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Abstract 

Theoretical problems in connection with 6 Set and RRs type 

variables are reviewed. All evidence shows that 6 Set stars 

are normal main-sequence or early post main-sequence stars. 

Results of linear stability analyses of 6 Set models agree 

well with observations, the presence of non-variables in the 

strip being understandable in terms of helium diffusion. Ex

citation of non-radial modes may also occur; comparison of 

observed multiple periodicities with the theoretically derived 

period patterns for radial and non-radial modes is discussed 

as a means to distinguish between these possibilities. 

It is not known whether RRs variables are of the same nature 

as 6 Set stars or in a late evolutionary state with low mass. 

RRs variables pulsate in radial modes, and recent linear sta

bility analyses seem to agree well with observations for both 

normal and low masses. The reason for the difference in ampli

tude between RRs and 6 Set stars is not known. Non-linear in

vestigations may provide important information in the near 

future. The observed period ratios of RRs variables indicate 

for most of the double mode pulsators a slight deficiency in 

heavy elements and a normal mass; but more detailed investi

gations of this problem are needed. 
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1 . In t roduct ion 

Each group of va r i ab le s t a r s r a i s e s questions of two types to 
t h e o r e t i c i a n s : ( i ) Can we understand the observed l i g h t - and 
veloci ty-curves by means of pu lsa t ion theory? ( i i ) Where do 
these s t a r s f i t into s t e l l a r evolution theory, and i s there 
agreement on t h e i r p roper t i es inferred from pulsa t ion and from 
evolution theory? This comparison provides very important t e s t s 
of s t e l l a r evolution theory. 

The 6 Scuti s t a r s are va r i ab les ( i ) s i t ua t ed in the Gepheid in
s t a b i l i t y s t r i p in the HR diagram above the zero-age l i n e and 
below the RR Lyrae region ( i i ) which have r e l a t i v e l y small pul 
sa t ion amplitudes (Amv<0.3) , and ( i i i ) periods l e s s than 0.25 
days. All evidence, observat ional as well as t h e o r e t i c a l , seems 
to confirm the simplest poss ib le assumption: 6 Set s t a r s are 
Population I A or F s t a r s undergoing normal evolution in the 
main-sequence stage or in the she l l hydrogen burning phase im
mediately following the main-sequence s tage . 

RRs va r i ab les are d is t inguished from the 6 Set group by t h e i r 
l a rge r amplitudes (0.3<Amy < 0 . 8 ) , but in most other respects 
these two types of va r i ab les have very s imi la r p rope r t i e s . 
Para l lax determinations of the RRs va r i ab les AI Vel and SX Phe 
ind ica te tha t these s t a r s are placed below the Population I 
zero-age main-sequence (See e.g. Besse l l , 1969h; P i tch , 1970); 
and RRs s t a r s have often been suggested to be in a l a t e evolu
t ionary phase (Kippenhahn, 1965; McNamara, 1965; Besse l l ,1969b; 
Petersen and J0rgensen, 1972; Dziernbowski and Kozlowski, 1974; 
Percy, 1975). However the evidence, both observat ional and theo
r e t i c a l , for an i n t r i n s i c , evolutionary difference between 6 Set 
and RRs s t a r s i s r a the r weak (e .g . Baglin et a l . , 1 9 7 3 ; McNamara 
and Langford, 1974). At present i t seems poss ib le tha t these 
two groups of va r i ab l e s are i n t r i n s i c a l l y s i m i l a r , the only dif
ference being tha t a few of the RRs s t a r s belong to the old disk 
populat ion or even the halo populat ion of metal def ic ient s t a r s . 
We re tu rn to these problems in more d e t a i l l a t e r . 
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Also d e t a i l e d a n a l y s i s of t h e observed compl ica ted l i g h t - and 

v e l o c i t y curves seems t o r a i s e q u i t e d i f f e r e n t problems f o r 

6 Set and RRs v a r i a b l e s . S ince 8 Set and RRs s t a r s p o p u l a t e t h e 

lower p a r t of t h e Cepheid i n s t a b i l i t y s t r i p , we expect them t o 

o s c i l l a t e i n s imple r a d i a l modes e x c i t e d p r i m a r i l y in t h e second 

i o n i z a t i o n zone of he l ium, as o t h e r we l l -behaved Cepheids . A l 

ready Kippenhahn and Hoffmeis te r (Kippenhahn, 1965) found a weak 

i n s t a b i l i t y i n main-sequence models c o r r e s p o n d i n g to 8 Set s t a r s 

and a more pronounced one f o r low mass models which could be 

i n t e r p r e t e d as RRs v a r i a b l e s . More d e t a i l e d i n v e s t i g a t i o n s by 

Cas tor (1970) , C h e v a l i e r (1971) , Cox et a l . ( 1 9 7 3 ) , Dziembowski 

and Kozlowski (1974) , and Percy (1975) have confirmed t h e s e 

t h e o r e t i c a l r e s u l t s , which w i l l be d i s c u s s e d in more d e t a i l i n 

t h e f o l l o w i n g s e c t i o n s . 

However, t h e l i g h t - and v e l o c i t y - c u r v e s of 8 Set and RRs v a r i 

a b l e s m a n i f e s t l y do not look l i k e t h o s e of we l l -behaved c l a s s i 

c a l Cepheids or RR Lyrae v a r i a b l e s . I t has been p a r t i c u l a r l y 

d i f f i c u l t t o i n t e r p r e t d e t a i l e d o b s e r v a t i o n s of 6 Set s t a r s . 

