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Abstract. We construct three p-adic L-functions attached to the symmetric
square of a modular elliptic curve. Following a calculation of Perrin-Riou for one of
these functions, we compute the derivative of the p-adic L-function associated to the
square of the non-unit root of Frobenius at p. This generalises Greenberg’s notion
of L-invariant to these three-dimensional Galois representions.
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0. Introduction. The study of adjoint modular forms has proven to be a fruitful
area of number theory. Let Sym”E denote the symmetric square of a modular elliptic
curve E defined over the rationals. Central to our understanding of the Iwasawa
theory of Sym?E is a predicted link between certain arithmetic Iwasawa modules (in
the p-ordinary case Selmer groups over the Z,-extension of () and the p-adic L-
functions attached to the motive.

Assume that E has good ordinary reduction at a prime p # 2. Then the local
Euler factor at p is of the form

(1 —a2X)(1 — pX)(1 — &,°X),

where «), is a p-adic unit. A conjecture of Perrin-Riou [12] predicts the existence of a
map L”(Sym?E(2)) interpolating Dirichlet twists of the complex L-function
L(Sym?E, s) at s = 2; the map is parametrized by removing exactly one of the linear
factors above and so should really be thought of as three p-adic L-functions rather
than just a single one.

In §1-§4 we construct three analytic L-series corresponding to the three com-
ponents of L7 (Existence Theorem, p. 54), except that for the factor (1 — pX) our
L-series interpolates the square of the special values. For example, the element
obtained by removing (1 — aI%X ) is essentially the Iwasawa L-function constructed
by Coates and Schmidt [2]. Whilst we prove the existence of the components of L?
we cannot prove uniqueness as our p-adic distributions are only 3-admissible.

Two out of the three L-functions vanish at zero even though L(Sym’E,2) is
non-zero. Perrin-Riou [13] has calculated the derivative of the Coates-Schmidt
L-function under the assumption that I” comes from a norm-compatible system. In
§5-§7 we calculate the derivative for the component obtained by removing
(1- oTI,zX ) (Derivative Theorem, p. 62); the corresponding formula thus generalizes
Greenberg’s notion of L-invariant [8] to the conjugate p-adic measure.
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1. Preliminaries. We begin by recalling some well-known properties of the
symmetric square. Suppose that £ denotes a modular elliptic curve defined over Q.
By the symmetric square Sym”E we mean the pure motive over @ whose /-adic reali-
sations are SymzHell(E Q). As usual we define its L-series by

LSym’E, 5) := [ [ D,(p™)"! (Re(s) > 2),
P
with

D,(X) = det(l - Frob;lX’ (Sym*H. (E, @1))1”> for any prime [ # p,

and where we have fixed a decomposition group Gg, with inertial subgroup 1, (note
that this definition is independent of the choice of /). If x denotes a Dirichlet char-
acter we write L(Sym°E, y, s) for the twisted series ]_[p D,(x( pp 5L

As a consequence of the work of Gelbart and Jacquet [7], Sym?E can be identi-
fied with a cuspidal automorphic representation of GL3 via a base-change lift from
GL,. They prove that for all twists Sym?E ® x the completed L-function

Ie(s)Tr(s — v)L(Sym’E ® ¥, s)

has analytic continuation to the whole s-plane and satisfies a functional equation
relating the value at s to the value at 3 — .

Central to our interpolation method is the following result of Sturm. Recall for
an arbitrary Dirichlet character x that its Gauss sum is given by

et 2rin
6= Y xmexn( o)

n=1

We shall write Q. (resp. Q) for the real (resp. imaginary) period of a Néron dif-
ferential associated to a minimal Weierstrass equation for £ over Z. In [18,19] Sturm
demonstrates that at the critical points the special values

G(x) L(Sym’E, 7, 1) G(x)* L(Sym’E, %, 2)
Qi)' QEQ; Qi) Q;

are algebraic numbers lying in the field generated over @ by the values of x. Hence
we can consider these values as p-adic numbers via some fixed embedding of Q into
Q,.

Unfortunately the point of symmetry in the functional equation lies between
s =1 and s = 2, which prevents us from interpolating at both critical points simul-
tancously. However, the properties of the Kubota-Leopoldt p-adic L-functions
enable us to extend our distributions outside of the critical strip and thus check the
admissibility of the associated measures.

For the rest of this article we assume that p # 2. If Q(u,~) denotes the field
obtained by adjoining all p-power roots of unity to @, then
Goo := Gal(@(up~)/Q) =T x A, where I' & Z, and A = (Z/pZ)™; we define G :=
Gal(@(,upx)’L/@) to be the Galois group of its maximal real subfield.
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Let yy be a topological generator of I'. We write Z,[I'] for the Iwasawa algebra
of I', which is isomorphic to the power series ring Z,[T] via the map yo—1+4 T.
In general this is too small to contain all p-adic L-functions that arise from inter-
polation problems. For r € N let us define

HAT) = [h(T) € Q,[T] such that h(T) is o(log)(1 + T))] .

Whilst this is not a ring we can easily form one by putting H(7T) := U,/ H,(T); we set

H(Gwo) :=H(T) ®2z,1r1 Z,[G] -

Let C, denote the Tate field, i.e. the completion of the algebraic closure of @Q,. The
group of continuous characters X, := Homeont(Goo, C;) acts naturally on G, and
this action extends by linearity and continuity to both Z,[G] and H(Gw).

We fix once and for all an embedding of Q into C,. Under this embedding we
can identify Dirichlet characters of p-power conductor with elements of &";ors. We
shall denote the p"-cyclotomic character by «; this gives the Galois action on the
p-power roots of unity.

