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Embedding Theorem for Inhomogeneous
Besov and Triebel-Lizorkin Spaces on
RD-spaces

Yanchang Han

Abstract. In this article we prove an embedding theorem for inhomogeneous Besov and Triebel-
Lizorkin spaces on RD-spaces. The crucial idea is to use the geometric density condition on the
measure.

1 Introduction and Statement of Main Results

Spaces of homogeneous type were introduced by Coifman and Weiss [CW1] in the
early 1970s. A quasi-metric d on a set X is a function d: X x X — [0, c0) satisfying
(i) d(x,y) =d(y,x) >0forall x,y € X; (ii) d(x,y) = 0 if and only if x = y; and
(iii) the quasi-triangle inequality: there is a constant A € [1, o0) such that for all x, y,
ze X,

d(x,y) < Ao[d(x,z) + d(z,y)].

We define the quasi-metric ball by B(x,r) :={y e X : d(x,y) <r} forx € X and r >
0. Note that the quasi-metric, in contrast to a metric, may not be Holder regular and
quasi-metric balls may not be open. We say that (X, d, i) is a space of homogeneous
type in the sense of Coifman and Weiss if d is a quasi-metric and y is a nonnegative
Borel regular measure on X satistfying the doubling condition: if x € X,r > 0, then
0 < u(B(x,r)) < ooand

(1.1 y(B(x,Zr)) SCy(B(x,r)),

where y is assumed to be defined on a o—algebra which contains all Borel sets and all
balls B(x, r) and the constant 0 < C < oo is independent of x € X and r > 0.

We point out that the doubling condition (1.1) implies that there exists a positive
constant w := log, C (the upper dimension of u) such that for all x € X, A > 1 and
r>0,

u(B(x,Ar)) < CA®u(B(x,7)).
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Spaces of homogeneous type play a prominent role in many fields of mathematics.
In particular, they constitute natural generalizations of manifolds admitting all kinds
of singularities and still providing rich geometric structure; see [S1, S2]. Analysis on
metric measure spaces has been studied quite intensively in [CW2,DJDS,HS,DH, H1,
H2]. For example, Coifman and Weiss [CW2] introduced atomic Hardy space H?,
for p € (0,1] and proved that if T is a Calderén-Zygmund singular integral operator
and is bounded on L?, then T extends a bounded operator from H? to L? for suitable
p < 1. In many applications, however, the additional assumptions on the measure y
are required. For instance, in order to provide the maximal function characterization
of the Hardy spaces H%, on spaces of homogeneous type, Macias and Segovia [MS]
showed that the quasi-metric d can be replaced by another quasi-metric d such that
the topologies induced on X by d and d coincide. Moreover, d has the following
regularity property. There exist constants C > 0 and 0 < 6 < 1 such that for all
O<r<ooandall x,x", y € X,

(1.2) |67(x,y) - c?(x',y)| < Cc?(x, x’)e[g(x,y) + c?(x’,y)] -0
and the measure y satisfies the following property. For

B(x,r) = {yeX:g(x,y) <r},
(1.3) ‘u(B(x, r)) ~r.

Note that property (1.3) is much stronger than the doubling condition. Macias and
Segovia provided the maximal function characterization for Hardy spaces H? (X)
with (1+6)™' < p < 1, on spaces of homogeneous type (X, d, u) that satisfy the
regularity condition (1.2) on the quasi-metric d and property (1.3) on the measure y.

In [NS], Nagel and Stein developed the product L? (1 < p < oo) theory in the
setting of the Carnot-Carathéodory spaces formed by vector fields satisfying Hor-
mander’s finite rank condition. The particular Carnot-Carathéodory spaces studied
in [NS] are metric spaces with a measure p satisfying the conditions u(B(x,sr)) ~
s™2u(B(x,r)) for s > 1and u(B(x,sr)) ~ s*u(B(x,r)) for s < 1. These conditions
on the measure are weaker than property (1.3) but are still stronger than the original
doubling condition (1.1). In [HMY1], motivated by the work of Nagel and Stein, Besov
and Triebel-Lizorkin spaces were developed on spaces of homogeneous type with the
regularity condition (1.2) on the quasi-metric d and the measure y satisfying the fol-
lowing reversed doubling condition: there are constants « € (0, w] and ¢ € (0,1] such
that

