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Two remarkable Cubics associated with a Triangle.

By F. GLANVILLE TAYLOR.

(Received 1st December 1912. Read 18th December 1912.)

I.
1. Introductory.
Let 0, and Hx be two points, in the plane of any triangle of

reference ABC, so related that if 0xP, 0$, 0xR be the perpendiculars
drawn to the sides of ABC, then AP, BQ, CR meet in Hv We
shall find that 0, and Hl describe respectively two cubics which
are related to each other in a remarkable manner. We shall show,
for instance, that points in each curve may be derived from each
other by two sets of three alternative rational quadric transforma-
tions, and that the join of correspondents passes through a fixed
point as in plane projection. We shall then discuss the homo-
graphic relation between corresponding pencils formed by rays
through pairs of related points—not direct correspondents—and
investigate the relation between these latter points.

2. Equations of the loci.
To find the loci, let (04 & yt) be the trilinear coordinates of 0t

(see Fig. 2), and (aj8y) those of Hx. Then, by considering perpen-
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diculars from P to the sides 6 and c, we have

j8 ft + a., cos C n'

and similarly
y _ yi + ft cos A _ V a. _ a.k + y, cos B m!
a. a, + ft cos G n ' /? ft + yi cos 4 T

Eliminating a, ft y, and suppressing suffixes, the locus of 0, is

(/3 + ycos.4)(y + a.cos.B)(o<. + /?cosC) \
— (y + P c o s -4) («• + 7 cos 2?) (/? + a cos C) !• (1)

or lmn = l'm'ri J
which reduces to

«. (ft1 - y2) (cos A - cos B cos C) + )3 (y! - a.2) (cos B - cos C cos 4)
+ y (a.2 - /J1) (cos C - cos 4 cos B) = 0 (2)

Again, to find the locus of HY we eliminate a,, ft, y! from
equations (A), obtaining the determinant

/3 cos B-y cos C - y /J =0,
y y cos G - <x cos J - a.

- /? a. a.cosA-/3cosB

or 2 (sin5 Z? cos C ftV - sin2 C cos B fty2) = 0,
or a V (/J cos J5 - y cos C) + b'fp (y cos C - a. cos .4)

the equation required.
These two loci are therefore cubics through A, B, C.
It can be easily shown that the 0-locus passes through the

ortho-, circum-, in-, and ex- centres (H, 0,1, lu etc.). Other points
will be named later.

3. The isogonal conjugates of all points on the 0-locus lie on the

same locus, as is seen by changing (a./3y) to ( j? —j in (1) or

(2)P- Examples—(Or #)r-l

4. Points which are symmetrical about the circumcentre 0 will
be called opposite points, or opposites.

Let 0j, 0 / be a pair of opposites of which 0, lies on the 0-locus,
and let Pu P,' be the feet of X™ on B C, etc. Then since
JBP, = P,'C, and similarly for the points Q, B; since also
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APU BQv CRX meet in Hu it follows that AP,', BQt', Cff,' meet at
the isotomic conjugate H^.* Hence 0,' must lie on the 0-locus,
and we have the following:—

(1) The 0-locus is symmetrical about 0 the circumcentre;
(2) The isotomic conjugates of all points on the H-locus lie on

the same locus; and
(3) AU such pairs of isotomic conjugates correspond to pairs of

opposites on the 0-locus.

5. Asymptotes of 0-locus.
If lines be drawn through the vertices of ABC, ±r to the

adjacent sides, we obtain two triangles LMN, L'M'lf (Fig. 3).
The sides l,m,n, I', m, n' have equations

[I] fi + ycosA=0; [I'] y + /3cosA = 0 ; etc.f

L ^ \

Pier. 3.

* This is, of ooarse, the definition of the isotomio conjugate of a point.

Also the isotomie oonjugate of (0/37) is ( - q , ^o• jsr).

+ By Ceva's Theorem we may easily derive, for a point on the 0-locus,
that lmn = l'm'ri, which is equation (1).

https://doi.org/10.1017/S0013091500002376 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500002376


73

Equation (1) shows that the O-locus passes through the points
A'B'C (as already seen), and also through the three points at
infinity in directions ±r to the sides of ABC. We shall call these
A:, B?, C?.