Finally, if X denotes any module with an action of complex conjugation, then
we write X, (resp. X_) for the part on which complex conjugation acts by +1 (resp.

—1.

2. Properties of the map L”. In the monograph [12] Perrin-Riou outlines a
beautiful theory for the p-adic L-function L”(M) associated to a motive M with
good reduction at p. She predicts that such functions originate as norm-compatible
elements in the inverse limits of certain Galois cohomology groups, which can then
be transformed into L”(M) via an interpolating homomorphism, LOG, say.

In particular L”(M) is parametrized by a suitable exterior power of the Dieu-
donné module associated to the p-adic representation, and is defined by its special
values on a certain set of Tate twists J C Z. The motive is called ““J-admissible” if
this set of twists is large enough to uniquely determine the p-adic L-function. As an
example consider the Tate motive @(1); the norm-compatible elements are the
cyclotomic units, L”(M) is (up to normalisation) the Kubota-Leopoldt p-adic zeta-
function, and the map LOG,, is none other than the power series construction of
Coleman.

Before specialising to the case of the symmetric square, we recall from [6] the
definition of the topological Gg,-modules Beys and Bgr: Bgr 1s a discrete valuation
field with residue field C, and decreasing filtration B}, for i € Z. The subring By,
has in addition a Frobenius operator and a filtration induced from that of Byg. If V'
is a finite-dimensional p-adic representation of Gg,, then we define vector spaces by

Du(V) = (V& Buys) ™ and  Dgr(V) := (V ® Bar)“® .
The space V' is said to be crystalline (resp. de Rham) if dimg,De,(V) = dimg, V' (resp.
dimg,Dy4r(V) = dimg, V). Both spaces have decreasing exhaustive filtrations

induced from Bgr, and D¢(V) has a Frobenius operator we shall denote by ¢;
moreover, if V' is crystalline, then D¢ (V) = Dgr(V).
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From now on M = Sym’E(2) and V = Sym? T,E®z, Q,, where T,E is the p-
adic Tate module of E. If Myr is the de Rham realisation of M, let e denote a base
over @ of the space detMgr and fix a generator yz of det(Sym2H1 (E,Z),) over Z.
Then the complex period Q. 4, is defined by Q4 .6 = wg A yp, Where wg is a
chosen base of Fil’Myg. Multiplying wg by an element of Q if necessary, we shall
assume that

Qoowy = ENQEQL .

Analogously there is a p-adic period map

Qv A'Dar(V) > Q, ® detMar

n \— wg An.

Whilst €2, ., (1) clearly depends on the choice of parameter n e A’ Dgr(V), the
complex period Qo «, is fixed.

FormuLA VAL.SP (M, x)—[12]. Assume that E has good reduction at p # 2.
There should exist a map L’ = L"(M) in Hom(A?De:(V), H(GL)) satisfying

G LSYym’E. %.2)

QOO,LL)@

Ny e =

D,w0Q

for all non-trivial even characters x € 35;,”8 of conductor px, with constant term

L) (Sym?E, 2)

QOO,(UQ

(1 =p~leH1W e = (I =90 -

In down-to-earth terms, the above formulae predict how the Euler factor at p should
be modified in order to yield admissible p-adic functions. Thus the dimension of
A’De (V) reflects the number of (linearly-independent) L-functions that can be
interpolated by hand.

REMARK. The Frobenius A%(¢) acts on A’Dc(V) while x~! should be viewed as
a specialisation from H(GY) to CTp In fact the formula at the trivial character 1 was
omitted from [12] because p~! is an eigenvalue of ¢ on D.(¥), so that the operator
(1 —¢) is not invertible. (Note that the action of ¢ on f€ Homg, (D (V), @) is

given by ¢(/)(x) = p~'flg~'x).)

It should be pointed out that by itself VAL.SP(M, ) does not determine these
functions uniquely; in fact we need to establish analogous formulae VAL.SP(M, x«/)
for a J-admissible subset of Z. At present we are unable to do this due to the lack of
an algebraicity result at non-critical Tate twists. In order to construct a function
satisfying VAL.SP(M, y) it is sufficient to find p-adic L-functions corresponding to a
suitably chosen eigenbasis for A%(¢) on AZD (V).

From now on we assume that E has good ordinary reduction at p # 2. Factorizing
the characteristic polynomial of Frobenius at p by
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X —a,X+p = (X—a)(X—8)

we suppose that «, € Z; as in the introduction. If U=T,E®z, @, then pick
generators up € De(U)~% ,  u_; € D(U) and assume  Fil’D.(U)

p(uo + Au_y) with. A # 0 (so that U does not spllt) We can then define bases
eo = u} for De(V)*= ", e_1 = upu—; for De:(V)*=" and e_» = u? | for D(V)* v=p,’
respectively; moreover e_; is uniquely determined if we specify that uy A u_; equals 1
in D (Q,(1)) = Q,. For the same reasons

e=¢eygNe_1 Ne_p

is independent of the choice of {ug, u_;} and generates detD. (V).

Finally, we have a g-eigenbasis n =e_1 Ae_y, n, =eg Aerand np =eg A e
for the space A?D¢ (V) that we shall use to parametrize the map L”. Each basis ele-
ment corresponds to choosing a root of ®,(X) when p-adically interpolating
L(Sym’E, %, 2).