(1.4) cA*u(B(x,r)) < u(B(x,Ar))
for all

xeX, 0<r< supd(x,y)/2, and 1< A< sup d(x,y)/2r.
x,yeX x,yeX

An RD-space (X, d, p) is a space of homogeneous type in sense of Coifman and
Weiss where the quasi-metric d satisfies (1.2) and the measure y satisfies the “reverse”
doubling property (1.4). For further developments, including analogous theories of
function spaces on RD-spaces, we refer the reader to [NS,HMY1, HMY2].
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The main purpose in this paper is to establish an embedding theorem for inho-
mogeneous Besov and Triebel-Lizorkin spaces on RD-spaces. Note that embedding
theorems are essential tools in many fields, including function spaces and especially
partial differential equations. See [F],],T] for embedding theorems on R”. Han [H3],
Han and Lin [HL], and Yang [Y] have proved embedding theorems for Besov and
Triebel-Lizorkin spaces on spaces of homogeneous type (X, d, u), where the quasi-
metric d satisfies (1.2) and however, measure u satisfies (1.3), respectively. Therefore,
the result in this paper generalizes the embedding results to a more general setting.

Let us now recall some notation. Let N = Z, u {0}. Throughout this paper, we use
C to denote positive constants whose value may vary from line to line. Constants with
subscripts, such as C;, do not change in different occurrences. By V,(x) we denote the
measure of B(x, r), the ball centered at x with radius r > 0, and by V(x, y), we denote
the measure of B(x, y), the ball centered at x with radius d(x, y) > 0. In addition, we
use the notation a < b to mean that there is a constant C > 0 such that a < Cb, and
the notation a ~ b to mean that a < b < a. The implicit constants, C, are meant to be
independent of other relevant quantities. Also, for two topological spaces, 2l and 5,
2 = B means a linear and continuous embedding. For p > 1, let p’ be its conjugate
index.

We now recall test functions and distributions on RD-spaces (X, d, u).

Definition 1.1 (Test functions, [HMY1]) Fixxo € X,r >0,y > 0,and 8 € (0,0).
A function f defined on X is said to be a test function of type (xo,1, 8, y) centered at
xo € X if f satisfies the following two conditions.

(i)  (Size condition) For all x € X,

] <C 1 (———)"

Vi(xo) + V(x,%0) \ 7+ d(x,x0)

(ii) (Holder regularity condition) For all x, y € X satisfying d(x, y) < (240)7"
(r+d(x,x0)),

d(x,y) \# 1 r Y
- <C .
@) =)l < ( r+d(x,x9) ) Vi(x0) + V(x,%0) ( r+d(x, xo))
We denote by G(xo, 1, 8,y) the set of all test functions of type (xo,7,3,y). The
norm of f in G(xo,7,3,7) is defined by

1f 6 (xor.p.p) = inf{C >0 (i) and (ii) hold}.

For each fixed xo, let G(B,y) := G(xo,1, f,y). It is easy to check that for each
fixed x; € X and r > 0, we have G(x;,7,8,y) = G(B,y) with equivalent norms.
Furthermore, it is also easy to see that G(3,y) is a Banach space with respect to the
norm on G(j3,7). .

For 0 < f < 6 and y > 0,let G(B, y) be the completion of the space G(6, y) in the

norm of G(f, y). For f € G(B, ), define Hf“f;(ﬁ,y) = flepp-
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Definition 1.2 (Distributions) The distribution space (é( B,y))" is defined to be the
set of all linear functionals £ from G(f,y) to C with the property that there exists
C > 0 such that for all f € G(8,y), |[L(f)| < CHfH(o;(ﬁ "

We begin with recalling the definition of an approximate to the identity, which
plays the same role as the heat kernel H(s, x, y) does in [NS].