Since pairs of opposites lie on the curve it follows that there are
two points at infinity in each direction whose join therefore passes
through 0. Hence there are three asymptotes, namely, the lines
through 0 ±r to the sides of ABC.

This can be easily verified by analysis.

6. The point II'. Notation.

If H' be the opposite of II, the coordinates of H' are seen to
be (cos A - cos B cos C, cos 5 - c o s CcosA, cos C - cos A cos B).
This is a very important point.

Hereafter the opposite of a point P on the O-locus will be
denoted by P', and similarly for other letters. Also, with the
exceptions given below and previously, the corresponding points on
the /T-locus will be represented by corresponding small letters p
and p'. Thus p and p are isotomic conjugates on the /f-locus.
And, as far as practicable, isogonal conjugates will be denoted
thus, P and Pv

The point H' lies on the H-locus (as well as on the O-locus), as
may be seen by substituting its coordinates in (3).

7. We can easily prove that all lines through H' meet the O-locus
in pairs of isogonal conjugates.

Denoting the coordinates of H' by (LMN), the condition that

) , (—-7; ), (LMN) are col linear is

a.

Py
L

P
ya.
M

y
a£
N

which gives the equation to the O-locus, whence the statement
follows.

8. We can similarly show that all lines through h', the isotomic
conjugate of h, meet the H-locus in pairs of isotomic conjugates,

6 Vol. 33
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For, since the coordinates of h' are cos A/a2, etc., the condition
that (a./3y), (l/aia.,l/b-/3,l/c2y), (cos A/a1, cos B/b2, cos C/c") are
collinear is

0 7
2 <? /3y c" a" ya. a2 b' a/3

as62cosC

= 0

giving equation (3) of Art. 2.

9. Finally, all lines through H' meet the two cubies in pairs of
correspondents.

For, from the second and third equations of (A), Art. 2, the
coordinates of ff1 are (m'n, nl, I'm'), and the condition that 0, H'//,
are collinear is

«-i Pi ~/i

L M N
171 71 Til I Wl

= 0.

Also /?! iV-y, M=lcosC- I'cos B, etc., whence we easily obtain
lmn = l'm'n', which is equation (1).

Thus any line through W meets the cubies in P, P,, p, pt, where
P, p; P,, Pi are correspondents, and P, Px are isogonal conjugates.

10. Since / , /„ /2, I3 are the isogonal self-conj ugates, it follows
that H'l, H'IU etc., are tangents to the O-locus. Hence also
H'i, H'ii, etc., are tangents to the ZT-locus.

Or, the common tangents of the two cubies meet at H'.

Other points on the loci.
11. Putting a.= 0 in (2), we get

P cos B - cos C cos A . TT .
— = -= -. =; for the point K in the figure,
y cos C - cos A cos B

which evidently lies on AH'. (See Fig. 1 at end of paper.)
Hence H'A, H'B, H'C meet BC, CA, AB in points K, L, M on

the O-locus.
If the triangle aj}^ be formed by drawing parallels to the

opposite sides through A, B, C, then aib1c1G are the four isotomic
self-conj ugates, and as they clearly correspond to the points
AiB*C™0, which are the four self-opposites, it follows that the
former lie on the ZT-locus. Also, by Art. 8, h' is the tangential of
a, 6j c, G.
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12. If X, Y, Z be the points (/?/,', C/2'), etc., then will XYZ
lie on the CMocus. For we can show that -4/2', AI3' are isogonal
lines since ABC is the nine-point circle of 7/ /2 ' /, ' , and D' the
mid-point of /2' I3 lies on the circle; similarly BI3', Bl{ and
GI{, G/2' are isogonal lines. Hence X is the isogonal conjugate of
/ / , and therefore lies on the curve ; so for Y and Z.

It follows that H'XIf, etc., are collinear triads ; also AI2' Z,
AI3 Y, etc., are collinear.

We can similarly show that Al', Al{ ; Bl', BI^ ; CT, CIS' are
pairs of isogonal lines ; hence if V is the isogonal conjugate of / ' ,
V lies on the O-locus, and Ai; V, BL' V, CI3' V, H'T V are collinear.