3. p-adic distributions on the cyclotomic extension. We begin by fixing some

notations; let $ denote the upper half plane. For any y = (LZ Z,) € GLy(R) the
action yz := ‘C’;—j;f[ defines an automorphism of Y URU {oo}. If g:H — C is any

function we write the (weight 2) action of y on g as
@G = (det y)(ez +d) gly2).

If g, f'are continuous functions on $ with transform like modular forms of weight 2
and character p under the action of the congruence modular group I'¢(C), then we
normalise the Petersson inner product via

(g.f)c = /1_ e g@)f(z) d Im(2) d Re(2).

Now suppose that g is an eigenform of weight 2, exact level pC and nebentypus
character p such that 4|C, (p, C) = 1 and (cond(p), C) = 1. If g has the g-expansion
D op=1%nq" With g = e”™ then we define the Hecke operator U, and the involution #
via

glU, = Zanpq” and g":= Za_,,q”, respectively.

n>1 n>1

In particular g|U, = a,g and g*|U, = @,g" with ), # 0.

It is perhaps easier to phrase everything in terms of p-adic measures. By a p-adic
distribution du on Z with values in a ring R we mean a finitely additive function
from the compact open subsets of Z; whose image lies in R. Recall that G, = Z;
via the cyclotomic character «, and so we may interchange these two groups as we
please.
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Now assume du takes values in C,. We say that du is a bounded measure if

[0
a+p'Z,

for alln € Nand (a, p) = 1. Let /1 be a positive integer and let x,, denote the inclusion
Z,—~C,. We recall from [20] that the p-adic distributions x,du extend to an h-
admissible measure if

r - r r—j P
[ w-apad =X (Do [
a+p'Z, =0 J a+p'Z,

forallne N, (a,p) =1 and r =0, ..., h — 1. Equivalently the Mellin transform

is bounded independently of « and n,

P

is of o(p""")

p P

Mel, := / (I1+7)" du
xeZ,

is a function of type o( logZ(l + T)) on the unit disc. In particular, Mel,, is uniquely
determined by its special values at xx;, for all Dirichlet characters x of p-power
conductor and all integers r =0, ..., 1 — 1.

DEeFINITION. Let du(g) denote the p-adic distribution satisfying

f xdu(g) = G(x)_ cond(py)cond(x)

= (a[%)l’ﬂx G(px)
(1 = x(p)et,*p)(1 = Bx(P)) L(Sym*(g), %, 2)
(1= py(p)p~") (g, 8),c

for all Dirichlet characters x of conductor p™x, with py := (X0) prim-

KEY LEMMA. The distribution du(g) extends to an even ([2ordpap] + 1 )-admissible
measure. Furthermore, if o), is a p-adic unit, then du(g) is an even bounded measure.

Proof. A similar type of result was proven in [3] and so we briefly sketch the
argument—the major difference here is that p now divides the level of g and may
also divide the conductor of p. We stick to our previous notation (which was ori-
ginally developed by Panchishkin in [11]).

Choose integers M, M’ € pN such that p cond(x)| M, p>cond(x)*| M’ and pM’ is a
square. Then, for all s € C and Dirichlet characters x such that x(—1) = (—1)" with
v € {0, 1} we define the complex-valued distribution D; () by

G d(*! .
Do) = SRR  (pray?p ) L Sym’(@). 7. 9).
p

Here the superscript ® indicates that the Euler factors at bad primes / such that /|C,
a; = 0 have been removed. Of course at the end we shall have to remember to put
them back in!
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Now Dj y(x) can be written as a Rankin convolution of g with a theta-series,
and this convolution has a useful representation as a scalar product. Skipping some
tedious algebra which can be found in [3, §2.2] we deduce the identity

25—1
oy /S 4V P(pCMYS -
(4m)” (+)F< 3 )Ds,M(X) i ey v Lpc(2s — 2, %°0%)
p

X <g#| Ve 0V000 | Wapenr Bz, s +v = 2)>4C2pM’ '

Here ¢#|Ve =3,., @q"", the operator W. denotes the Atkin-Lehner involution
acting on modular forms of level 4pCM’ and half-integral weight, and y,, is the
Dirichlet character modulo M induced from yx. The theta-series defined by

00 =Y xm(mn’q"

n>1

has weight v+ and character x(=!)", where () denotes the Jacobi symbol. As in
[16], define the automorphic factor of half-integral weight by

jor.2) = (5)or ez + d ),
1 if d=1(4)

a b = ,
wherey_<c d)eF0(4) andcrd_{l. if d = 3(4).
On putting & := ¥p(=1)"(€), the Eisenstein series E(z, s; 352, & 4C?pM’) is given

by

Ezs)=ImF Y &)y 2Oy 2|

y€Staby, \I'(4C2pM")

which is of weight 352, character &, level 4C>pM’ and is absolutely convergent for

Re(s) > v+ % Let us define gamma factors I't(s, x) by

2i'T(s — DI +v—
i (2(;)23_1) (s) cos <7t(s 21)

()
@Qm)*

I't(s, x) = 2)> and T (s, x) =

If we normalise distributions via DF,(x) := I'*(s, x) g‘;;)‘) then applying the
»c

trace map from Xy (4C2pM’) to Xo(4C?p) we find that

= e Y0

X <g#| Ve, (9(”)(XM)| Ve Gz s +v=2) Uy W4Czp)4C2p

7v+l

with y(M') := Hmdp C i Here the Eisenstein series G¥(z, s) are (up to a normalisation)
o)

the functions considered by Shimura in [17] who went on to calculate their Fourier
expansions.
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REMARK. The series (6" (xu)| Ve - G¥(z, s + v — 2)) are only real analytic mod-
ular forms but we can compute their holomorphic projections. Firstly, if s = 1 then
G~ (z, s+ v —2) has bounded growth. If Hol denotes the operator of holomorphic
projection, then one can prove that

Hol(6V(xs)|Ve- G (z,s+v=2)) (s=1)

is a cusp form of weight 2 and character p. Similarly, if s =2 and & # 1, then
G*(z, s + v — 2) also has bounded growth and hence

Hol(0V G| Ve - GHz s +v=2)) (s=2, £ #1)

is again a cusp form of weight 2 and character p. In the exceptional case & = 1 we
can only say that Hol(-) is a holomorphlc modular form.