Definition 1.3 [HMY1] Let 6 be the regularity exponent of X. A sequence {Sk } ken
of linear operators is said to be an approximation to the identity (ATI) if there exist
constants C, C; > 0 such that for all k e Nand all x,x’, y, ¥’ € X, Sx(x, y), the kernel
of Sg, is a function from X x X into C satisfies

1

Vor (x) + Vo (7))

(i) Sk(x,y)=0ifd(x,y) > Ci27% and |Sk(x,y)| < C

.. _ 4 k6 6
(i) [Sk(x,y) = Sk(x,y)| < C2*°d(x,x") AT

1
Vark (%) + Va-i ()

for p(x,x") < max{2Cy,2}27%;
(iii) Sk (x,y) = Se(x,y)| < C2¥%(y, y')?

for p(y, y") < max{2Cy,2}27K;
(v) [[Sk(x,y) = Sk(x, ¥ )] =[Sk (x ) = S(x, y )|
_C22k0d ’red ,/9 1
<Gl A )y v ()
for p(x,x") < max{2C;,2}2% and p(y, ') < max{2Cy,2}27K;
™ Sy Se(ey)du(y) =1
(vi) [y Sk(x,p)du(x) =1.

The following constructions, which provide an analogue of the grid of Euclidean
dyadic cubes on spaces of homogeneous type, were given by Christ [Chr].

Lemma 1.4 Let X be a RD-space. Then there exist a collection
{QFcX:keN,ael}

of open subsets, where I, is some (possible finite) index set, and constants § € (0,1) and
C,, C3 > 0 such that

(i) p(X\ug Q{;) = 0 for each fixed k and thﬂQg =gifa+p;

(ii) forany a, B, k, 1 with | > k, either QII; c Q§ or Q;; n Qf; =@

(iii) for each (k,a) and each | < k there is a unique 3 such that QX c Q;;;
(iv) diam(QF) < C,8%;

(v) each Qf,f contains some ball B(zﬂfc, C36%), where szc € X.

In fact, we can think of Q¥ as being a dyadic cube with a diameter roughly 6*
and centered at z¥. In what follows, we always suppose & = 1/2 (see [HS] for how to
remove this restriction). Also, in the following, for k € N, 7 € I}, we will denote by
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Q&¥,v = 1,...,N(k, 1), the set of all cubes Q5*™ c QX, where M is a fixed large
positive integer.

The inhomogeneous Besov and Triebel-Lizorkin spaces on RD-spaces are defined
as follows.

Definition 1.5 [HMY1] Suppose that |s| < 0, w is the upper dimension of (X, d, u).
Suppose that {Si }xey is an ATI and let Dy = So Dy = Sk — Sy for k € Z,. Let M
be a fixed large positive integer, and let Q2" be as above. The inhomogeneous Besov
space B, (X) is the collection of all f € (G(ﬁ y))" with 8,y € (0,6) and

max( @ @ )<p£oo and 0<g<oo

w+0 w+0+s

such that

N(0,7) 1
Wl ={ £ % #(@)mee(1Da(1)DV'}

a/py1/a
oz 2 5wk i) <o,
keZy el v=1
where m 40 (Do (f)) are averages of Do(f) over QY.
, The inhomogeneous Triebel-Lizorkin space F;’q (X) is the collection of all f €
(G(B,y))" with B, y € (0,6) and

w w w w

max(

)<p<oo, max( )<q$oo

- - T
w+0 w+0+s w+0 w+0+s

such that
N(0,7) 0 1
Iflggrco ={ & X #(Q")mge (IDo(HDI}

Az

Remark 1.6 Let A%V(f) = maos(Do(f)) forrelpand v =1,...,N(0,7), and let
ASY(F) = Dp(f)(y%Y) for k € Zy, T € Iy and v = 1,..., N(k, 7), where y*¥ is any
fixed point in Q%" as in Definition 1.5. Then we can rewrite the norms of B;’q (X) and