At p r e s e n t i t i s not c l e a r whether 6 Set p u l s a t i o n s a r e b a s i 

c a l l y s imple r a d i a l o s c i l l a t i o n s or n o t . Dziembowski (1974) 

has shown t h a t a l s o n o n - r a d i a l modes a r e e x c i t e d i n 8 Set 

models , and perhaps t h e l i g h t - c u r v e s a r e more e a s i l y u n d e r 

s tood in te rms of n o n - r a d i a l o s c i l l a t i o n s . Also o t h e r compl i 

c a t i n g e f f e c t s may p lay a r o l e f o r 6 Set v a r i a b l e s ( F i t c h , 1970; 

Le Conte l e t a l . , 1974; Warner, 1974; P i t c h , t h i s volume) . 

B e s i d e s , t h e t h e o r e t i c i a n has to f a c e t h e problem of t h e p r e 

sence of n o n - v a r i a b l e s i n t h e 6 Set i n s t a b i l i t y s t r i p . Why a r e 

about 70 pe r cent of t h e s t a r s i n t h e observed i n s t a b i l i t y s t r i p 

cons t an t t o w i t h i n 0.01 mag? B a g l i n (1972) showed t h a t t h e c o r 

r e l a t i o n observed i n main-sequence s t a r s between p u l s a t i o n , 

m e t a l l i c i t y , and r o t a t i o n can be unde r s tood in terms of a com

p e t i t i o n between d i f f u s i o n p r o c e s s e s , t h a t t end t o s e p a r a t e 

t h e elements i n r a d i a t i v e r e g i o n s of s t a r s , and mixing due t o 

m e r i d i o n a l c i r c u l a t i o n . I n ve ry s lowly r o t a t i n g s t a r s wi th 

n e g l i g i b l e c i r c u l a t i o n , downwards d i f f u s i o n i n t h e outermost 

l a y e r s removes hel ium from t h e d r i v i n g He i o n i z a t i o n zone , 

whi le some " m e t a l s " t end t o move t o t h e s u r f a c e ( r a d i a t i v e 
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fo rce ) . Since the main exc i ta t ion mechanism can not operate in 
such Am s t a r s they wi l l not pu l sa te . In fas t r o t a t o r s , on the 
other hand, meridional c i r c u l a t i o n provides e f f ic ien t mixing. 
Thus fas t r o t a to r s are able to pu l sa t e , but not to develop metal-
l i c i sm. Breger (1972) suggested a more elaborate scheme for the 
proper t ies of s t a r s in the 6 Scuti region. The extensive non-
adiabat ic ca lcu la t ions by Cox et a l . (1973) have confirmed that 
a helium content of l e s s than about 10 per cent in the dr iving 
He ioniza t ion zone wi l l r e s u l t in pu l sa t iona l s t a b i l i t y ; and 
Vauclair et a l . (1974) have studied the change in time of the 
helium p ro f i l e of two typ ica l 6 Set envelope models by de ta i led 
computation of the diffusion process . The separat ion takes l e s s 
than 1 per cent of the main-sequence l i f e t ime, so non-rota t ing 
main-sequence s t a r s in the i n s t a b i l i t y s t r i p wi l l not pu l sa t e . 

Many RRs var iab les show amplitude modulations that can be under
stood as due to simultaneous exc i t a t ion of two r a d i a l modes. For 
7 RRs s t a r s P i tch (1970) gave two accurate per iods , and showed 
that in 6 cases the fundamental r ad i a l mode and the f i r s t over
tone i s exci ted, while 1 s t a r o s c i l l a t e s in the f i r s t and second 
over-tone. Theoret ical problems in connection with t h i s type of 
model behaviour has been g rea t ly c l a r i f i e d by the r e s u l t s of 
Stell ingwerf (1974, 1975b) who studied models of RR Lyrae s t a r s 
and double-mode Cepheids of periods 2-4 days. A s imi la r i n v e s t i 
gat ion of models in the lower part of the Cepheid i n s t a b i l i t y 
s t r i p wi l l probably provide valuable new information. 

At present the reason for the difference in pulsa t ion amplitudes 
between typ ica l 6 Set and RRs va r i ab les i s not understood. The 
proper t ies of these s t a r s seem to be very s imi la r , except tha t 
RRs s t a r s are slow r o t a t o r s , while the mean projected ro t a t i ona l 
v e l o c i t y ' i s about 90 km/s for low amplitude 6 Set s t a r s . Also, 
a small f r ac t ion of the RRs var iab les belong to the metal def i 
cient old disk populat ion, while 6 Set s t a r s seem to belong to 
young Population I . I t has been pointed out , however, tha t there 
i s a continuous v a r i a t i o n in p roper t i es from high amplitude 
(Amy -0.3) 6 Set s t a r s to the RRs va r i ab les of s imi lar ampli
tudes (Eggen, 1970; Baglin et a l . , 1973). And i t seems possible 
that the de l i ca t e balance between the complicated processes that 

https://doi.org/10.1017/S0252921100061972 Published online by Cambridge University Press

https://doi.org/10.1017/S0252921100061972


199 

tend to mix and those that separate the stellar matter in the 

very thin layers that excite or damp the oscillations, in some 

cases will produce a particularly strong excitation. 

In the following we first discuss the 6 Scuti group, emphasizing 

the problem of the excitation mechanism, and then the RRs type 

variables whose nature and evolutionary state have been widely 

debated. 