Putting F£(z, s, x) := C~(7) Hol(0™(xum)| Ve - GE(z, s + v — 2)), at the two cri-
tical points we have

i) = M) b(F e 1, 0| U Wi, )

and
DEy(0 = v(M) (FH 2, 0| UTY W)

where Hida’s linear functional ¢, sends a modular form / (of weight 2, level 4C?p
#|Veh), . .
and character p) to the algebraic number u Note that the non-holomorphic
part of ( (”)(XM)|VC GE(z, s+v—2)) is kllled off by the operator £, -Wye2, .
0o
For the moment we focus on the value at s = 2; under our embedding @—C,
define the p-adic distribution dD* by

o_oond(p) 1=pyp) .
/ KA Gy 1= pyipyp T < P20
By Atkin-Lehner theory the functional £, degenerates into a finite Q-linear combina-
tion of the Fourier coefficients of F(z, 2, X)| UO d, M ,and so to prove that dD" extends
to an /h-admissible measure (with & = [20rd,,a,,] 1) it is enough to establish the /-
admissibility of each Fourier coefficient separately (the notation x-ﬁ, dD™ will be used
for the corresponding distributions). We now give a description of these coefficients.

DEerFINITION. For s =2, 3,4, ... and n € Ny define algebraic numbers

—1

: ﬁ(nZa N 17 8/127)

S—
vi(M'n, s, x) = E x(m) ny (M'n—Cnj) =
Mn=Cn+my
p
ny,nyeN

. Glen) ()
G(p) X(cond(snz)) (cond(a,,z))"*l

cond(p) cond(p)
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cond(e,, %) 1 —Enx(p)p*?
G(Snzi) 1 - 51127(P)P7(‘Y71)

1—v _ _
2i (23:1 1) cos (n(s +2v 2)) Lpols — 1, e,,j)},

where g,,( - ) := ((ﬂ)P( : ))prim and

B(ny, s — 1, 8,12Y) = Z w(a) e, x(a) (Snzi)z(b) a3

a,beN
(a,pC)=(b,pC )=1
ablm

with m denoting the largest integer such that n, / m* € N.

The reason behind this (painful!) definition of the vi(M'n, s, x)’s is that at s =2
they turn up in the g-expansion of F*(z, 2, x)| U0 T . Specifically we already calcu-
lated in [3, p. 593] that

cond(p,) 1 —7,(p) o\ / )
Glo) 1= o™ ™ (ﬁ(z’z’X)‘U; )—;W(Mn,l 0q"

unless p, is a real quadratlc character, in which case we should modify vt(M'n, 2, x)
by a term of type O(|M’n| ) (which we ignore as it does not affect admissibility).

The observant reader W111 have spotted that the { . }-expression above is none
other than the special value

x'f,_] . dv(Ey) ® &y,

x X
/(z/e,,zz) x 7

where ¢, is the prime-to-p-part of cond(e,,) and dv(¢,) denotes the bounded pseudo-
measure associated to the Kubota-Leopoldt p-adic zeta-function interpolating
Ce(s —1,%) for s — 1 € N. (We actually avoid its pole because ¢,, ¥ is never trivial.)

Examining the precise form of the Fourier coefficients, we see that vt (M'n, s, x)
is congruent (modulo M’) to a linear combination of terms like

X~ x /(Z/L )Xx . Xx;_l - dv(gy) ® &y,, for various u e Z; N Q.

Combining this fact with the degeneracy of the functional £,, in order to bound the

integral
[ amarar = SC) A v [ et
—a = . A X XX )
a+MZ, r j=0 J ¢(M) x mod M Z; !

for s =2,3,4,...and (a, p) = 1, it is enough to bound the expressions
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s—2 — 2\ (— s—2—j
(Sj )( i 2 @ f X)) dv(E) @ e,
Jj=0 x mod M

= y(M) uS_I/ (x —au” I)S 2 CXp dU(Ep) ® &ny
x=au~' (mod M)

This last term has 0(|y(M’)|1,|M|J’2), as dv(,) is bounded and so choosing
= pM? yields a bound of type 0(|M|J 2 pord”a”) from the definition of y(M’).

Consequently dD™" extends to an h-admissible measure (resp. a bounded measure if
ord,a, = 0). Moreover it is an even measure since the (x, dv(g,) ® &,,)’s are even.

One can pldy the same game at s = 1 using the p-adic distribution dD~ defined
by fzx x dD™ := D7 ,,(x). An identical argument to the one above shows that dD~
extends to an even s-admissible (resp. bounded if ord,a, = 0) measure, except that
the Fourier coefficients of F(z, 1, )()|U0 M are now combinations of p-adic zeta-
functions interpolating “¢c(s — 1, %)” for s = 1,0, —1, ... instead.