N(k,7) 1/q
Y% MDA OE) e

el  v=1

< 00
LP(X)

w
w+0’ w+60+s

F;?(X) as following unified versions. If max( =45 ) <p<ooand0<q< oo,

Hf”B;’q(X) ~ { ngz’“q[ D Z y( Qbv)]Ak v(f)|p] q/P}

el v=1

w

Ifmax(wi L) < p < oo, max( e Ly o

+6° w+6+s ) <q < 0o, then

Wligreo~[{ £ 55 220 Dlrxger) |

N rely

Lr(X)
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We would like to point out that the reverse doubling property on the measure
played an important role. More precisely, this reverse doubling property ensures that

5 1 < C
kezizksr H(B(x,27%))  u(B(x,1))’

which is the key to develop the theory of inhomogeneous Besov and Triebel-Lizorkin
spaces on spaces of homogeneous type (see [HMY1] for more details). But the reverse
doubling property on the measure does not play any role in the proof of the embed-
ding theorem in this paper. However, to provide the embedding theorem for inho-
mogeneous Besov and Triebel-Lizorkin spaces on RD-spaces, the crucial idea is to
use the density condition on the measure, namely

(1.5) pu(B(x,r) > Cr®

for any x € X and 0 < r < 1. We also remark that if X = R” or X is a quasi-metric
space with nonnegative Borel measure y satisfying (1.3), then the density condition
(1.5) automatically holds.

The main result of this paper is the following theorem.

Theorem 1.7  Suppose that =0 < s; < s, < 0 and u(B(x,r) > Cr® for any x € X and
0<r<L

(i) Letmax{ - L}<piSoo,0<q£oo,i:1,2and—9<sl—w/p1:

w+60° w+0+s;

Sy — w/ps < 0. Then

(1.6) By - B

@ }<qi£oofori:1,2,

. ) w R ——
(ii) Letmax{ vl m} <pi<oo “”dmax{ W+0° wtb+s;

and —6 < s — w/py =53 — w/ps < 0. Then

(17) Fr® o FVT.

2 The Proof of Theorem 1.7

The density property (1.5) on the measure y plays a crucial role in the proof of Theo-
rem 1.7. We first recall the following lemma given in [HMY1].

Lemma 2.1  Suppose that {Si }ken is an approximation to the identity as in Defi-
nition 1.3. Set Dy = Sk — Sk_1 for k € Z, and Do = Sy. Then there exists a family
of functions {Dy(x, y) }ken such that for any fixed y* € Q*Y, k € N, 1 € I} and

ve{l,...,N(k,7)} andall f € (CO;(/S,y))’with0</3,y< OandxeX,

N(0,7) .
(2.1 f(x):glj v{:l " Do(x,y)d[,t(y)ng,v(Do(f))

N(k,T)

+ 2 % ¥ w(Qe)Di(xyr )De() (),

keZ, 1€l v=1
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where the series converges in the norm of(é([}’, y')) with0 > B > Band 0 >y' > y.
Moreover, Dy (x, y) with k € N, the kernel of Dy, satisfies that for 0 < € < 6,

1 2—ke '
Vo (x) + Vo (p) + V(o ) 27+ d(x, )¢

De(x.y)l<C

IDr(x, y) = Di(x, )| <
( d(x,x") )5 1 2 ke
27k +d(x,y) Vor(x) + Vor (p) + V(% y) (27F +d(x, )¢

ford(x,x") < (27F +d(x,))/2

/Xﬁk(x>)’)dﬂ(y):/Xﬁk(x,y)dy(x):o, when keZy;

[ Boteduty) = [ Dot y)dutx) -1.

Remark 2.2  Set
20" ) = g [ B ()
S = v (U
w(QY”) Joor

fort e [yandv = 1,...,N(0,7), and E’T‘"’(x) = 5k(x,y’;’v) fork € Z,,t € I}
andv = 1,---, N(k, 1), where y* are any fixed points in Q%”. Formula (2.1) can be
rewritten as

N(k,7)
(2.2) f@=% T £ wu(Q)E () (f).

keN tel,  v=1

Proof of Thorem 1.7 To prove (1.6), let f € B> (X) with

w

COmax(
] fmax w+0 w+0+s

)<p2£oo and 0<g<oo.