2. 6 Scuti Stars 

2.1 Evolutionary stage 

In order to discuss the s t ruc tu re and evolution of 6 Set s t a r s 
several authors have performed determinations of ef fect ive tem
pera ture , T , g rav i ty , g, luminosi ty, L or M, , , mass, M, and 
pulsa t ion constant , Q (cf. the review a r t i c l e by Baglin et a l . , 
1973). The s t e l l a r atmosphere parameters T and g can be ob
tained from photometric and spectrophotometric measurements 
(Bessel l , 1969a; Breger and Kuhi, 1970; Dickens and Penny,1971). 

When an independent absolute magnitude i s ava i lab le from t r i g o 
nometric pa ra l l ax or c l u s t e r membership, or the l i k e , an empi
r i c a l mass value and pu l sa t ion constant can be computed from 

logM/MQ= 12.502+log g -0 .4M l D o l -4 1ogTe (1) 

l ogQ Q b s = -6.454 + logn +0.5 1ogg +0.1 Mb o l + l o g T e (2) 

where II i s the period in days. Typical observat ional uncer ta in 
t i e s in favourable cases are A logT ^ 0.01 , A log g^ 0. 3, A M-bol^ 
0 .5 , and A log 11^ 0.04. (1 ) and (2) then give er ror estimates 
A logM/lQ^ 0.37 and A log Q = 0.16; i . e . present u n c e r t a i n t i e s in 
M and Q derived d i r e c t l y from photometric and spectroscopic s t e l 
l a r atmosphere parameters combined with luminos i t ies from p a r a l 
laxes e t c . are f ac to r s of at l e a s t 2.5 and 1.4 r e spec t ive ly . 
Hence, by such inves t iga t ions i t i s not poss ib le to decide whe
the r masses of 6 Set s t a r s are equal to the evolution masses, 
derived by comparison of t h e i r pos i t ion in the HR diagram with 
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s t a n d a r d e v o l u t i o n a r y t r a c k s f o r a t y p i c a l P o p u l a t i o n I compo

s i t i o n , or pe rhaps a f a c t o r 2 s m a l l e r . Nor can i t be dec ided 

which mode i s e x c i t e d , because t h e d i f f e r e n c e between s u c c e s 

s i v e modes i s a t most 25 p e r c e n t . However, t h e masses and p u l 

s a t i o n c o n s t a n t s de te rmined in t h i s way by Brege r and Kuhi 

(1970) and Dickens and Penny (1971) a r e i n .agreement wi th ( t h e 

evo lu t iona ry ) masses M = 1.5 - 2 .5 % (cf . F i g . 1 ) and p u l s a t i o n in 

t h e fundamental mode o r an o v e r - t o n e of low o r d e r . 

I f we r e l y on t h e assumpt ion t h a t 6 Set s t a r s a r e P o p u l a t i o n I 

s t a r s of normal t ype unde rgo ing s t a n d a r d e v o l u t i o n , we can u s e 

s t a n d a r d c a l i b r a t i o n s of e . g . uvby, P photometry t o d e r i v e M, 

a n d l o g g t o a h i g h e r accuracy t h a n j u s t ment ioned (St romgren, 

1966; Crawford, 1970; P e t e r s e n and J 0 r g e n s en, 1972; B r e g e r , 1972, 

1974, 1975a) . E s t i m a t i n g A M b o l ^ 0 . 2 , A l o g g ^ O . 1 , A l o g T ^ 0 . 0 1 , 

and A l o g n ^ 0 . 0 4 we now f i n d A logM/Mg QfO. 1 2 and A l o g Q ^ 0 . 0 7 . 

Thus i n f a v o u r a b l e c a s e s i t may be p o s s i b l e t o d i s t i n g u i s h p u l 

s a t i o n in t h e fundamental mode from o v e r - t o n e p u l s a t i o n s . The 

r e s u l t s by Breger (1972, 1975a) and P e t e r s e n a n d j 0 r g e n s e n (1972) 

i n d i c a t e t h a t bo th fundamenta l mode and o v e r - t o n e o s c i l l a t i o n s 

occur among 6 S c u t i s t a r s . Masses found i n such i n v e s t i g a t i o n s 

a r e M = 1 . 5 - 2 . 5 MQ as expec ted . 

Table 1. Ages f o r P o p u l a t i o n I s t a r s of compos i t i on (X,Z) = 

( 0 . 7 0 , 0 . 0 3 ) i n t h e i n s t a b i l i t y s t r i p i n t h e main-sequence o r 

e a r l y p o s t main-sequence p h a s e s . Min. (max.) r e f e r s t o t h e l e f t 

( r i g h t ) endpoin t of t h e r e l e v a n t s e c t i o n of t h e e v o l u t i o n a r y 

t r a c k (c f . P i g . 1 ) . The f a s t hydrogen e x h a u s t i o n phase has been 

n e g l e c t e d . 

M / % 

1.6 

1.8 

2 . 0 

2 .5 

Main-sequence 

bo l 

2 .6 

2 . 0 

1.5 

Age ( u n i t : 10 6 y) 

Min. 

0 

0 

495 

Max. 

580 

1020 

728 

P o s t main-sequence 

bol 

1.6 

1.1 

0 . 3 

Age ( u n i t : 106y) 

Min. 

1030 

743 

430 

Max. 