Thus if XYZV be the isogonal conjugates of / , ' / , ' I3 1'
respectively, then

AI'X
BI'Y

c rz
HTV

are collinear triads.

A I,'
BI,'
Cli
Rli

V

z
Y

X

Ali Z
BIt' V
CI2'X
XT' T ' VJl It I

AI'
BI3

a;
in;

Y
X
V

z

II.

13. The quadric transformations.

The equations (A) are

1
y

n
tn

y_
a.

I'

n
m

"T
From the second and third we have —r- = -̂7 = -TT—, giving a quadric

mn nl lm
transformation from the H- to the O-plane; similarly, two other
transformations are obtained, namely, from the third and first, and
from the first and second.

Since the conies m'n = 0, nl = 0, I'm! = 0, corresponding to
a = 0, /8 = 0, y = 0 pass through the points A', B™, C" (see Fig. 3),
the transformation is a rational one, for a pair of lines in the
.ff-plane is transformed into a pair of conies, in the 0-plane,
through these fixed points and a fourth point which corresponds
uniquely to the meet of the lines. Similarly for the other two
transformations.

Hence to a given point in the i/-plane corresponds one in the
0-plane for each transformation respectively. When the given
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point is on the //-locus, the three latter points, of course, coincide
on the O-locus.

It follows that, to any given line in the //-plane cutting the
//-cubic in p, q, r, correspond three hyperbolas in the 0-plane
which contain in common the three correspondents P. Q, /? on the
O-cubic, besides passing through the fixed points A' B" C";
A"B' C"; A"B"C respectively.

14. Similarly from equations (A), solving for a.], /}„ y,, we have
three alternative quadric transformations from the 0- to the
//-plane. We have, in fact, for the first transformation,

a.,
a2 sinld - f3y cos B cos C + ya. cos C cos A + a./3 cos A cos B

A 7:
/8y cos B - ya. cos A + a./3 /3y cos C + ya,-a.fi cos A '

and similarly for the other two.
I t can easily be verified that the denominators equated to zero

give three conies, each passing through the points alt b, c; and
similarly for the others. Thus the transformation is again
rational.

15. Directions of the asymptotes of the H-cubic.
Let A3 B3 Cs be the O-correspondents of the points at infinity

on the //-cubic. The line at infinity in the //-plane will be trans-
formed into three alternative hyperbolas

a m'n + bnl + c I'm = 0, etc (4)
or, in full,

a a.2 + 6 cos C. /8s + c cos B. y2 + a sin B sin C. fiy

(B)
a cos C. a? + b /J3 + c cos A . y2 + 2c /3y + b sin C sin A . ya.

+ 2aa.(l = 0
a cos B . a.2 + 6 cos A. j& + c y2 + 26 /3y + 2 a ya.

+ c sin A sin B. a/3 = 0
The first hyperbola will be seen to have its centre at A and its
asymptotes J_r to AB and AC ; also it passes through A'; similarly
for the others. The three all pass through A3, B3, C3, the fourth
point for each pair being A", /?", C" respectively.

Hence H'A3, etc., are the directions of the //-asymptotes.

https://doi.org/10.1017/S0013091500002376 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500002376


77

Multiplying equations (B) by a, b, c and adding, we obtain
2 2 a2 a.2 + 2 be (4 + sinM) ySy = 0

2K
or a /?y + b ya. + c a./J + —— (a a. + b fi + c y)2 = 0,

which is the circle A3 B3 C3.
This circle is obviously concentric with the circumcircle ABC,

and its radius is easily found to be 3R. I t also cuts the 0-cubic
in the three opposites A3', B3', C3.

16. To prove that H' is the orthocentre of A3B3C3.
The circle, radius 3R, meets each of the hyperbolas (B) in four

points. Taking the first hyperbola only, three of these points are
A3 B3 C3; and, noting that A is the centre and that A', given by
» = 0, r»' = 0, lies on the curve [see equation (4) and Fig. 3], the
fourth point, A'" say, is on OA produced.