Since s; < s, and s; — w/p; = s — w/p2, it follows that p, < p;. First, we recall the
following known estimates of [HMY1, Lemma 3.19]. For k, k" € N, 7 € I}, 7’ € I;s and
v=L...,N(k,7),v'=1,...,N(K',7")

(23)  [DkDp (y5", 57 <
1 2—(k/\k’)6

cat K kv KV o e
Vp-amy (FB7) + VR YE) (28 L d (b7, ) )¢
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It easy to see that

1 2—(k/\k’)
(2.4) . ~ , ~
Vs (P67) + V(y2Y, y0) (27 Gk 1+ d (5, yKv))e
1 zf(k/\k )
Vaeawny (P87) + V(587 y) (270K + d(y57, y))e
1 Zf(k/\k’)

~

Vyaom (1) + V(3 y50Y) (27300 4 d (x, Y0 )

’ ’
for any x € Q", y € QX". Hence,

1 1

VIR + VR, Y5 (L d (R, y%))e
] 1

Vi(y2" ) + Ve i) (L d(97, i ))e

D(EL ) (ye") £ 274

Ag,V(EI‘;;,v') < 2—k €
From these and (2.3), it follows that

(2‘5) Mk ’V(Hk v )|
1 2—(k/\k,)€

szlk*k |E
2 (k/\k’)(y‘[ )+ V(y‘r 7)/1—’ o ) (2 (knk?) + d(y‘r v’yr' ))e

By the inhomogeneous discrete Calderén reproducing formula (2.2) and the norm
of B,?(X) given in Remark 1.6, the norm | f BY(x) 18 dominated by
1

N(K',7")
2

k’eN el v'=1

.“(Qf,”v,))t’;’v(ag k’ If)| ]Q/Pl}l/q'

of s 2] 575 u(@)| ¥

keN el v=1

Applying (2.5), we deduce that

ksiq N(kr) kv N(K,T) K
flazins{ 229 = X w@)( T ¥ % w@ (/)]
1 keN tel  v=1 k'eNt'ellr  v'=1
—(knk"e
w o lk=K'le 1 2~ (knk’) ) l]q/pl}l/q‘

Vo, (V87) + V(0¥ 50y (2-(knk) o d(yhor, yKv") e

We need to consider two cases.
Casel: p; > 1L
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We choose € > 0 and €” > 0 such that e = €’ + €”, €’ can be taken arbitrarily close
to €, and using the Holder inequality and (2.4), we get

||fHB;11"’(X)

N(k

ks N kv ”) K v'\ kv
{22 2 "5 w1 xS e s e

keN Tel,  v=1 k’'eNt'ellr  v'=1

—(kAKk e
x 21—k |prex — 1 2~ (knk) ]Q/Pl}l/q
Vy-tenery (y777) + V(y, ,yT, ) (2-(knK') 4 d(}/T v)yrl ))e

kl I

N { ngzkslq[ ) 5-lk=K'|prex D z ,u(Qk v )Mk’ "'(f)|P1]q/pl} /q.

k'eN el V=
Applying the p,/p;-inequality implies that the last term above is dominated by

N(K', 7

1! ) 1 ’ q/pz /
{2 [ g attiragten 5 05 Cu@)Prpg (P )
€ e

t'elyy  v'=1

Note that p,/p; < 1, and using the density condition (1.5), it immediately follows
that

Ivl /1 ’ V’ ’,V’ %71 _ !w P2 ’ V’
u(QEYPIP = (@) (u(QE)) T < el T (k)

for any k' € N, 7’ € I}s and thus the term above is controlled by

N(K',7") -~ qa/p2y 1/q
{kZN[ » 2(k k)51P22 [k=k'|p2ex 3 Z 2k Ssz‘u(Qk v )Mk (f)|P] } .

k'eN el v'=

Now we choose s; € (—€y,¢€1); applying the Holder inequality for q/p, > 1 and
the g/p,-inequality for g/p, < 1 implies that the last term above is dominated by
C|lf B2I(X) which implies (1.6) for the case where p; > L.