Finally, we must replace the missing Euler factors in L*(Sym?(g), X, s) whilst
retaining our admissibility conditions. The (imprimitive) functional equation
between L°(Sym>(g), X, 2) and L*(Sym>(g), x, 1) means that the distributions dD*
and dD~ are contragredient and so it is enough to prove that the Euler factors we
are replacing are coprime to the corresponding dual Euler factors as elements of
Z,[TN[A]. This can be accomplished by applying the Weiestrass Preparation Theorem
and showing that as functions on the open disc

{TecC, | ITI, <1}

their zeros are disjoint. (See [3, p. 603].)
The proof of our lemma is therefore complete.

4. Existence of the map L”. We now give the main result of this article. We state
the result only in terms of the motive Sym?E(2) although one can easily formulate
the corresponding version of this theorem for Sym?E(1) via the functional equation.

EXISTENCE THEOREM. Assume that E has good ordinary reduction at p # 2.
(a) There exists a unique element L7 (n,2) € Z,[GL] ® Q satisfying

G(x)*cond(x) L(Sym’E, %, 2)

-1 -
X (Lp(l’laz)) - (a%)mx (27‘[1)9}9;

for all non-trivial characters x € X'°"°, with a trivial zero at 1.
(b) There exists an element LP(ng) € H(GL) of type 0(log,27) satisfying

G(x)’cond(y) L(Sym’E, ¥.2)
BY™ (2r)QEQE

X (W (np)) =

for all non-trivial characters x € 36;“5, with a trivial zero at 1.
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(¢c) There exists an element L;(n/p) € H(GL) of type O(Zoglz,) satisfying

e (GGoPcond(x) LSym?E, %, 2)\
(V) = ( W emee; )

for all non-trivial characters x € %;ors, with leading term

2
—~ .\ 1 o B,\ L(Sym>E, 2)
(V) = ((1_1))<1_ﬁi) (“aﬁ) QrQEQ; ) |

REMARK. Unfortunately only L”(n,) is uniquely determined by this data, both
L”(ng) and L7 (n,) requiring further information at an extra two Tate twists. The
notation L”(n,) indicates that this should be related to the square of the true com-
ponent L”(n,) of type O(log,)(?) predicted by Formula VAL.SP(M, x).

Proof. Nothing changes if we twist Sym”E by the quadratic character of con-
ductor 4 and so without loss of generality we may assume that Ny is divisible by 4
(where N denotes the conductor of FE).

Let fr denote the newform associated to a strong Weil parametrization of E. We
put g(z) = fe(z) — Bufe(pz), which is an eigenform of weight 2, level pNg and trivial
character p =1; in particular

Lsym(g),5) = (1= Fp~")(1 = p'=") LSYmE, 5).

7 (2.8) N =
QriQLQy,
ord,a, = 0. Taking Mellin transforms, this measure corresponds to a bounded
power series L”(n,2). Moreover Sturm’s algebraicity result at s = 2 and the evenness
of du(g) implies that the element L7(n,.) lies in Z,[GL] ® @, so that part (a) is
proved.

The proof of (b) is identical except that we use instead the conjugate newform

g"(z) = fr(z) — apfE(pz) so that

Consequently the distribution du(g) is bounded by our Key Lemma since

Lsym*(gh, ) = (1= aip™)(1-p'~)L(Sym*E.5)
This time our Key Lemma implies that the distribution 7(; )mgf du(g") extends to

an h"-admissible measure, where #* =[2ord,B,]+ 1 =3. Its Mellin transform
L?(ng) will thus be of type o(log ) or more accurately 0(logp)

Fmally, the product of L”(naz) and L”(ng) yields a power series, G say, of
type 0(log) which has the same special values at non-trivial x € %;Ors as the
element pred1cted in part (c); (this follows from the identity azﬂz = p?). However
G has at least a double zero at 1 because both L”(n,) and L”(nﬁz) have trivial
zeros. Fortunately H(I') contains some very useful elements; for example the
function 2222 which is zero on the whole of X! except at the trivial character
where it equals 1. This allows us to modify the value of G at 1 as we please
whilst preserving the 0(log;) condition. In particular this implies the existence of
LP(ny).
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REMARK. The method even works at bad primes. If we assume that E has
potential good ordinary reduction at p > 3 and E is not the quadratic twist of a
curve with good reduction, then there exists a character ¥ of A such that the new-
form g = fr ® ¥ has level N = p~!Ng. Consequently we can use our Key Lemma

(2711)9*9* du(g) @ ¥ (resp. (27139(3&; dp(g") ® ¥?) which are
the analogues of L”(n,) (resp. L”(ng)) in the bad reduction case.

Taking the Mellin transform of the convolution of these two measures and then
computing its special values, we prove the following result.

to produce measures

THEOREM. Assume that E has potential good ordinary reduction at p > 3.
Then there exists an element 17 (?) € H(GL) of type 0(log12,) satisfying

e (GO0Pcond(x) L(Sym’E, %, 2)\’
(0) = (UG e )

for all Dirichlet characters x # 1, wz, w—z of conductor p™r.

5. Local Iwasawa theory. In the next three sections we use Perrin-Riou’s local
Iwasawa theory to obtain a formula for the derivative of L”(ng). The calculation for
the component L”(n,.) has already been done in [13, §2.3] but we include it as it is
very interesting to compare the two. All these formulae rely upon the hypothesis
that there exists a norm-compatible family in the global Galois cohomology that
yields the map L7.

For this section V" will denote any crystalline representation of Gg,. If K is a
field and ie Ny, then we write H'(K, -) for the Galois cohomology groups

Hi  (Gg, -) defined using continuous cochains. Recall that Bloch and Kato [1]
define subspaces of H'(Q,, V) by

Hy(Q,, V) := Ker(H'(Q,, V)— H' (@), V ® Barys)).

