So we may assume that
S’ # @ and hence P_ has two or more elements.

Let P’ be the set of nonzero prime ideals of R’. As R’ is T-open, R’
contains a nonzero topological nilpotent. So, by Theorem 1, there exists
a nonempty, finite subset P’y of P’, a finite subset P’y of P’\P’; and
positive integers m(p’), p’ € Py’, such that

Tlg: = sup (Supzz’EP'l Ty, supprepr, T'pman),

where for each p’ € P’y and each p’ € P’;, T, and T’,mw" are the
appropriate topologies defined on R’.
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Each p’ € P’; defines a proper valuation v, on K as K is the quotient
field of R’ and hence v, is equivalent to v, for some p € P or to v, for
some v; € P,. Therefore, the topology induced on R’ by v, is the same
as that induced on R’ by v, for some p € P or by v; for some v, € P_.

Let p’ € P’,. If v, is equivalent to v; for some v, € P_, then there
exists a positive integer n such that

P = {z € Riivy (2) 2 m(p')} = {2 € R':v4(3) 2 n}.

Hence {z € R’: v;(z) = n} is a neighborhood of 0 for 7|z, and therefore
for T as well. By the definition of m(p’), if ¢ > m(p’), then (p’)* is not
a neighborhood of 0 for T'|g:. Therefore, {z € R": v;(z) = L} is not a
neighborhood of 0 for Tz for any L > n and thus {z € R’: v,(z) = L}
is not a 7T-neighborhood of 0 if L > n. We will show that this leads to
a contradiction and therefore conclude that for each p’ € P’y, v, is
equivalent to v, for some p € P. As P_ has more than one element,
P \{v:} # 0. Consequently, by the Very Strong Approximation Theorem
(8, Theorem 33.11, p. 77], for each m > 0, there exists £ € R\{0} such
that v(k) > m for all v € P_\{v;}. Therefore, by the Product Theorem
[8, Theorem 33.1, p. 66], there exists & in R such that v,(k) < —1. As
{z € R':v,(z) = n} is a T-neighborhood of 0 and as the mapping z — hz
from R to R is continuous at 0 when R is given the 7-topology, there
exists a 7-neighborhood U of 0 such that AU C {z € R":v,(z) = n}.
Then for each u € U,

vi(h) +v;(u) =v;(hu) = n
and so

vi(u)Zzn—v;h) Z2n+ 1
Therefore,

UNR C{z€R:v(2) =2n-+ 1}

and so {z € R:v,(3) 2 n + 1} is a T-neighborhood of 0. This is a
contradiction. Hence if p’ € P’,, then v,, is equivalent to v, for some
p € P.

Let P, = {p € P:v, is equivalent to v, for some p’ € P';}. Let
S = {v,: v, is equivalent to v, for some p’ € P’;} and denote S’ U S’
by S. As Py # @, P1\US # . Let P, = {p € P: v, is equivalent to v,
for some p’ € P’,}. For each p € P, let n(p) > 0 be such that

{z€ Rin(z) 2 n(p)} = {z € Ry (2) 2 m(p')}.
Note that .S # P_. Indeed, if v € S, then
{x € Riv(x) >0} DR
and hence is a T-neighborhood of zero. So if S = P_, then {z € R:
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v(z) = 0forallv € P} is a T-neighborhood of 0. But {z € R:v(z) 2 0
for allv € P_} is a finite set [8, Theorem 33.4, p. 69], contradicting the
hypothesis that 7" has a nonzero topological nilpotent and is therefore
nondiscrete. So.S C P_. We note further that if v € .S’, then the topology
induced on R’ by v is weaker than T|z.. The proof follows the same
argument as before and the fact that {z € R: v(z) = 0} is T-open since
R ' C{z € R:v(z) = 0}.

Consider
sup (supper T, Supves Iy SUDper, Ipnin)
where each T, T, and 77, is the appropriate topology defined on R. As
R' D Nyes iz € R:v(z) = 0},

R’ is a neighborhood of 0 for the supremum topology. It follows from the
definitions of P, .S, Ps and n(p) that T induces the same topology on R’
as the supremum topology. Since R’ is open for both topologies,

T = sup (supyep, 15, Supyes 1y, sUPyep, 17pnm).