2

Case2: p1 <1
Using the p;-inequality and the p,/p;-inequality, we have

Hf“B;‘l’q(X)
k k=K' v K N
S{ T 2 slq[ 5 kKl 5 Z y(Q PPEY (AP Y Y

keN k'eN vely  v'= Tel,  v=1

1 2= (knk")e a/piy 1/q
.“(QITM)( RY (knk") v ) ] }
Vo (y8") + Ve, yi) (2 +d(ye ye)e
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(k’ T’) ’ ’ ’ /
k k-k' kv 1= K,
s{ z 29 B KR S TSV ()P Q)
keN k'eN el v'=

1o q/Pl /q
<P (o]}
N(K',7")

s{ > 2kslq[ Y 2 |k—K'|epa D Z Vz_(“k,)(yl‘;,',v')pz/m—l
keN

k’eN telyr v

VAT o _ o [ q/pz l/q
X Vyecanany (V5) P2 (QE )P (@A (O] T
Note that the doubling property (1.1) implies that
sz(k/\kr) (y]:,,v )l—pzﬂ(QITC,,v )Pz—l < 2[k —(knK")]Jw(1-p2)
for p, <1, and the density condition (1.5) implies that
Vg—(kAk/)(y];::V')Pz/Pl—l <2 (knK' )wpz(p1 Pz) < 2—(k/\k’)p2(s1—sz)

for pa/p1 < 1. Therefore, we further obtain

n 0 keN - k’eN
N(k',7") a/p2y 1/4q
“r % (@ (] My
/el

Applying the Holder inequality for g/p, > 1and the q/p,-inequality for q/p, < 1
implies that the last term above is dominated by C| f|| B29(x) when p; < 1. This com-
pletes the proof of (1.6).

To show (1.7), we may suppose | f| F2(x) = = 1 without loss of generality. By the in-
homogeneous discrete Calderén repro&uc1ng formula (2.2) in Remark 2.2, the norm
of F;*(X) given in Remark 1.6 and (2.5), we see that

(%5 "5 ey o) "

k=0 el v=1
[ 3ol 5 ot s VST s ST e o)
k=0 k'eN rely v=l Tely v'=l
1 2~ (knke @y 1a
Va-anny (V) + V(5" ,yfl V) (27D d (e, Y )ee ) }
We claim that for max{-“- b<r<y,

w+e’ w+s+52

N(k,7) N(K',7")
@er L ¥ ¥ w(QEINEY (f)]

el v=1 T'ely

1 2—(k/\k’)€
Vyry (YY) + V (57, yR7) (2 (knk) 4+ d(y%v, kv ))e

—k'w(1-1) -1, :* kv L, 4 ;
<C2 p@) i {2 z oL (Nlxger) O}

Xqkr (x)
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where B = B(x,2~*"¥)) and M is the Hardy- Littlewood maximal function. To prove
(2.6), it follows that

N(k,7) N(K',7")

D w(QEHINEY ()]

el v=1 Telly v'=

1 2—(k/\k’)6
x > - > X k,v(x)
Vyowry (VEV) + V(y0Y, yR07) (2-Rnk) 1 g(y%r, yK0v")e Qk
S @ I () :
DY Z u(Q¥ v
v'ely  v'= 2—(kAk’)(x)+V(x’yI;’,V)
2 (k/\k )5

T i)

N(k',7")
s{z 5 u(QE Y ()

telyy  v'=

1

1 2 (knk")e ry r
-ty (%) + V(0 y5) (270N 4 d(x, ")) d }
N(K',7") )
{z 5@y W g

1

1 2 (knk")e .
X/X[ VZ‘("/\"') (x) + V( k nd ) (2 (kAK") +d(X y v ))e] ’::"” (y) H(J’)} .