1130 

817 

434 
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Thus 6 Set s t a r s seem to oe Population I , young disk s t a r s 
evolving through the i n s t a b i l i t y s t r i p in the main-sequence 
phase or in the much f a s t e r she l l hydrogen "burning phase imme
dia te ly following the main-sequence. From age ca l i b r a t i ons 
(Hejlesen, 1975) t h e i r age and the time in te rva l they spend in 
the i n s t a b i l i t y s t r i p can be estimated. A few -typical data for 
(X,Z)= (0.70,0.03) are given in Table 1. 

2.2 Exci ta t ion Mechanism, Mult iple P e r i o d i c i t i e s 

Linear s t a b i l i t y inves t iga t ions of 6 Scut i models by Kippenhahn 
and Hoffmeister (Kippenhahn, 1965), Castor (1970), Chevalier 
(1971), Cox et a l . (1973), Pamjatnikh (1974), Dziembowski (1974, 
1975), and Stell ingwerf (1975c) have shown tha t ins ide the ob
served i n s t a b i l i t y s t r i p models tha t have the standard helium 
content Y^0 .30 are uns table in the fundamental mode and the 
f i r s t few over-xones. Cox et a l . inves t iga ted the pos i t ion of 
the fundamental and the f i r s t over-tone blue edges for several 
compositions, varying Y from 0.37 to 0.00. Their r e s u l t s are 
shown in F i g . 1 . For Y = 0.28 the ca lcula ted blue edge for the 
second over-tone agrees well with the observed high temperature 
boundary of the i n s t a b i l i t y s t r i p . For higher Y the ca lcu la ted 
blue edges become h o t t e r , while for Y = 0 no i n s t a b i l i t y i s found 
in the observed s t r i p . Of course, t h i s type of v a r i a t i o n with Y 
i s to be expected, s ince the second ion iza t ion zone of helium 
provides the dr iv ing of the o s c i l l a t i o n s . 

From the r e s u l t s jus t mentioned one should expect a l l s t a r s of 
standard Population I composition in the i n s t a b i l i t y s t r i p to 
o s c i l l a t e . Therefore the main problem has been how to explain 
the fact tha t about 70 per cent of the s t a r s in the s t r i p are 
observed to be constant to within 0.01 mag. In Section 1 we out
l ined the theory of Baglin (1972), who showed that the observed 
cor re la t ion between pu l sa t ion , r o t a t i o n , and metal l ic ism for 
main-sequence s t a r s can be explained very s a t i s f a c t o r i l y as the 
resu l t of a competition between diffusion and mixing processes . 
Stars with well-mixed outer l aye r s are pu l sa t iona l ly uns t ab le , 
while s t a r s containing outer zones where the separa t ion proces
ses have succeeded in removing p r a c t i c a l l y a l l helium from the 
main dr iving layers become s t ab l e and tend to develop metal l ic ism. 

https://doi.org/10.1017/S0252921100061972 Published online by Cambridge University Press

https://doi.org/10.1017/S0252921100061972


202 

T T — | — i — i — i — i — i — i — i — i — r 

3.95 3.90 3.85 

L°9 Te 

F i g . 1 . Theoret ical blue edges for Population I (Z = 0.02) models 
of M=1.5 and 2 . 0 % as given by Cox et a l . (1973). Ful l l i n e s 
mark the edges for helium content Y = 0.18. The observed bound
a r i e s of the 8 Set i n s t a b i l i t y s t r i p are indicated (dashed 
l i n e s ) . Ful l curves show ZAMS and standard evolutionary t racks 
for (X,Z) = (0.70,0.03) and logM/% = 0.1 5 ,0 .20,0.25 ,0 . 30, given 
by Hejlesen (1975). 

Recently, Vauclair et a l . (1974) have performed de ta i l ed compu
t a t i o n s of the diffusion of helium in the outermost l ayers of 
Population I models of 1.5 and 2 . 0 % . They took the changes in 
the s t r u c t u r e of the models due to the helium diffusion i t s e l f 
into account, assuming tha t the two convective zones are l inked 
by overshooting. Their r e s u l t for the 1.5%model i s tha t the 
helium content in the He ion i sa t ion zone i s reduced from Y = 0.28 
to 0.10 in a time sca le of 1.5 X10 yea r s . Since t h i s i s l e s s 
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than 1$ of the nuclear time scale for such main-sequence s t a r s , 
the diffusion processes in a r ea l s t a r wi l l have proceeded much 
fur ther . Thus such s t a r s w i l l appear s t ab l e , provided tha t no 
mixing occurs. 

Although t h i s simple theory for the co r re l a t ion of pu l sa t ion , 
m e t a l l i c i t y , and ro t a t i on cor rec t ly descr ibes the p rope r t i e s of 
most main-sequence s t a r s , a de ta i led discussion r a i s e s several 
d i f f i c u l t problems (Breger, 1972). The r e l a t i o n s between ro ta 
t ion , mixing, and v a r i a b i l i t y are discussed in more d e t a i l by 
A. Baglin in the next paper of the present volume. 

