
THE SATELLITE CASE OF THE THREE-BODY PROBLEM 

Gen'ichiro Hori 
Department of Astronomy, University of Tokyo, Bunkyo-ku, 
Tokyo 113, Japan 

1. EQUATIONS OF MOTION 

In the lunar or satellite theory, the disturbing function is 
developed in the form in which each term consists of two factors. The 
first factor depends on the position of the sun, and the second one that 
of the satellite. The main term of the disturbing function is 

F2 = V2a2(!V[CA(A+l + |e2) +CB(B + ye 2) + C C # C ] * d> 

where 

C =-77+ |c 2 + |s2cos (2f i-2h) , C =|s2cos2g + T T U + C ) 2 C O S (2f i-2g-2h) A o 8 o B o ID 

+ 77r(l-c)2cos(2fi+2g-2h), C =4«2sin2g - ̂ —(1+c) 2sin(2f x-2g-2h) (2) 16 C o lb 

+ ̂ (l-c) 2sin(2f i+2g-2h) lo 

These, together with the factor (ai/ri)3, give the solar position. The 
subscript 1 is referred to the sun. While, A+l+(3/2)e2, B+(15/2)e2, and 
C, where 

A=-e2-2e cosu+-re2cos2u, B=-3e2-6e cosu + (3—re2)cos2u, 
(3) 

C=n (6e sinu - 3 sin2u) , 

give the position of the satellite. In equations (2) and (3), 

c = cos i , s = sin i , g = co, h = ft-ioi, r| = /l-e2 , (4) 
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and fi is the true anomaly of the sun, u the eccentric anomaly of the 
satellite, V in equation (1) being the mean motion of the sun. 

In terms of Delaunay variables, the equations of motion are 

—(L,G,H,K) = dafgrhfk) < 3t<A,g,hfk) = - 3(L,G,H,K) ' (5) 

with the Hamiltonian 

y2 
F = -£j - VK + F2 , (6) 

where k is the mean anomaly of the sun. 

2. ELIMINATION OF I 

Applying canonical perturbation theory (Hori 1966), the first 
canonical transformation results in the new Hamiltonian 

F* = -^TJ- VK' + v2a2(|J-)3[CA(l+|e2) + C B Y « 2 ] , (7) 

and the equation for the determining function, of the form 

■#^-VV(ft'Sx5A.B.cS-X • <« 
This equation can be integrated by the successive application of the 
integration by parts to find S2 in power series in V/n, and in the closed 
form both in e and e1. 

s2 = ^ l ^ z c . ( 1 ) x - ^ f i z { c (^-)3>(1).(2)x + o £ § i > > <9> 
n ri X n* X rj n 

where 

(1)A=(-2e + |e3)sinu + |e2sin2u-^e3sin3u, ( 1 )B=(-^e + ^pe3) sinu 

+ ( |+|e2)sin2u+ (-|e+ ie3)sin3u, ( 1 ) C=n[ - j e 2 -yecosu+ ( f "^f^* 

xcos2u- re cos3u] , A=e2 -rre1* + (2e -re3)cosu + (—re2 + -relf)cos2u 
2 16 8 8 6 

11 3 - 1 h A (2) 33 2 27 1+^,33 27 3, ( 1 0 ) 

+ 72e C O s 3 u " i 6 e C ° S 4 U ' B = l ^ "IS6 ^ T ^ T 6 ) C ° S U 
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+ ( - | ~ Y e 2 + e ' , ) c o s 2 u + <^e + i e 3 ) c o s 3 u + < - ^ e 2 + ^ e " ) c o s 4 u , 

( 2 )C=n[(-^r«+3e 3 )s inu+ ( | - + ^ e 2 ) s i n 2 u + (--^e - i e 3 ) s i n 3 u + -^e2sinAu), 
4 4 4 12 4 16 

and 

+ 2 s i n ( 2 f 1 - 2 h ) + | e 1 s i n ( 3 f 1 - 2 h ) ] , '{CB<|J-) 3} ( 1 > = | s 2 <~f ^ <ff-> "x 

x[ s in ( f ! -2g ) + s i n ( f i + 2 g ) ] - 7HI+C) 2-f-(fr-) * [—eis in( f !-2g-2h) 
l b T|i i j 2 

