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Abstract. A mechan ica l e x p l a n a t i o n of t h e obse rved i r regula r r o t a t i o n of t h e surface of t h e e a r t h is p roposed . F r o m th i s 
p robabi l i s t i c mode l t h e cor re la t ions b e t w e e n t h e a p p a r e n t f luc tua t ions of t h e m o t i o n of t h e m o o n in successive yea r s a r e 
der ived a n d a modified l ea s t - squa re m e t h o d is deve loped for finding t h e secular acce le ra t ions of s u n a n d m o o n . 

Let AL be the difference between the observed 
and the tabular longitude of the moon, and 
AL' the same difference for the sun. Newcomb 
and De Sit ter represented AL by a formula 

AL = x + yT + zT2 + B, 

where x, y, z are constants , T being the t ime in 
centuries since 1900, and B an irregular residue. 
Spencer Jones succeeded in representing AL' by 
a similar formula 

AL' = x' + y'T + z'T2 + B/13A, 

in which B is the same as before. This means t h a t 
both irregularities m a y be reduced to zero by 
one and the same clock t ime correction F. T h u s 
it appears t h a t the irregularities are not due to 
the moon, bu t to the daily ro ta t ion of the ear th . 

T o explain the irregularities in the ear th ' s 
rotat ion it is not necessary to assume (as some 
have done) considerable changes in the moment 
of inertia of the ear th . In a paper to be published 
in the Astronomical Journal the following as­
sumptions were m a d e : 

1. The re tarding couple act ing on the ear th 
due to the friction of the tides is cons tant = K. 

2. T h e ear th ' s moment of inertia is cons tant 
= C. 

3. The mant le of the ear th is a rigid body. 
I t s angular momen tum is m = ceo, where co is the 
angular velocity and c the momen t of inertia. 

4 . The ear th as a whole is not a rigid body. 
If i f is the angular momen tum of the whole 
ear th, we may define its angular velocity 0 by 
M = CO,. 

5. The frictional couple between the mant le 
and the core is proport ional to 12 — c o ; Ki = 
/(12 — c o ) . T h e coef f ic ien t /may be a random vari­
able, varying between a positive lower bound / 0 

and 00. 
6. In addit ion to this, there is another couple 

acting on the mant le due to irregular motions 
within the core: K2 = V(T). 

7. This ^(T) is, for any given t ime T, a ran­
dom variable with mean value zero; E(ty) = o. 

8. Values *(Ti) and *(T2) a t t imes Tt and T2 

far apa r t are practically uncorrelated. 
T h e differential equat ions for co and 12 are 

Ctl = - K (1) 

ceo = /(12 - co) + *(T) - K. (2) 

T h e solution is 

12 = A - j8r (3) 

co = coo fiT 0(T), (4) 

where B(T) is again a random variable with ex­
pectat ion zero, and such t h a t values of 6 for 
times Ti and T2 far apa r t are practically uncor­
related. 

" F a r a p a r t " m a y mean several years or several 
centuries a p a r t ; we do not know t h a t beforehand 
and have to find it ou t from the observations. 
We are not concerned with seasonal variat ions in 
C, c and co due to melt ing snow or ice, bu t only 
with changes in the mean value of co from year to 
year. 

In tegra t ing Eq. (4) from o to T, we obtain the 
displacement of any place on the surface of the 
ear th (say Greenwich, where most observations 
have been made) since 1900: 

I adt = c o 0 r - %/3T2 - I Bdt. (5) 
Jo yo 

T h e first two te rms give the displacement of a 
fictitious "mean Greenwich," which ro ta tes with 
a uniform re ta rda t ion due to the friction of the 
tides. T h e last t e rm is the deviat ion of actual 
Greenwich from mean Greenwich. This devia­
tion, divided by co, gives the clock t ime correction 
F*. Mult iplying F* by the mean motion of the 
moon in longitude, we obtain the apparen t 
fluctuation of the moon 

= k fT
 Bdt (6) 

Jo 
and the correction to the tabular longitude 

AL = x + yT + zT2 + 5 * . (7) 
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The theoretical B* is marked by an asterisk 
to distinguish it from the observed B, which is 
defined by the conventional formula 

AL = x0 + y0T + zoT* + By (8) 

in which Xo, yo and Zo are fixed values derived 
from the papers of De Si t ter and adopted by 
Spencer Jones, Clemence and Brouwer. 