Hy(Q,. V) :=Ker(H'(Q,. V)—H"(Q,. V® Bar)).
and an exponential map

expyy : Dea(V)/Fil' — H{(@y, V).

In particular, if De(V)*~' =0, then expyy is an isomorphism and we denote the
inverse map by log, ;. Under the cup product pairing the quotient map expy, y«(y :
Cr(V*(l))/(l 0) —> Hf/e(@p, 1*(1)) induces a dual exponential map

exp} H;,(@ , V)—)Dcr(V)“’:f’fl
with H{(Q,, V') as the kernel.
Let € denote a generator of the Tate module Z,(1), and fix a positive integer

such that Fil "D (V) = De:(V). It is the main result of [14] that there exists a unique
H(Gx)-homomorphism
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Q- H(Goo) ® Der(V) = H(Go) ® lim H' (@), T)/TO%

such that for all integers j satisfying 4 +j > 1 and D (V)*™" = 0, we have
expr (1= p7 o (1 = plp) ' K/(g)) = (=1)! T(h +j) w0 (R5,(2) ® €¥)

for all g € H(Gx) ® D (V). Here T is a Galois-stable lattice in V' and my is the
natural projection from hmH (Q@y(m), T(j)) to H'(Q,, V())).

The map Qf, depends on the choice of /& and € but, if /' > & are sufficiently
large then

, —1
M log, vo

Q= | | j d Q.

Vih — 1 (J log, k(o) Vi

Jj=h

DEFINITION. For /1> 1 define LOGe : imH'(Q,(110), T) — Frac(H(Goo))®
D..(V) by -

h—1
LOG () ::H(j lg43/0>( 2 ).

o log,, x(y0)

Let lim H'(Q,(p,), T); (resp. lim H'(Q,(py), T),) denote all the elements in
lim H'(Q, (1), T) that lie in H{(Q,, V) (resp. Hy(Q,, V)) under the map 7.

PRrOPOSITION. [13] There exists a section S¢ from D¢ (V) = ®FraC(H(Goo))
onto hmH (@ (), T)y ® Frac(H(G o)) such that if either one of D (V) or

Fil° Dcr(V) is non-zero, then
(1—p o1 — 9)'ILOG(x) = log,  mo(x) mod Fil’Der(V),
where
logg p(y) = logy., (v — wo(S“(exp} (1)) for y € Hy(@,, V)

and 9 denotes the differential operator limg_, “l% ( . )

The section S¢ is designed to split the sequence

0 — lim H'(@y(11), Ty = lim H'(@,(11,0), T), — Do (V)¥="

after tensoring with Frac(H(G)). The construction of S¢ depends upon an embed-
ding of the field By into B4r which in terms of Iwasawa theory, is equivalent to

picking a branch of the logarithm satisfying log, p = 0. In fact log, g 1) equals log,
upon identifying H'(Q,, Q,(1)) with the completed tensor product Gm(@p)®®p =

11<r_n<@p /(@) ) ®z, Q, via Kummer theory.
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We also mention that the proof of the above proposition requires the explicit
reciprocity laws recently proved (independently) by Benois, Colmez and Kato-Tsuji-
Kurihara. (See [13, §1.3] for details of the construction of S¢.)

6. L-invariants via Selmer groups. From now on T = Sym’ T,E and
V=T ®z, Q, We shall apply the proposition of the last section to calculate the
value of dLOGw(x) in terms of the dual exponential map exp} : H'(Q,, V)—
Do.(V)*="" . We want formulae of the type

dLOGoo(x) An = (Euler factor) x (L-invariant) . ey A expj(mwo(x)) A e_s,

where x € lim H'(Q(u), T), ® Q,, and the “L-invariant” is a p-adic number
depending on the Gg-representation ¥ and the parameter n € A’D.(¥). In order to
define the L-invariants we must choose coordinates (i, (1, 42) on the cohomology
group H'(Q,, V) (remember that dim@pH' (@Q,,V)=23). Since H'(Q,, V)=
H;(@p, V) we use the map log, j of the previous section to aid us.

We assumed E had good ordinary reduction at p, so that as a Gg,-representa-
tion V has the ordinary filtration

0CFVCcF'WVcV, wherel, acts on gr'(V) via '

with D (F?*V) = Qpe_> and D (F 'y = Qpe_> ® Qpe_;. The short exact sequence

0— FV L Fly 4 Qp(1) — 0 induces an exact sequence on cohomology

0 H'@, FV) > H\(@,. V) > H'(@Q,. Q,(1))
since H'(Q,, @,(1)) =0 and H'(Q,, F'V) = H'(Q,, V). In fact this sequence must
be right-exact because dimg, H'(Q,, F>V) = 1 and dimg, H'(Q,, Q,(1)) = 2.

REMARK. If Pr_, denotes the natural projection D¢ (V) — Dcr(V)‘/’:ﬁ;2 then we
have a well-defined section

Y€ = expsy o Proa, log,

from H'(Q,, V') onto H'(Q,, F*V), because the space Dcr(V)‘/’:'s;2 is isomorphic to
H'(Q 3F2 V)= H}(@ ,'F2 V) via expyy- Clearly X¢ depends on the choice of € as
log, ; is constructed using the section S°.

We thus get our first coordinate u, : H(Q,, V) = Q,, given by

2 ez :=logpy o () = Proa, log, ().