+ 2 s in(2f i -2g-2h) + | e i s i n ( 3 f i~2g-2h) ] - T T ( I - C ) 2 —(^-) Hx 
2 l b f)i Ti 

x [ - | e l S i n ( f i + 2 g - 2 h ) + 2sin(2f i+2g-2h) + r e i s i n ( 3 f i+2g-2h) ] , (11) 

x [ -re 1 cos ( f 1 -2g-2h) +2cos (2 f i -2g -2h) + | e i c o s ( 3 f x - 2 g - 2 h ) ] 

- ^ - ( l - c ) 2 ^ ( § i - ) ' * [ - i e 1 c o s ( f i + 2 g - 2 h ) + 2 cos(2f !+2g-2h) + | e t x 
l b 1)1 r i 2 2 

xCos(3fi+2g-2h)] 

If the par t ia l der ivat ive with respect to e i s denoted by the 
subscript e , we have 

A =-e - 2 cosu, B *£-[ (-9+9e2) cosu - 3e cos2u + 3 cos3u] , e e r 

C = — [ ( 9 - 4 r « 2 ) s i n u + (3e+3e3)sin2u+ ( - 3 + | e 2 ) s i n 3 u ] , e rr| 2 2 

A =(-2+e 2 )s inu + -re sin2u, B =(-9 + 9e2) sinu - -re sin2u + sin3u , 
e 2 e 2 

( 1 ) C = i [ - | e + ^ e 3 + ( . 9 + ̂ e 2 ) c o s u + ( - | e - | e 2 ) c o s 2 u + (1 - i e 2 ) cos3u] , e r i 2 4 2 2 2 2 

( 2 ) A e = e - | e 3 + ( 2 - | e 2 ) c o s u + ( - | e + i e 3 ) c o s 2 u + ̂ e 2 c o s 3 u , (12) 

THE SATELLITE CASE OF THE THREE-BODY PROBLEM 79 

https://doi.org/10.1017/S0074180900012559 Published online by Cambridge University Press

https://doi.org/10.1017/S0074180900012559


80 G. HORI 

(2) 9 39 3 x / f t 39 2, ^_ , 5 _,_ 9 3X ~ ^ , 1 1 2X 
=?e~~p"e + ^ " " F 6 )cosu+ (-re+7« )cos2u + ("T" T 6 )cos3u 

+ -recos4u, C =~[(-9+ ~r-e --r-e )sinu+ (-re --r-e )sin2u 
o e T| 4 2 4 4 

+ (j+^e2+|eIf)sin3u+ (~|e + ̂ e3)sin4u] 

Equations (12) are of use in the derivation of short-period perturbation 
in % and g. 

3. ELIMINATION OF k 

After the mean anomaly of the satellite is eliminated, the new 
equations of motion are 

d 8F* d 3F* 
—(I/,G\H',K') = 3 ( g. f h, f k ) > ar'r'9''h''k» = " JIl'.G'.EM') ' ( 1 3 ) 

with the Hamiltonian (7) or 

F* = 2J7T ~ VK' + V 2 a 2 [C*(Ai + ^ T > + C*Bi + C * d ] , (14) 

where 

A l = (|L)3 _ 1 B (|L)3cos2fi , Ci = <§i-)3sin2fi , ri rii ri n 

CA - ji0
 C0,2j C O s 2 j g' ' CB - ji-1 C2,2j oo.(2jg'-2h') , (15) 

C C = - j i - l C 2 , 2 j 3in(2jg'-2h') , 

and 

c = / _ ! + l c 2 ) ( l + ̂ e 2 ) c = - ^ s 2 e 2 c = - ^ s 2 ( l + ^ e 2 ) 
C00 ( 8 + 8 C M 1 + 2 e ' ' C02 1 6 s 6 ' C20 8 s U + 2* ' ' 

IR ( 1 6 ) 

C 2 ? 2 = I ( 1 ± c ) 2 e 2 • 
The second canonical transformation, L', G1, H', K', V, g*, h', 

k+L', G", H", K", I", g", h", kr which eliminatesk from the new 
Hamiltonian F**, leads to the result: 

F**=-i^-VK"+^^ , (17) 
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and 

Sf+ SJ - Va2
 x S A f B f C C * - ( 1 , X i + v V [ { c * , C * } « ( 1 ) D i 

+ { C * , C * } « ( 1 ) E i + { C * , C * C } « ( 1 ) F i ] 