Finally, as P; \U S 5 @, the seminorm |- -| defined on R by

[r]l = sup (SUPpePl |7]5, sup.es |71, SUPperp, 7]l )
is a norm on R which clearly defines 7.

CoroLLARY 1. If T 1s a Hausdorff, locally bounded ring topology on
F[x] for which there exists a nonzero topological nilpotent, then there exist
prime polynomials p1, . . ., pry G, - - -, qs in Fylx] with r = 1 and positive
integers ny for 1 = 1,2, ... s such that

T' = sup (SuPigigr pi) SUP1gis 17 gims) -

CoROLLARY 2. 4 Hausdorff, nondiscrete, locally bounded ring topology T
on the integral closure R of F,[x] in K is defined by a nontrivial norm if and
only if there exists a nonzero topological nilpotent for T. Furthermore, every
nontrivial norm on R 1s equivalent to the supremum of finitely many p-adic
absolute values on R, finitely many absolute values on R associated with the
valuations v; extending v, to K, and finitely many seminorms on R defined
by p™ where p is nonzero prime ideal of R and n 1s a positive integer.

3. Locally bounded topologies on the ring of integers of an alge-
braic number field. Throughout this section we assume that K is a
finite extension of Q and that R, P and P_ are defined as in Section 1.
In Section 2, we considered the case when P, has exactly one element.
Henceforth, we assume that the cardinality of P is greater than 1.
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LemMa 3. Let T be a nondiscrete, Hausdorff, locally bounded ring
topology on R for which the set Ny of topological nilpotents is a neighborhood
of 0. For each a« € N\{0}, T"C T, where

Ty = sup (supyer,@ Iy supi..icr, 11..1),
Pi(a) = {p € P:v,(a) >0} and
Py=1{|--| € P: T\, S T}.

Proof. Let U be a T-bounded neighborhood of zero such that 1 € U,
—U = Uand UU C U. Let ny > 0 be such that «"(U + U) € U for
all # = no and let b = ™. As a is a topological nilpotent, b is as well

and furthermore #,(¢) > 0 if and only if v,(6) > 0 for p € P. Clearly,
(0"U),z0 is a decreasing sequence of subsets of R such that

0¢cvU, U+ U U, —@O"U) =0"U and
&U) "U) Cbv"U foralln = 0.

Also, if x € R, then as the mapping ¥y — yx is continuous at 0 and as b is
a topological nilpotent, there exists m > 0 such that b™x € U. Then
" Ux CH"UU C " U.

Therefore, (b"U),=o is a fundamental system of neighborhoods of 0
for a ring topology 7', on R. Obviously, b is a topological nilpotent for
T, Uis a T,-bounded neighborhood of 0 and the mapping ¥ — bx from
R to R is an open mapping when R is equipped with the 7', topology.
Furthermore, 7, 2 T'; indeed, if W is a T-neighborhood of 0, then as
U is T-bounded and as b is a T-topological nilpotent, there exists n > 0
such that »"U C W. Consequently 7, D T. T, is therefore Hausdorff
and every T1'-topological nilpotent is a 7-topological nilpotent. By
[10, Theorem 4], there exists a norm N, on R which defines 7',. By
Mahler’'s Theorem [6, p. 328], there exist disjoint finite subsets P; and
P; of P, positive integers n(p), p € P3, and a finite subset P, of P_, such
that NV, is equivalent to

sup (Supyep; |- |pv Sup|..jeps |- |, SUPyers ” ' ||,p"(?’))-

Since b is a T,-topological nilpotent, |o| < 1 for all |--| € P, and
v,(b) > 0 forall p € P1\U P;.
We first show that P; = 0. If P; # 0, let m > 0 be such that

U C [] .