Further i t i s not known if the mixing/separat ion hypothesis can 
explain the presence in the 8 Scuti region above xhe main-sequen
ce of r e l a t i v e l y high amplitude v a r i a b l e s , tha t a l l show slow 
ro t a t i on , together with non-variables tha t are often fas t r o t a 
t o r s . Clearly fur ther t h e o r e t i c a l s tudies of these complicated 
e f fec t s , also including r o t a t i o n , are urgent . But i t i s well 
known that i t i s at present almost impossible to include r o t a 
t i on with meridional c i r c u l a t i o n in standard computations of 
s t e l l a r evolution. Mixing and separa t ion processes are also of 
great i n t e r e s t in connection with two outstanding and u n t i l now 
unsolved problems in the standard theory of s t e l l a r evolution: 
The so la r neutr ino problem and the problem of the isochrones 
above the gap in the upper main-sequence in ga l ac t i c c l u s t e r s 
containing evolved s t a r s of mass 1 .5MQ or more (Maeder, 1974). 
Perhaps the assumption of t o t a l l y unmixed evolution in r a d i a t i v e 
regions also in long t ime-scales i s doubtful in several cases , 
and c lea r ly much more de ta i l ed s tudies of mixing and separa t ion 
processes should be included in many ca lcu la t ions of s t e l l a r 
evolution. 

Compared with other types of va r i ab le s typ ica l 6 Set s t a r s have 
very small amplitudes. This seems reasonable in view of the weak 
exc i ta t ion (Chevalier, 1971; Dziembowski, 1974). However, the 
growth-times, although long compared to those of other Cepheid 
va r i ab l e s , are short compared to the main-sequence l i f e - t i m e . 
Non-linear inves t iga t ions are needed to s e t t l e the question of 
the expected l i m i t i n g amplitudes. But the i n i t i a l value method 
(e .g . Chris ty, 1966) can not be applied successful ly to 6 Set 
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models. At present i t i s not known whether the small amplitudes 
are in agreement with the assumption of exc i ta t ion of r ad ia l 
o s c i l l a t i o n s by the x.-mechanism. We re tu rn to these problems in 
more d e t a i l in the discussion of RRs s t a r s . 

Osc i l l a t ions in non-radial modes would probably always resu l t 
in small amplitudes, and are in t h i s respect an a t t r a c t i v e ex
planat ion for the group of low amplitude va r i ab l e s . Dziembowski 
(1974) showed that main-sequence s t a r s that are unstable against 
r a d i a l modes are also unstable against many non-radial modes 
with s imi la r growth r a t e s . Dziembowski suggested simultaneous 
exc i t a t ion of many non-radial modes in 8 Set s t a r s . 

Other explanations of the observed complicated l i g h t - and ve lo
c i ty-curves have also been offered. Fi tch (1970) suggested that 
the complex va r i a t i ons observed in individual cases are due to 
one or more of the mechanisms: (a) t i d a l modulation of the basic 
pu lsa t ion by a fa in t companion in a binary o r b i t , (b) modula
t i on of the primary pu lsa t ion by magnetic coupling with a com
panion, (c) exc i t a t ion of one or more non-radial modes by ro t a 
t i o n a l coupling with the i n t r i n s i c r ad ia l pu lsa t ion , (d) compo
s i t e v a r i a t i o n due to a binary pa i r of i n t r i n s i c v a r i a b l e s , (e) 
simultaneous exc i ta t ion of two successive r ad i a l pulsa t ion modes 
in the same s t a r . Le Contel et a l . (1974) suggested tha t non
l i n e a r atmospheric effects play a r o l e . 

How can we decide whether the basic pulsa t ion i s r ad i a l or non-
r a d i a l , or which complications are present in individual cases? 
The f i r s t problem can presumably be handled t heo re t i ca l l y in a 
few yea r s , while the second one seems more d i f f i c u l t . At present 
comparison of several frequencies in the observed complicated 
l igh t -cu rves with the frequency spectrum calcula ted t h e o r e t i c a l 
ly for the above mentioned mechanisms, seems to be the only po
t e n t i a l l y powerful p o s s i b i l i t y . When more frequencies are known 
in a s t a r , t h e i r r a t i o s and differences can be compared with 
ca lcula ted ones, and sometimes a c lear decision may be poss ib le . 
If , for ins tance , two r a d i a l modes are simultaneously excited 
in a Population I s t a r , the period r a t i o s wi l l be II../II =0.75 
to 0.76, n2 /n1 ^ 0 . 8 0 e tc . (Petersen and Jargensen, 1972), while 
non-radial modes give other well defined period r a t i o s (Ledoux, 
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1974; Dziembowski, 1974; see below). Another example i s the 
equal frequency s p l i t found in the analys is of 1 Mon "by Shob-
brook and Stobie (1974), which was in te rp re ted by Warner (1974) 
as a non-radial pulsa t ion involving a r o t a t i ona l per turba t ion . 
Today very few low amplitude va r i ab le s have unambiguously de te r 
mined multiple p e r i o d i c i t i e s (Pi tch and Szeidl , 1975), and theo
r e t i c a l inves t iga t ions of complicated systems have jus t begun. 

Cox (1974) has pointed out tha t Cas tor ' s r e s u l t s (Castor, 1970) 
of l inea r ized ca lcu la t ions of r a d i a l pulsa t ions of 6 Set models 
may pose a d i f f i c u l t y . Castor found tha t e-folding times for 
amplitude changes are much smaller for the t h i r d and four th 
over-tone than for the low order modes, and s imi la r r e s u l t s 
have been obtained by Dziembowski (1974) and Stel l ingwerf(1975c). 
This indica tes (but does not prove - non- l inear ca lcu la t ions are 
necessary to solve the problem) tha t 6 Set s t a r s according to 
pulsa t ion theory should o s c i l l a t e with the corresponding small 
per iods. However, the observations seem to agree best with fun
damental or low order over-tone pu l sa t ions . Also the e-folding 
times of non-radial p-modes for two 1.75 MU main-sequence models 
given by Dziembowski (1974) show t h i s unexpected dependence on 
the order of the p-modes. 