Note that the density condition (1.5) implies C27¥'¢ < ‘u(Qf,”v’). The factr—1<0
yields that the last term above is dominated by

2k'w(1i){ Z Z |/\k:,v' (f)|r

el v'=

1

1 (k/\k )6 r d
a0 77y @O eyt O )}

’ /

’ 1 k', z
Lok w(l,){ 3 N(Z M (f)|r

velr  v'=1

§ / [ 1 2 (k/\k )E :Ir
X
m=0.J a1 [2m) b Varceo (%) + V (%, ) (274K +d(x, y))¢

1

X Xk (y)dﬂ(y)}
= F+G.
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We first estimate the term F. For any x’ € B, we have

1 N(K',7 1

) i d
S X D agr (Ddu() ]

F< 2—k'w(1—}) BT
{M( ) H(B) BTel  v'=1

ot

52—k'w(1—%>u(3)5‘1{M( 2 N(kz’:)W;',’v,(f)m(?ff’"')r(x,)}i'

el v'=
Now we estimate the term G. For any x’ € B, it follows that

N(k',‘r') oo K ,
R L (f)
v'ely  v'=1 m=0J[2(m+1) B]\[2mB]
1 2—(k/\k’)6
" [ Vatiowy () + V (%, y) (274K 4 d(x, )¢

] Xorw (7)du(y)

N(k',7") ;o r
S‘u(B)l—rz—m[er—w(l—r)]M( D Zl Mchl,v (f)|XQk,”"’) (x'),

velr V=

Thus, let r > w%y; the above estimate implies that

6 <cr Dy 5 " (Dlrgy) )

telyy  v'=1

Combining estimates of F, G and arbitrariness of x” € B completes the proof of claim
(2.6).
The estimates in (2.3) and (2.6) yield

perle < VD NG
z 2 YroX oy X u(Q)h (N
k’eN tely v=1 tely  v'=1
1 2—(](/\](’)6

X 7yl / 1yl X [
Vit (PFY) + V(557 507y (2-(kaRD) 1 d(yker Ky ye Qs
<y Z—k'sz—\kfk'k—k'w(l—%)”(B)%—1

k’eN

N Tl
. k'sy11 kv ., r
;gg{M( DI (f)lef,v) "}

for a%y < r < 1. Choose r satistying ﬁy < r<max{p,,q,} and r <1, and denote

R = (3 "5 Plrgen) )

velr  vV'=
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Applying the Fefferman-Stein vector-valued maximal function inequality [FS] and
the arbitrariness of y’T‘,’ ' further yields

inngr(y) < ing{ by (Fk'()’))qz}l/qz

ye y€B \ kreN
{uor [ (o)
< Cu(B)™/P: ( ng(Fk'(y))qz)l/qZHm

N(k', 7
(202

p2/92 1/pa
du(x)

1/92

_ ) ‘s Uy q2
< Cu(B) /P D8 Nlrger) )

I,

v'elr  v'=1
< Cu(B)™MP,
which implies that
N N(k,7) /g
(T 5 T2k} <
k=0 tel, v=1
N / ’ ’ 1 1 qiy Y
C{ kzl( kzNzksl—k s2—|k—k'|e-k w(l—;)M(B);—l‘u(B)—l/pz) } )
= ‘e

Since s, — 51 = w/pa — w/p1 > 0,80 py > p2 > p2/(1+ p2). The key point here is to
choose r = p,/(1+ p,) so that u(B)*"u(B) /P> = 1. Note that r < p, and r < 1.
We also assume g, > r = p,/(1+ p,) for the moment, but this assumption will be
removed at the end of the proof. We obtain

N N(k,7) 1/q
@7 {Z % X 2R (N g}

k=0 tel, v=1

<{ g ( > 2ks1—k’sz—\k—k'\e—k’w(1—%))ql}l/ql
k=0 * k’eZ,

N ’ I w 7 91y 1/q )
s{ 5z 2 KeFaRn) T < oo,
k=0 \ k'eZ,

where € can be taken arbitrarily close to 6 in RD-space and satisfying —¢ < s; — w/p; <
€.