The equation to the hyperbola, centre A, and asymptotes
AB\ AC, referred to rectangular axes through 0 is

(x sin y -y cos y - R sin U)(-x sin fi + y cos fi - R sin B) = & say,

and since this passes through A'" (3R cos fi + B, 3R sin /? + B), we
find that S2 = 4 ^ sin B sin C.

Now, let x = 3R cos x, y = 3R sin x> and let cos X = c> sin x = s;
then

(3 c sin y - 3 s cos y - sin C) (3 c sin /8 - 3 s cos /3 + sin B)
+ i$mB sin C = 0.

Solving for c, remembering that one root is cos fl + B, we have
9 c2 sin fi sin y + 9 (1 - c2) cos /? cos y + 3 c (sin y sin 5 - sin /? sin C)

+ 3 sin B sin C = a [9 c sin /? + y + 3 (cos y sin ZJ - cos f3 sin C)]
.•. [ - 3 c2cos/J + y + c(sinysin.B - sin/3sin C) + . . . ] 2

= (1 - c2) [3 c sin /2 + y + cos y sin B-coa/3 sin C]1.
The coefficient of c* is 9.
The coefficient of c3

= - 6 [cos /3 + y (sin y sin £ - sin f3 sin C)
- sin fi + y (cos y sin ^ - cos /J sin C)]

= - 6 (sin y sin C - sin fi sin B)
= - 6 [sin y sin fi - a. - sin /J sin a - y]
= - 3 [2 cos /3 + y - a. - 3 cos fi + y - a.]
= 32 cos «. + .4 - 9 cos fi + B.

c, + c2 + c3 + c4 = cos /? + B - \ 2 cos a + .4 ;
and, taking ct = cos fi + B,
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Now, the abscissae of A3, B3, C3 are 3Rclt 3Rc2, 3Rc3; and
those of A',B',C are -Bcosfi + B, -Bcosy + C, -Bcoaa. + A.
Hence the centroids of A3 B3 C3 and A' B' C" coincide, since Ox is
any line through 0. But the circumcentres likewise coincide, and
therefore so do the orthocentres. And H' is the orthocentre of
A'B'C. Q.E.D.

17. The mid-points of the sides of A3 B3C3 lie on the O-loeus.
This can be shown by elementary geometry as follows :—
Let D3 E3F3 denote these points, and let P,Q.R,, P.QiR* P3Q3RS

be the feet of perpendiculars from A3 B3 C3 to the sides oi ABC.
Then, since A3 B3 C3 are the 0-eorrespondents of the points at
infinity on the ZT-locus (see Pig. 4),

A

and similarly

RJL

" ' BJ.'
If P, Q, B are the mid-points of 1\_ P3, Q, Q3, R2 R3, then

RRS Q3Q, , . .. , P,P3 R3B2 Q2QS P3P.,
- ^ r = ^ r > and similarly — - = - ^ - , - ^ r - ^ !

thus j - ^ . j—r . -=-̂  = 1, or AP, BQ, CB are concurrent, at d3 say.
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Since PQR are the feet of perpendiculars from D3, it follows that
D3 and d3 are two correspondents on the 0- and //-locus respec-
tively. Similarly for E3 and F3.

Note that ITD3A3' are collinear; hence D3, Es, F3 are the
isogonal conjugates of A,', B3, C3 respectively.

III .

18. Chords through a fixed point.

Let any line in the 0-plane cut the 0-locus in P, Q, R. Then,
as we have seen, using the first transformation of Art. 14, the
line P Q R is transformed into a conic through a,, b, e cutting the
//-locus in p, q, r.

If, now, we keep P, and therefore p, fixed while we vary Q R,
then the variable conic passes through four fixed points. Hence
(Salmon's Higher Plane Curves, 3rd Ed., p. 134) qr passes through
a fixed point s on the //-locus.

To find 8, let Q = H', .-. R = Ply the isogonal conjugate of/5;
also q = h', and r=pu say.

But h'piS are collinear, whence « is the isotomic conjugate
of pv Thus P and s are connected by the relation that the
isogonal conjugate of P (viz. /*,) corresponds to the isotomic con-
jugate of s (viz. p^.