PEP3

So v,(u) = n(p) — mu,(b) for all w € U, p € P;. Given t> 0, let
I > 0 be such that

n(p) — mu,(b) + lv,(b) >t forall p € Ps.
Then b'U gupepspt and so p'is open for T, forall p € P;, t >0, a
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contradiction. Therefore, P; = # and so N, is equivalent to sup
(supper: | lp» SUP|..1eps |- +|) for some finite subset P; of P and some
finite subset P, of P,.

We show that Py = {|--| € Po: T\, . S T}. If |--] € Py, let m >0
be such that

mU C {x € R: |x| < 1}.

Then |u] < 1/]b/™ for all u € U. Hence {x € R: |x| < 1/]b|"} is a
T-neighborhood of 0. Let ¢ > 0. By the Very Strong Approximation
Theorem and Product Theorem [8, Theorem 33.11, p. 77 and Theorem
33.1, p. 66], there exists 7 € R such that |r] > 1/¢b|™. As x —rx is
continuous at 0 when R is given the 7-topology, there exists a 7-neigh-
borhood V of 0 such that

rV C {x € R: |x| < 1/]b"}.

Then |v] < eforallv e VVand hence {x € R: |x| < ¢} isa T-neighborhood
of 0. Consequently, if |--| € Py, then T, € T. Suppose |- | € P, is
such that 7)., C 7. If |--| ¢ P,, then there exists a ¢ in R such that
v,(c) > 0 for all p € Py, l¢|; <1 for all |--|; € P, and |c|] > 1 [8,
Theorem 33.11, p. 77 and Theorem 33.1, p. 66]. So ¢ is a T',-topological
nilpotent. As 7, 2 7" 2 7'|., ¢ is a topological nilpotent for 77| ;. But
[c| > 1, a contradiction. So Py = {|--| € P,: T,..,.C T}.

Since v,(b) > 0 for all p € P, we may replace P, with the set P;(b)
defined by

Pi(b) = {p € P:u,(0) > 0},

and the normable topology thus defined is stronger than 7. Finally as
vp(a) > 0 if and only if »,(b) > 0,

Pi(b) = {p € P:y,(a) >0} = Py(a)
andso T, 2 T.

LeEmwmA 4. There exists a nonzero topological nilpotent a such that the set
N1 of T-topological nilpotents is contained in

([Trer,@p) N {x € R: |x| < 1 for all |--| € Py}.

Proof. If there exists a unit % of R such that u € Nj, then Pi(u) = @
and so

T C sup..iep, 11e
Hence
T = supj..iep, T..1-
Therefore we may assume that P,(a) = @ for all a € N;\{0}. Let
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a € N;\{0} be such that
7 g
Ra= []p5 a2zl fori=1,2...,2,
i=1

but there is no element ¢ in N;\{0} with

Re=1TI] pf, 8,21,5¢€7J,

jer
for some proper subset J of [1, n]. Let & € N;\{0} and let ¢y, ..., p,,
qi, - - -, ¢s be distinct nonzero prime ideals of R such that

Rb = H1 p H g
J= i=

where 8; = 1, v; = 1 for all 7 and j. Suppose » < n. As N is a neighbor-
hood of zero, there exists a neighborhood W of zero such that W +
W C N,. Since T, and T, are stronger than 7, there exists n, > 0 and
e > 0 such that

S

(H P]‘no H glno) m BE and ( H plno) f\ B¢
j=1 i=1

i=1
are contained in W where
B.={x € R: |x| < eforall |--] € Ps}.
Then

(R N B, + (RV"°N B,) C [ ( H p,-"“) N Be]

=1
+ [( ITI b II _(Zino) mBe:l <€ Ny
p i

Let m > 0 be such that (Ra™ + Rb™)™ is principal [8, Theorem
33.13, p. 79]. Let ¢ € R be such that Rc = (Ra™ + Rb™)™ Then

,
]{C — H pimnomin(ai,ﬁi) — ]eamn0 _'_Rbmno.
=1
So, there exist #; and 7, in R such that
c = ria™o 4 ™o,

As T is nondiscrete and 7 2 7., for all |--| € Py, P; C P, since
otherwise, R M O(P,), a finite set, is a T-neighborhood of zero. Since
P, has more than one element, there exists a # in R such that v,(x) = 0
for all p in P and |u| < 1 for all |--| € P, [8, Theorem 33.8, p. 74]. Let
¢ > 0 be such that

|| Y|rob™l, |u| Yjria™™0| < e for all |--| € Ps.
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Then
cut € (Ra™ M B,) + (Rb™ M B,)
and so cu® € N;. But
v(cut) = v,(c) + tv,(w) = 0 forall p in P\{p1,..., p:}.