If 8 Set s t a r s o s c i l l a t e in such high order modes t h e i r frequen
cy spectrum i s expected to be complicated. Table 2 gives theore
t i c a l l y calcula ted period r a t i o s for r a d i a l modes alone, non-
rad ia l modes alone, and for simultaneously excited r a d i a l and 
non-radial p-modes. The period r a t i o s given for r a d i a l modes are 
va l id to an accuracy of about 1$ for a l l Population I va r i ab le s 
of evolutionary masses in the lower Cepheid i n s t a b i l i t y s t r i p . 
Radial periods depend l i t t l e on the de ta i led in t e rna l s t ruc tu re 
of the model, because the o s c i l l a t i o n amplitudes are very small 
below r e l a t i v e radius about 0 .5 . Only very near ZAMS, where few 
var iab les are s i t ua t ed , an increase of 2 - 4 $ in the Q values for 
r ad ia l modes occur, due to the increasing importance of the cen
t r a l region (j0rgensen and Petersen, 1974). Here the r a t i o s of 
over-tone to fundamental mode periods are up to 3$ higher than 
those given in the t a b l e . 

https://doi.org/10.1017/S0252921100061972 Published online by Cambridge University Press

https://doi.org/10.1017/S0252921100061972


2o6 

Table 2. Theoret ical ly determined period r a t i o s for 

r a d i a l o s c i l l a t i o n s and non-radial p-modes 

(with 1 = 4 ) of 6 Set models. 

R a d i a l modes 

Order 

0 

1 

2 

3 

4 

5 

Q X 10 4 

333 

252 

203 

170 

146 

128 

Rad ia l modes of o r d e r 

0 

1.000 

0.757 

0 .610 

0.511 

0.438 

0.384 

1 

1.000 

0.806 

0.675 

0.579 

0.508 

2 

1.000 

0.837 

0.719 

0.631 

3 

1.000 

0.859 

0.752 

4 

1 .000 

0.877 

Model 

ZAMS 

Xc=0.08 

N o n - r a d i a l 
p-modes 

Order 

1 

2 

3 

4 

5 

1 

2 

3 

4 

Q X 10 4 

240 

194 

161 

137 

120 

214 
196 
161 
138 

N o n - r a d i a l 
p - modes of o r d e r 

1 

1.000 

0.807 

0 .670 

0.573 

0.501 

1.000 

0.916 

0.752 

0.644 

2 

1.000 

0 .830 

0 .710 

0.621 

1 .000 

0.822 

0.794 

3 

1.000 

C.856 

0.749 

1.000 

0.857 

4 

1.000 

0.875 

1.000 
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Table 2 ( c o n t i n u e d ) 

N o n - r a d i a l Rad i a l modes of o r d e r and Q x 10 

Model p-modes 0 1 2 3 4 5 

Order Q x l O 4 333 252 207 174 149 130 

ZAMS 1 240 0.719 0 .950 1.157 1.374 1.607 1.845 

2 194 0.581 0.767 0.934 1.109 1.297 1.490 

3 161 0.482 0.637 0.775 0.920 1.076 1.236 

4 137 0.412 0.545 0 .663 0.787 0.921 1.058 

5 120 0.361 0.477 0 .580 0.689 0.806 0.925 

X c=0.08 1 214 0.643 0 .850 1.034 1.228 1.436 1.650 

2 196 0.589 0.778 0.947 1.124 1.315 1.510 

3 161 0.484 0.639 0.778 0.924 1.080 1.241 

4 138 0.414 0.548 0.666 0.791 0.925 1.063 

The f requency spect rum f o r n o n - r a d i a l modes i s much more compl i 

c a t e d . F i r s t l y , n o n - r a d i a l p e r i o d s depend s i g n i f i c a n t l y on t h e 

d e t a i l e d i n t e r n a l s t r u c t u r e of t h e mode ls , due t o t h e r e l a t i v e l y 

h igh ampl i tude i n t h e c e n t r a l r e g i o n f o r n o n - r a d i a l modes. 

Secondly , t h e v a l u e of t h e 1 pa rame te r of t h e chosen s p h e r i c a l 

harmonic i s i m p o r t a n t . And f i n a l l y t h e n o n - r a d i a l spect rum i n 

c ludes b e s i d e s t h e p-modes a l s o t h e f-mode and t h e g-modes. 

Dziembowski1s growth r a t e s i n d i c a t e t h a t i t i s r e a s o n a b l e t o 

c o n c e n t r a t e on p-modes of o r d e r l e s s t h a n about 4 , and t h e o b 

se rved 6 Set p e r i o d s a l s o co r re spond t o such o s c i l l a t i o n s . I f 

we f u r t h e r r e s t r i c t o u r s e l v e s t o f a i r l y sma l l 1 ( 1 ^ 4 ) and t o 

main-sequence models , r a t h e r w e l l de f ined p e r i o d p a t t e r n s r e 

s u l t . The Q v a l u e s and p e r i o d r a t i o s of Tab le 2 a r e based upon 

t h e frequencies g i v e n by Dziembowski (1974) f o r two main-eequence 

models of 1 . 7 5 M Q , a z e r o - a g e model (ZAMS) and a model evolved 

15 Astronomical I. 
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to cen t ra l hydrogen content equal to 0.08 (X = 0 . 0 8 ) . Dziembow-
sk i (1975) repor ts work in progress for post main-sequence 
models. 