We shall in this paper call such points cross-correspondents (c.c),
and denote them, when practicable, by (JP, pi) or {P', px).

Examples (see Fig. 1) :—

Points on O-cubic

Isogonal conjugates -

//-correspondents

Isotomic conjugates (c.c. of
first line) . . .

Observe that H' (= t') is its own c.c.

19. An important corollary is that if P is the tangential of a
tetrad of four points on the O-cubic, its c.c. p{ is that of the
tetrad of //-correspondents: e.g. (1) 0 (A"BjC"O), h'(a1bic1G) ;
(2) H'illJJ,), «'(iw3).

A

K

k

k'

0

H

h

h'

1
I

i

K

A

a

a

X

/ , '

».'

h

A:

A'

a'

a

W
T

t

t'

H
0

G

G

T

II'

K

h
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Hence, also, the (constant) cross-ratio of the pencil formed by
four tangents from any point on either curve to that curve is the same
for both curves.

This cross-ratio is given by X = a2 (c2 - 62) / c2 (a2 - b"), where
A. = 0

20. The two pencils of corresponding chords through a pair of
c.c. are homographic.

For, to any line through a point P on the O-cubic, cutting the
cubic again in Q and R correspond two lines through any given
point s on the /f-cubic, namely, those joining a to the correspond-
ing points q and r. But if s is the c.c. of P, the points q and r are
collinear with s (by definition of c.c), and hence there is only
one line through ;»,' corresponding to the line through P, and
vice-versd. Hence the pencils are homographic, and their product
is, of course, a conic through P and />,'•

21. Since A, B, C, H are self-correspondents, they lie on the
conic which is thus a rectangular hyperbola.

Let QtPQz, qiPi'qi (Fig. 5) be corresponding rays meeting at
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7r on the hyperbola. If Ql = H', then q1 = h', therefore qt=plt the
isotomic conjugate of />/; Q2 becoming Pv Hence p^ lies on the
hyperbola.

Again, let q1 = ff'; then Q1 = the 0-correspondent of H', viz.
T' in the figure ; q^pi, say ; <?, = .?,'.*

But Q1PQ2, q\V\1* H'Qzq* are collinear triads: the same
therefore is true of TPPa'y H'pipS, and H1 P±p.{.

Hence the corresponding rays through H', T' meet at P«
which is thus on the hyperbola.

Since the isogonal conjugate of Pa' corresponds to pi, the
isotomic conjugate of pu therefore 7̂  is the c.c. of P3'.

And the four points P, p{, P2', p, lie on the hyperbola ABGH.

Hence the following statements:—

(1) Every member of the system of rectangular hyperbolas through
ABCH cuts the two cubics in two pairs of c.c.

(2) Every member cuts the H-cubic in a pair of isotomic
conjugates.

(3) Every member cuts the O-cubic in the isogonal conjugates of
a pair of opposites. [Art. 4.]

(4) If PQpq are the points, then Pp, Qq pass through H';
PQ through the O-correspondent of H' (viz. T'); and pq through
the if-correspondent of H' (viz. h').

(5) The joins of the isogonal conjugates of opposites on the
O-cubic pass through a fixed point {T').

(6) The common chords of all members of the system of
rectangular hyperbolas ABCH and the two cubics respectively
pass through the two fixed points h', T'.

22. If the join of PQ, two points on the O-cubic, meets the curve
in a fixed point R, the join of their c.c. px' qt' will meet the H-cubic in
a fixed point st, and conversely.

* P2' is the isogonal oonjugate of P{> and, according to our notation,
should be written P1. Unfortunately, this clashes with the notation for
opposites, since iV and P are not opposites.
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To prove this:—
(1) Using Maclaurin's properties of three lines and the cubic,

let T be the tangential of H' for the 0 cubic, and let the join of
the isogonal conjugates of P and Q, i.e. P, and Qlt meet the cubic
in S. Then we have the scheme

P, Qi S
P Q R
E H T

whence RST are collinear, or the join of the isogonal conjugates of
PQ passes through a fixed point S ; since R and T are fixed.