To define the other two coordinates o, 1t} we use a little Kummer theory. To begin
with

H'(Q,, Q,() = 6,(Q,)8Q, — Q,0Q,
q i— log,q®ord, q.
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Now H{@Q,, F'V) = H}(@,, V) implies that Im(log, y) = Im(log; ) = D (F'V);
moreover, under the projection map Pr_; : D (V) — D (¥)*”  we have

Pr_y . log, ),y = (logg.@,,(l) o 5)6_1 = (logp o 8)e_1 .

Consequently ord, . § maps the kernel of log, , bijectively onto Q,. The function
ord, , 8 is closely related to the dual exponential map. In fact

exp} = (ord, . 8)e_; as elements of Dcr(V)‘p:pfl,

because exp@ (1 is simply the valuation map on Gm(@p)®@ In view of this we
define g, 1 : H'(Q,, V) - Q, by

Mo :=ord, . 8 and ny = logp 0 0.

Summarizing, we have the commutative diagram

0 0 0

Pr_l 1

0 —> D (F2V) el D (FY) Do (V)e=P"" — 0

logf,v logg)\, TlOgP(.)e‘l

0 — HY(Q,,F?V) —— HYQ,,V) —> HYQ,,Qy(1))— 0

ETa map

ord, o ¢

0 —— Ker(log, ) ——— Q — 0
0 0

with exact rows and exact columns. We have proved the following result.
LEMMA. There is a (non-canonical) isomorphism of Q,-vector spaces given by

o ® w1 ® o H(Q,, V) — Q,0Q,0Q, .

The (weak) Selmer group attached to the representation ¥ is defined by

S'(V/Q) := Ker (H‘(@, Vy— @ H' U1, V)),

I#p

where 7, is the inertia subgroup in Gg, and the maps above denote restriction. Flach,
Wiles and Diamond [5,21,4] have shown under various hypotheses that the Bloch-
Kato Selmer group
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H'(Q,, V))

1 . /
Hl 0@, V) 1= Ker (s VIO~ gt

is zero; (e.g. if E, is an absolutely irreducible Gg-module then H},Spccz(@, V) =0 by
[4)).

Assuming the triviality of fSpecZ(@ V), the weak Leopoldt conjecture for V
and V(—1) holds, and so the space S'(V/Q) is one-dimensional over @,. Let &’
denote the image of a generator of S'(V/Q) in H'(Q,, V).

DEFINITION. Assume that Hfspecz(@ V') is zero and exp}($') # 0. Define L-
invariants by

EGr - Ml(él) and ECOI‘I] :ul(*’ ) 2M2(5/)
(%) 1o(3)  Apo(s)’

with Fil’De(U) = Q,(ug + Au_1), » # 0, as before.

: G log,(8(3)) -
The quantity £ = ENEES)

the number £°Y can thus be viewed as a generalization of this to the conjugate
measure.

is none other than Greenberg’s L-invariant in [8];

A priori it is not clear that these really are invariant under the choices made.
First of all exp}($’) is non-zero if and only if ord,(8(%")) is non-zero, so at least we
are not dividing by zero! Now changing &’ by an element of @p will not affect the
ratios % and % by the previous lemma and so it remains to show independence from
our given basis of D..(V).

Recalling that e = ey Ae_; Ae_y set w, := z—lkeo +e 1+ %e,z (which generates

Fil’D..(7)). Since ’“(5:) does not depend on {ey, e_;, e_,} it suffices to demonstrate

the same of 2£2() Observmg that Pr_»(w) is proportional to Pr_j(w) as we vary

A po(8)
generators @ of Fil’D.(V), clearly 2“2(3) is well-defined if and only if the ratio

2 pa(8)  Prop(we)»»
X)) Proj(we)

is too. However APr,z(a)e) =e¢_p and Pr_;(we) = e_1, so that

2un(5")  Prop(we) pa(se 2 log; (24(3))

Ano(3) T Pro(w)  wo(Fe—r  expi(d)

which is independent of our original choice of {eg, e_;, e_3}.

PROPOSITION.  Assume that E has good ordinary reduction at p # 2,
HfSpecZ(@ V) is zero and exp}($') is non-zero. If xehmHl(@(,up) 7,®Q,

then

(1=p7'™)(1 = 9)'ILOGeo(x) Ang: = — (ZIX)EC” eo A expy(o(x)) A e—a
and

(1—p7'o™ (1 - ) 'ILOGw(x) A = — (%) L ey A exph(mo(x) Ae_s .
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Proof. Let us assume that expj(mo(x)) is non-trivial; we begin by proving
the second statement. Put d= (1 —p o )1 —¢) 'dLOG,(x) which lies in
Qpe0 ® Qpe_,. Then

dne_1Ney = dANwe Ney = 10gg 1 (T0(X)) A we A €9

by the proposition of the previous section. However log, j(o(x))i1(mwo(x))e—
Bua(mo(x))e_n, which implies that

dNe_1 Ney = pi(mo(x)e—1 Awe Aeg @ pa(mo(x))e—2 A we A ey

- (%)m(no(x))eo NegNey @ —pa(mo(x)eo Aej Aes.

Moreover ng = —(e_1 A ep) and expj{mo(x)) = po(mo(x))e—1 # 0. Hence
_2
drng = — <%> Ml(ﬁo(«‘;)z (no)\(ii)z)(ﬁo(x)) .eg A expi(mo(x)) Ae_s .