3. RRs Variables 

3.1 Evolutionary stage 
The nature of RRs va r i ab les has been widely debated. We f i r s t 
review the following p o s s i b i l i t i e s : RRs s t a r s are (a) as 6 Set 
s t a r s main-sequence or immediately post main-sequence s t a r s , 
(b) pos t - red-g ian t s t a r s of mass M ^ 0 . 5 1 Q probably belonging 
to intermediate Population I I , (c) s t a r s of mass M = 0.20 - 0 . 2 5 1 Q 

perhaps formed in l a t e s tages of the evolution of close double 
s t a r systems now cont rac t ing towards the white dwarf region, 
(d) blue s t r a g g l e r s , (e) ( s imi la r to) RR Lyrae s t a r s of Popu
l a t i o n I ; and then discuss ( a ) , which at present seems to be 
most popular, in more d e t a i l . 

(a) Eggen (1970) concluded tha t " the re appears to be no obvious 
argument against the view tha t most of the u l t r a sho r t -pe r iod 
v a r i a b l e s , regard less of amplitude, are s t a r s of M=1.5to2.5MQ 
in the she l l hydrogen-burning s tage of t h e i r evolution. Their 
presence as l a t e evolvers in the old disk populat ion, l i k e that 
of other blue s t r a g g l e r s , s t i l l needs explanation, but i t seems 
unl ike ly tha t they represent advanced evolution of lower mass 
s t a r s " . Chevalier (1972) also concluded tha t there i s no com
pe l l i ng need to suppose tha t RRs va r i ab les d i f fe r bas ica l ly 
from 6 Set s t a r s , emphasizing the weakness of the arguments for 
(1) l a rge space motions corresponding to intermediate Popula
t i o n I I , (2) masses about M = 0 . 5 % or smaller , and (3) a low 
metal content (Z<0.005) inferred from period r a t i o s (See (b) 
below). Recently Bessel l (1974) found no c l ea r d i s t i n c t i o n be
tween RRs s t a r s and 5 Set s t a r s on the bas is of measured abund
ance, g rav i ty and temperature; and from s imi la r information de
r ived from intermediate band photometry for 9 RRs s t a r s McNamara 
and Langford (1974) concluded tha t RRs s t a r s are post main-
sequence s t a r s tha t have not yet entered the red-giant s tage . 
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nometric pa ra l l ax or c l u s t e r membership, or the l i k e , an empi
r i c a l mass value and pu l sa t ion constant can be computed from 

logM/MQ= 12.502+log g -0 .4M l D o l -4 1ogTe (1) 

l ogQ Q b s = -6.454 + logn +0.5 1ogg +0.1 Mb o l + l o g T e (2) 

where II i s the period in days. Typical observat ional uncer ta in 
t i e s in favourable cases are A logT ^ 0.01 , A log g^ 0. 3, A M-bol^ 
0 .5 , and A log 11^ 0.04. (1 ) and (2) then give er ror estimates 
A logM/lQ^ 0.37 and A log Q = 0.16; i . e . present u n c e r t a i n t i e s in 
M and Q derived d i r e c t l y from photometric and spectroscopic s t e l 
l a r atmosphere parameters combined with luminos i t ies from p a r a l 
laxes e t c . are f ac to r s of at l e a s t 2.5 and 1.4 r e spec t ive ly . 
Hence, by such inves t iga t ions i t i s not poss ib le to decide whe
the r masses of 6 Set s t a r s are equal to the evolution masses, 
derived by comparison of t h e i r pos i t ion in the HR diagram with 
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e stellar matter in the 

 the oscillations, in some 

g excitation. 

e 6 Scuti group, emphasizing 

, and then the RRs type 

y state have been widely 

d evolution of 6 Set s t a r s 
several authors have performed determinations of ef fect ive tem
pera ture , T , g rav i ty , g, luminosi ty, L or M, , , mass, M, and 
pulsa t ion constant , Q (cf. the review a r t i c l e by Baglin et a l . , 
1973). The s t e l l a r atmosphere parameters T and g can be ob
tained from photometric and spectrophotometric measurements 
(Bessel l , 1969a; Breger and Kuhi, 1970; Dickens and Penny,1971). 

When an independent absolute magnitude i s ava i lab le from t r i g o 
nometric pa ra l l ax or c l u s t e r membership, or the l i k e , an empi
r i c a l mass value and pu l sa t ion constant can be computed from 

logM/MQ= 12.502+log g -0 .4M l D o l -4 1ogTe (1) 

l ogQ Q b s = -6.454 + logn +0.5 1ogg +0.1 Mb o l + l o g T e (2) 