(2) Again, we have P, Qr S; whence

Pi 9i 8i (the c.c. of S, and .-. fixed).

Therefore we have p( q^ «2

Pi ?i *i
h! h' h

whence /i«,'s3 are collinear, or s2 is fixed.
The converse easily follows. Q.E.D.
Also, the join of the isotomic conjugates of any two points Pi q,

passes through a fixed point, if that ofp1ql does so.
By putting Q = 0 we may show that the opposite of R and the

isotomic conjugate of s2 are c.c.; or, the opposite of R and the
O-correspondent of s2 are isogonal conjugates. Also it may be
shown that the rays RPQ, s^p^qi are homographic.

Note that T is the opposite of T, the O-correspondent of H',
since the isogonal conjugates of the opposites H' and H are T and
0 respectively, and by Art. 21 (5) TO passes through T.

23. From the preceding we have the important corollary:—
If four points on either cubic form a tetrad with a common
tangential, so also will their c.c.

The same property holds good for four points and their isogonal
conjugates, the join of the tangentials passing through T.

I t also holds good for four points and their isotomic conjugates,
the join of the tangentials passing through A.
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The last two cases are, of course, only particular cases of the
more general property of a cubic, namely that if PQRS be a tetrad
and PP', QQ\ etc., pass through any fixed point E on the curve,
then P'Q'RS' form a tetrad, the join of the tangentials passing
through the tangential of E.

24. Examples of the above may be of interest:—

(1) If R=0, then s, = h. Hence the joins-of c.c.'s of opposites
pass through h. The c.c.'s of self-opposites are a, b, c, h'. Hence
the tetrad h (abch').

(2) If R = IT, then s2 = G. Hence the joins of c.c.'s of isogonal
conjugates pass through G, leading to the tetrad G (i'iiu'i-J),

(3) From the tetrad 0 (A™B"'C"0) we deduce for the isogonal
conjugates T' (A'B'C'II), since TO passes through T. Hence also,
from the symmetry of the curve, I1 (ABCIF). This gives, again,
for the isogonal conjugates the tetrad (KL M T), and, therefore,
(KL'M'T).

(4) From the tetrad T(ABCH') and the scheme of Art. 22(1)
it follows that if R = A, then S = A. Hence, if APQ are collinear,
so also are AP^^ See also Art. 12.

(5) It may be proved by elementary geometry that A'll^,
A'l'Ji, etc., are collinear. Hence by Art. 18 we have ait/, ai'ij,
etc. And by Art. 22 we deduce K'VIV K'XI, etc. In each case
there are 16 triads. Similar groups are given by A"L'M, A'KT',
etc., whence al'm, ak't, etc. Tables may be drawn up, as in
Art. 12, with the help of the tetrads XYZV, KLMT, etc.

(6) The joins of opposites are parallel to the joins of their ex.
For, from (1), corresponding pencils OPQ, hp^q^ are homographic.
Three pairs of corresponding rays are OA", ha; OB", Jib ; OC", he.
But these are parallel; hence all corresponding rays are parallel.
Thus, for example, A A' is parallel to k'av

If P = Q = 0, pi = qi = h'. Hence the tangents at 0 and h' to the
two curves are parallel, the common direction being h'h.

25. If (see Fig. 5)Pi' = P,T is the tangential, and P = A', B', C",
or H. Similarly, Pi=pi = au blt cu or G, h' being the tangential.
Hence there are four, and only four, members of the system of
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rectangular hyperbolas ABCH which simultaneously touch the
cubics in A'a» B'blt G'cv HO, respectively; these being pairs of c.c.

26. We may note finally that the asymptotes of the H-cubie are
not concurrent in general. For if they were, then A3B3C3 would
form part of a tetrad. Hence (Salmon, Higher Plane Curves, p.
132) the fourth point would be the meet of AsDa B^ CSF3, i.e.
the centroid of A3B3C3. But this point lies between 0 and H' (see
Art. 16) and cannot therefore lie on the O-cubic.

https://doi.org/10.1017/S0013091500002376 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500002376


https://doi.org/10.1017/S0013091500002376 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500002376