Thus the second assertion follows upon observing that

Qo) = mo(lim H'(@QQup), T), ® @, ) = res,(S'(V/Q) = @8,

where res, : H(Q, V) — H'(Q,, V), as we then have

1 (mo(x)) — 2 pua(mo(x)) _mE)  2pa(3) [eoni
to(mo(x)) wo(8) A po(s) ’

The proof of the first assertion is very similar. We just remark that

1
dANe_| Ne_, = logg, y(@o(X) Awe Ne—y = — (ﬁ>u1(no(x))eo Ae_| ANe_r

and then proceed as above.

7. Norm-compatible families. To make any further progress we must now
assume that the function L” is the image of a norm-compatible element under the
map LOGq; c.f. [12, Conjecture 4.4.3]. Implicit in this assumption is that there
should be some trick for relating the non-Iwasawa components L”(n,) and L”(nz) to
the complex L-values at s = 3, 4.

Hypothesis (ES).
There exists an element 2, in lim H' (Q(u,»), T), ® Q,, satisfying

(A)  L’(n)e = LOGy(zo0) An  for all n € A*De(V);
2
(B)  expi(mo(ze)) = —<1 - “—1> (1 —&> LOYME D) b (o).

ﬁp ap Qoo,w@
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The value expj(my(z«)) is automatically non-zero since the complex function
L(Sym>E, s) does not vanish at s = 2; in particular if (ES) holds then

2
o= (10252

P p Qom0

as predicted by Formula VAL.SP(M, x). Theoretically the dual exponential map
should contain the congruence L-values as, for example, with the Kato-Beilinson
Euler system.

DERIVATIVE THEOREM. Assume that E has good ordinary reduction at p # 2,
the Selmer group H};specz(@v V) is zero and there exists an element 7., satisfying
Hypothesis (ES). Then

) L(Sym’E, 2)

Qi)
L(Sym*E, 2)
QriQEQ;

o W= £1-7) (-

(b)) = £(1 = 8,2) (1= p8;?)

Proof. We start with part (a). Clearly all the conditions of the proposition in §6
are satisfied, since exp}(mo(z~)) # 0; hence (ES) implies that

(1 —p’lai> (l - a;z)_IBLp(naz) e
2
= <L>£Gr <1 — ‘;_p) <1 - &> M eg APr_j(wg) Ae_s .

2A ) ap Qoo,0g

Choosing u # 0, so that wg = uw, and Pr_j(wg) = ue_;, we obtain

Q) we(g2) = wgAe_iANey = (%) e.

Combining these two equations we find that

L(Sym’E, 2)

QOO,(D@

Wng)e = L%(1-0,7) (1= pay?) 0 (1),

and so (a) is proved. The proof of (b) follows identical lines.

An obvious question to ask is whether £°" and £%°Y are non-zero. In unpub-
lished work, Greenberg and Tilouine have shown that when p|Ng the analogue of
(a) above is true with £°" = ifj—’gE (qz being the Tate period of E). Furthermore, the
fact that log,qz # 0 was recé)nrﬂy proved by Barré-Sirieix, Diaz, Gramain and
Philibert.

To establish a similar result in the good ordinary case we need three things.

(i) An explicit construction of a generator &' of the space res,(S'(V/Q)).

(i) An analytic description of the map log, : H}(@ ,F21) N D (F?V).

(iii) The calculation of the image of &’ under log, ), . X and log, . é.
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Addressing (i) first, Flach [5] constructs via K-theory elements ¢(/) € H'(Q, T),
[t pNg which are unramified outside p and /, but unfortunately for us have trivial
image in H //(@p, T). As Kato suggested, a better place to look for such a generator
might be in K} ( Xo(Ng) x Xo(Ng) @ Z[ 5~ ]2 where this is Milnor K-theory of the
rational functlons on Xo(Ng) x Xo(Ng) (the ricky part is the right choice of divisors
for the modular units occuring in the cup-product).

Turning our attention to (ii), the space F>V is none other than the representa-
tion associated to the Tate module of the formal group of E,7, tensored with itself.
It is tempting to hope that F?J has an associated p-divisible group, but Tate has
shown that such a representation must have Hodge-Tate weights in {0, 1} yet
F?V ®q, C, = C,(2).

All may not be lost—under our assumptions the Abelian surface E x E has
good ordinary reduction over @,. Consequently the formal group attached to the
Néron model for E x E over Z, has height 2 = dim(E x E). We write Logg, j for the
extension to E x E of the formal group logarithm, so that

Logp, s : (E x E)(Q,)®Q, — tangent space of E x E /Q,.
Now H_}-(@,,, F2V) is contained in H}(@,,, 1) which is itself a direct summand of
H}(@P’ HZ(E X E, Q,(2)) = (Ex E)(Q,)8Q,

this last isomorphism coming from Bloch-Kato [1]. Identifying D¢(F>') within the
tangent space of E x E, the map log,, will then coincide with the restriction of
Logg, s to Hf(@,,, F?V). Interestmgly this description of £°Y mixes up the loga-
rithm map on a formal group of height 1 (i.e. G,,) with the logarithm map on a
formal group of height 2.

Finally, we have no idea at all how to attack (iii). Essentially we need to know “‘the
shape” of res,(S'(V/Q)) inside H'(Q,, V). In the bad multiplicative case it turns out
that q is a universal norm for the Z,-extension of Q, cut out by the image of the map

H'(Qy, Sym’T,E) — H'(Q,.Z,) = Homg,(Gal(Fx/Q)). Z,) = Z,

induced by quotienting SyszpE by its sublattice of strictly positive Hodge-Tate
weight; (here F, is the compositum of all the Z,-extensions of Q,). However in the
good ordinary case there is no such easy local description for &’
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