Therefore, cu' is a nonzero topological nilpotent for 7" such that
polog

,
1 mn min{a;,B;)
Reu' = [ pjrrommiestil,

=1
contradicting the choice of a. Hence r = # and therefore
NiCpr.opn= [rerwp.

Finally, as 7D T, for all |- -| € P, if r € N;, then 7 is a topological
nilpotent for 7°|. .. Consequently,

NiCpr...poMN{x € R lx] < 1forall| | € Po}.

THEOREM 3. Let K be a finite extension of Q and let R be the integral
closure of Z in K. Let T be a nondiscrete, Hausdorff, locally bounded ring
topology on R for which the set of topological nilpotents N1 is a neighborhood
of 0. Then there exists a proper subset Py of P, finite disjoint subsets P,
and Pj of P, and positive integers n(p) for p € Pj such that P1\J Py %~ @
and

T = sup (supyer, 1 SUP|..1epy 1.1, SUPpeps IMpntm).
In particular, T is normable.
Proof. If there exists a unit 7 in N1\{0}, then as in Lemma 4,
I' = sup|.jep, T

So we may assume that each element of N;\{0} is a nonunit of R. Choose
an element @ in N;\{0} such that

N1 € (TToer,wp) N {x € R: x| < Lforall |--| € Pa}.
Since T' C T,
Ny = ([Toer,p) N {x € R: |x| < 1forall |--] € P}

So p is a T-neighborhood of 0 for all p € Pi(a). For each p € Pi(a)
define n(p) by

n(p) = sup {n € Z: p" is a T-neighborhood of 0}.

By the above observation, n(p) = 1 for all p in Pi(a). Let
Py = {p € Pi(a): n(p) = 0}
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and let
Py = {p € Pi(a): n(p) < 0}.
Clearly,
sup (suppeps 15, Sup..icps 1.1, SUPpers Ipniw) & T

Let U be a closed neighborhood of 0 for 7. As 7" C T, there exists
e>0, a1, ...,a, = 0 such that

Pt o) N {x € R: x| < eforall|--| € Py} C U.

Let W be the closure of pyt ... p,27in 7. Then W is an ideal of R con-
taining p1*' . .. p,2". So
W = plﬂl . Prﬂr

with0 £ 8, Za;fore=1,2,...,r.

Since W is T-closed, the topology induced on R/W by T is Hausdorff.
As R/W is a finite ring [8, Theorem 33.2, p. 67], R/W is discrete. So W
is open for 7. Therefore 8; < n(p,) for all p; € P3 and so p /) C p fs,

Consider the set W, defined by
W= WN{x € R: x| < ¢/2forall |--| € Py}.

Let y € W, and let V be a T-neighborhood of 0. As {x € R: |x| < ¢/2
for all |- -] € P,} isa T-neighborhood of 0, we may assume that |v| < /2
forallw € V, |--] € P,. Since y is in the T-closure of py*1 ... p2r, there
exists v in V such that

Y+ v € pet.. . pa.
Furthermore,

ly + 9] < |y| 4+ 9| < e forall|--| € P,
Hence

y+ov€pr...porNix € R:|x| < eforall|--| € Py} C U.
Therefore, y is in the T-closure of U, that is, y is in U. Then W, C U.
As p®d C pfiforall p; € Ps,

(Npier, 2 M (Mpieps pP0) M

{x € R: x| < e¢/2forall |--] € Py} C U.
Therefore,

T C sup (supyep; 1y, supi..ieps T1..1, SUPpers I'pnim)).

CoRrOLLARY. If T us @« Hausdorff, locally bounded ring topology on R,
then T is normable if and only if the set of topological nilpotents is a neigh-
borhood of 0.
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