From Eqs. (6), (7) and (8) we obtain, eliminat­
ing AL, 

B* = B - (a + bT + cT2) = k [*" 6dT. (9) 

The problem is to find out whether the con­
s tan ts a, b and c can be determined in such a way 
tha t 

B* = B - (a + bT + cT2) 

behaves like an integral k I Odt, as it should do 
0 

according to the theory, to es t imate the constants 
a = x — Xo, b = y — y0, c = z — z0 

and to est imate the s tandard errors of the esti­
mates of b and c. 

Put t ing / = o in Eq. (9), we obtain a = B(o). 
This means tha t in 1900 mean Greenwich coin­
cided with actual Greenwich. This is an a rb i t ra ry 
convention, which may be changed a t will. 

Subtract ing (9) for T + §57"and T — %8T, and 

dividing by 8T, we obtain 

8B 
k$ = — - (b + 2cT). (10) 

Here 6 is the integral mean of 6 over the period 
8T, of which T is the middle ; 8B is the observed 
change of B dur ing this period. T h e expectation 
of 6 is zero, hence : 

b + 2cT is the expectation of the observed differ -
ence quotient 8B/8T over any period ST. 

A statistical analysis of the observed SB's by 
Van Woerkom shows t h a t differences 8B, t aken 
for two one-year periods less than 10 or 12 years 
apar t , have a high positive correlation, bu t if the 
periods are taken 20 or more years apar t , the 
correlation practically vanishes. This is jus t 
wha t was to be expected from theory. T h e 
analysis was based upon 130 differences 8B of 
^ -va lues observed in successive years. 

An est imation of b and c from ancient , medieval 
and modern observations by a modified method 
of least squares based upon the statist ical prop­
erties of the &B's, resulted in z = z0 + c = 6 .1 . 

This es t imate has a s tandard error of approxi­
mate ly 0.8. T h e deviat ions of the observed B's 
from the parabola B = a + bT + cT2 were not 
larger than might be expected from the variance 
of the 8B's and the errors of the ancient observa­
tions. 

F L U C T U A T I O N S A N D S E C U L A R C H A N G E S I N T H E E A R T H ' S R O T A T I O N 
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Abstract. Geophys ica l cons ide ra t ions favor seeking t h e cause of t h e r a n d o m c h a n g e s in t h e e a r t h ' s r a t e of r o t a t i o n in t h e 
t u r b u l e n t mo t ion in t h e core of t h e e a r t h . Professor v a n der W a e r d e n ' s ana lys i s app l i e s t o th i s i n t e r p r e t a t i o n . T h e o b ­
serva t iona l ev idence ind ica tes t h a t t h e c h a r a c t e r of t h e f luc tua t ion c u r v e m a y be i n t e r m e d i a t e b e t w e e n t h a t expec t ed on 
t h e basis of a t h e o r y w i t h fr ict ional couple a n d one w i t h o u t . If confi rmed, th i s wou ld ind ica t e t h a t t w o different causes 
c o n t r i b u t e t o t h e changes in t h e e a r t h ' s r a t e of r o t a t i o n . 

Seven years ago (Brouwer I952a,b) I at­
tempted a solution of the problem of the irregular 
changes in the ear th ' s r a te of ro ta t ion by assum­
ing tha t the second differences of the annual 
values of the fluctuation curve in the moon 's 
mean longitude are of a random character , un­
cor rec t ed from one year to the next. These 
second differences were assumed to have a normal 
distribution with a fixed s tandard deviat ion to be 
determined from the observational da t a . Their 
mean value would differ from zero by a small 
quant i ty corresponding to a correction to the 
secular acceleration term in the moon 's t abular 
mean longitude. 

T h e analysis was tested by Van Woerkom 
(1953) m two w a y s : by examining the properties 

•of artificially constructed fluctuation curves and 
by a statist ical discussion of the annual values 
of the observed fluctuation curve since 1820. 
He concluded tha t , on the whole, the observa­
tional d a t a suppor t the hypothesis , bu t t h a t 
there m a y be an unexplained contr ibut ion to the 
variance of the first differences. Also, the ampli­
tude of the observed fluctuations over the 
twenty centuries for which scat tered d a t a are 
available appears to be ra the r smaller than 
might be expected from t"he character of the 
fluctuations since 1820. Comparison with ar t i -
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