(18) 

where 

( D A i = ^ T ( f l - k+ exs inf i ) , ( 1 ) B i = ^ T < ^ - s i n f i + | s i n 2 f i + ^ - s i n 3 f i ) , 

and 

(1)„ 1 r l+2ni 2 e i . 1 - . e i . . . 
C l ° m T [ " 6 ( i + n r ) 2 e i - — c o s f i - 2 c o s 2 f l 6 c o s 3 f l ] 

{°1>C$ = i l l c S , 2 j - n ( 2 j g » - 2 h » ) , {c*,C*} = .l_x c | f 2 j x 

xcos(2jg"-2h"), (C*,C*} = -JQ c*^^ cos2jg" , 

(19) 

(20) 

(21) 

with 

•8.-&£«■■♦ <»«'»,'.,>. % - i r S ^ • 

and finally, 

(1) rl , l+2m ,ei2 (1) , 1 1 2x 1 

J*K (1)« >.- r l-3m . 2 ,._i+n,, l (l)n _ l(l). (l)_ 1 * 6(l+rn) 3ex
z 2^! m d A 2 l * 

4<(i)Al .a)Bl>+^ [_^ (?+i^ i + 3 1 n i 2 + 1 2 n i 3 ) . 3 e i C O S f i 

- < i + | e 1
2 ) c o s 2 f 1 - ^ e 1 c o s 3 f r ^ e 1

2 c o s 4 f 1 ] , ( 1 ) E 1 = - | ( 1 ) A 1 . ( 1 ) C , 

+ ^ [ - { e £ ^ W +f>eisinfi " (l + i « i 2 ) " n 2 f 1 - ^ x S i n S f , (22) 
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r l + 2 m , 7 - 1 2 . „ r l+2rii , l i . 0 - , 1 . 1 2X . AC 
' { 1 2 ( l + r ) l ) 2 + 48 } e i S i n 2 f l " { 3 6 ( l + n i ) 2 + 8 } e i S i n 3 f l " ( 16 + 2 4 * 1 ) s i n 4 f l 

" ^ e i S i n 5 f l - l i^ 1 2 3 1 1 1" 1 3 

In my previous work on the same subject (Hori 1963), i and ei were 
assumed to be vanishingly small. In that case equation (17) is reduced to 

F**=^-VK» +|v 2a 2(l + f e 2 ) + ^ ^ i e 2 , (23) 

and the new equations are immediately integrated. In the present general 
case, F** still depends on g" and h", and another canonical transformation 
is required for the complete solution. 

Let the transformation be L', G", H", K", 4", g", h", k+L', Gm , H,M , 
K", &"1 , g,M , hIM , k. By a proper choice of a determining function, we 
may have an integral 

^TT- VK" + V2a2 [ (~+ |c2)(1+|e2) + j|s2e2cos2g"» ]-const. , (24) 

where 

T T l l l Qttt 

c = c o s i = ^r, , n = —r . (25) 

Such a determining function is 0(V/n), and the use of elliptic functions 
is inevitable if no restriction is put on the size of i and ei. 

When a=H,M /L1 is smaller than (3/5)*/2, libration in g,M occurs. 
The center of libration is at g,M =TT/2 and n= (5a2/3) 1/lf. If n is smaller 
than (5a2/3)V2 when g,M is TT/2, g,M has circulation even when a<(3/5)V2. 
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DISCUSSION 

Marchal: Do you obtain some cases in which the eccentricity goes 
until one or at least reaches large values? 

Hori: I indeed can obtain large variations of the eccentricity; 
however, I cannot say that I reach one since my theory is not 
valid for collision orbits. 

Message: Does the equilibrium point shown in your last figure 
represent a periodic solution of the third sort? 

Hori: Yes, in triply primed variables. 

Garfinkel: In your final result, what has become of the periodic 
terms involving the argument h? 

Hori: Being small terms of the third order in V, the calculation of 
their effect appears in the next order of the perturbation. 

Garfinkel: With the use of your integral, the Hamiltonian reduces to 
that of the Ideal Resonance Problem, exhibiting both the libration 
and the circulation regimes in the argument g of the perihelion. 

Hori: Yes. Indeed, it is in the form of your Ideal Resonance Problem 
in the variables Gfft and gfff. 
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