If q2/q1 < 1, since s, — 51 = w/p, — w/p1 > 0, applying the g, /q;-inequality, we have

oo N(k,7) 1/q1
) | T 3 T MR )

k=N+171el} v=1

N(k,7)

s{ 3 omme 57y

k=N+1 el v=1

1/q2
2520 ()| g () |

w w N(k’T) 1/‘12
VG w3 X e epk () ()}

keZy 1l v=1
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If:= % > 1, applying the Holder inequality yields

oo N(k,7) 1/
09 { § 3 5 (g ()

k=N+17el, v=1

oo IR
“L5,2)

Z 2k(51 Sz)q1{ > Z 2kszq1|AkV(f)|tI1Xka(X)}

k=N+1 el v=l

|

([L5m”
N+1

|

1/q
z Zk(Sl s2)q z Z 2k52q2|/\k V(f)|q2Xka(x):| }

k=N+1 el v=1

841/8 1/qu
7

o _ w N(k,7) 1/
G 5 xS e () ()

keZy 1€l v=1

Combining (2.8) and (2.9), if ¢, > 1+p , for N € Nu {-1}, we obtain

00 /1
ey { ¥ 5% BpE (g 0]}

k=N+17el, v=1

w0 _ s v 1/q2
c¥@i{ v ¥ ST gps (DT xge(x)}

keN el v=1

LX) We write

Now we deduce the estimate of the norm | f| ¢

| fesn x)
o B oo N(k,T) g ) 1/aq
:pl/o t? 1u{x:{ > % 2kaian )k (f)|q1XQ¢,v(x)} > t}dt

2C,2Y/ % oo N(k,7) 1/q1
p [ xS 5 TR (g} >
0 =0 1el, v=1

k=0T
+ o (1 . i 2k31Q1 Ak Y By, AP
p /C 2V M{x { k§0 Tgk VZ:I | (f)| XQ (x)} }

=H+1.

To estimate H, using (2.10) for N = I + P

2C421/‘11 0o
Hep [ e E 2 R e (g ()
0

k=0 tel; v=1

2,20 oo 1/q2
so [ eulx{ £ s S e (g ()} >

k=0 tel v=1
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B 2C421/'11
< &(2C421/q1)171 Pzpz/ fp2-1
0

P2
oo N(k,7) 1/q2
X pd x: oks2@2 ) kv Y42y L (x >tedt
a2 2 2 e (D a0} > 1)
2,2 o N(k7) Va2
sp [ e ufxe £ 8RR (g () >
0 k=0 7€l v=1
<C|fI% 0 o
”f szq (X)
To estimate I, applying (2.7) and (2.10), if g, > lszlz , we get
o zc42w(N+1)/P1+1/‘11
I=p ¥ !

N=0J2C420N/m+1/a1

00 N(k,7) 1/q
xy{x:{ S Yy 2keapkrig)ay k,v(x)} >t}dt
k=0 el v=1 ' @
o 2C42w(N+1)/P1+1/‘11 N N(k,7) g
2> Pl { 23S ()] g ()]

N=0J2C42¢N/P1+1/a1 k=0 1€l v=1

0o N(k,T) 1/q1
H{ % %8 (g (1)) > 2 e de

k=N+1r7el, v=1

oo zc42w(N+1)/P1+1/‘11

<p1 > 1

N=0J2c 20N/ p1+1/ a1
oo N(k,T) a
xp{x:{ 2 5 8 R (NI (x)) > 2 2} dr
k=N+11el; v=1 ’
2C,29(ND/pr+1/ay N(k,7)

oo oo
<py / e ul{x:{ x ¥ ¥ 2k
N=0J2C42¢N/P1+1/a1 k=0 7€l v=1

1/q o _w
X B ()] g (x) } s 2 NG e t/2} dt
2C42w(N+1)/1>1+1/q1

<p1 > -l

N=0J2C42¢N/m+1/am1

oo N(k,7) 1/q
ufx{ T X R (g ()] > Gt
k=0 tel; v=1

oo [Tmufe £ 5 (g 0) )

k=0 1l v=1
> Cstpl/pz} dt
oo oo N(k,T) 1/q2
<pr [ wrufa {35 TS (g () > ol du
0
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SCIfIE

£ ()
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where we used t ~ C,2¢N/P1/a Thig prove (1.7) i.e., F;zz’qz = F;‘l’q‘ with ¢, >
p2/(1+ p2). To remove this assumption for g,, note that for any g,

w w p
aLx{w+t9’w+6+sz} <qsl+p2’

it is easy to see that F,>% < F}»% for g, > p,/(1+ p,). The proof of Theorem 1.7 is
completed. ]
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