where II i s the period in days. Typical observat ional uncer ta in 
t i e s in favourable cases are A logT ^ 0.01 , A log g^ 0. 3, A M-bol^ 
0 .5 , and A log 11^ 0.04. (1 ) and (2) then give er ror estimates 
A logM/lQ^ 0.37 and A log Q = 0.16; i . e . present u n c e r t a i n t i e s in 
M and Q derived d i r e c t l y from photometric and spectroscopic s t e l 
l a r atmosphere parameters combined with luminos i t ies from p a r a l 
laxes e t c . are f ac to r s of at l e a s t 2.5 and 1.4 r e spec t ive ly . 
Hence, by such inves t iga t ions i t i s not poss ib le to decide whe
the r masses of 6 Set s t a r s are equal to the evolution masses, 
derived by comparison of t h e i r pos i t ion in the HR diagram with 
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(b) Kippenhahn (1965) discussed the s t a b i l i t y of a model of 0.4 
so lar mass on the main-sequence and found 100 times more exci
t a t i o n than in models of normal mass ( ^ 1 . 5 1 0 ) . He concluded 
that such models could correspond to RRs v a r i a b l e s , and that 
these s t a r s must be evolved s t a r s which have l o s t most of t h e i r 
mass. McNamara (1965) inves t iga ted the pos i t ion of RRs s t a r s in 
the HR diagram and suggested tha t they are descendants of red-
giant s t a r s of Population I , evolving from the r igh t to the l e f t 
through the i n s t a b i l i t y s t r i p . Besse l l (1969b) found from space 
motions and abundances tha t RRs s t a r s are old disk s t a r s i n t e r 
mediate between young disk Population I and old disk Population 
I I . He also derived low masses and suggested mass-loss and per
haps mixing. These views were supported by Petersen and J0rgen-
sen (1972), who found tha t the observed period r a t i o s for RRs 
var iab les ind ica te a considerable deficiency in heavy elements 
(Z< 0.005) r e l a t i v e to the sun. Percy (1975) based h i s l i n e a r 
s t a b i l i t y analys is for. RRs s t a r s on models of mass M = 0 . 5 M Q . 

The derived blue edges of the i n s t a b i l i t y s t r i p (for a helium 
content Y = 0.28; see below) agree well with the observed edge. 
Percy determined the pos i t ion of the va r i ab les in the HR diagram 

from a T - < B - V > c a l i b r a t i o n and the formula e 

0.3 MbQl = log Q/n - 0. 5 logM/% - 3 l o g T e + 12.70 (3) 

using the observed per iods , the t h e o r e t i c a l l y well determined 
pulsa t ion cons tan ts , and the assumed mass M = 0 . 5 M Q . Comparing 
Percy ' s r e s u l t s with the observed red boundary of the i n s t a b i 
l i t y s t r i p as given by Breger (1972), i t i s seen tha t about half 
of the va r i ab les are s i t u a t e d to the r igh t of the s t r i p (by up 
to A log T = 0 . 0 3 ) . This may be due to (1) tha t the red boundary 
of the i n s t a b i l i t y s t r i p has lower T for lower masses, (2) sys 
tematic e r rors in the temperature c a l i b r a t i o n , or (3) tha t the 
assumption of a low mass i s wrong. I t i s not poss ib le today to 
decide whether (1) or (2) or (3) i s co r rec t . (1) can not be i n 
ves t iga ted successful ly , because i t i s not yet poss ib le to take 
convection intq, account properly in pu l sa t ion ana lys i s . An un
cer ta in ty , A logT =0.03 i s not much more than expected, but we 
note that an assumed mass of 2 MQ gives a higher luminosity 

1 5 * 1. 
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(AM, , = -1 ) , bringing the var iab les ins ide the ins tabi l i ty-
s t r i p defined by 6 Set s t a r s . 

(c) Comparing r e s u l t s of l i n e a r non-adiabat ic pu l sa t ion analys is 
of f u l l s t e l l a r models of mass M = 0.20 - 0.25 % with observat io
nal data for REs v a r i a b l e s , Dziembowski and Kozlowski (1974) 
concluded tha t such very low mass models are p laus ib le for RRs 
s t a r s . The models have a degenerate helium core and a hydrogen-
burning s h e l l , and represent pre-white-dwarf evolution. Such 
objects may o r ig ina te by mass exchange in close binary systems 
or possibly by mass l o s s from s ingle s t a r s . Since i t seems r a 
the r unl ike ly tha t a l l RRs va r i ab les are members of close bina
r i e s , Dziembowski and Kozlowski prefer the l a s t p o s s i b i l i t y . The 
blue edges for these very low masses agree well with those de
rived by Percy for M = O.5M0 and those based on evolutionary 
masses (see below). But the pos i t ion in the HR diagram based on 
M = 0.2KU gives r i s e to the same problems as those jus t described 
for models of M = 0.5MU. The approach of Dziembowski and Kozlow
sk i seems to be the only a l t e r n a t i v e to the simple p o s s i b i l i t y 
(a) which can produce RRs models tha t are not in obvious con
f l i c t with the present ly accepted theory of s t e l l a r evolution. 

(d) Eggen (1970, 1971) suggested tha t some u l t r a sho r t -pe r iod 
Cepheids (RRs) are blue s t r a g g l e r s of the old disk populat ion, 
while SX Phe, having extreme space motion and metal deficiency, 
could be s imi la r to the blue s t r a g g l e r s of the halo population. 
The evolutionary s t a t u s of the blue s t r agg l e r s i s not known. 
Such s t a r s may be formed in binary systems with mass exchange 
(McCrea, 1964; Refsdal and Weigert, 1969; Refsdal et a l . , 1974) 
or by mixing (Rood, 1970; Petersen , 1972). 

(e) RRs s t a r s are separated from the c_type RR Lyrae. va r iab les 
by t h e i r (1) lower per iods , (2) smaller amplitudes, and (3) often 
more i r r e g u l a r l i g h t - c u r v e s . With very few exceptions a l l Ce
pheids having n < 0 . 2 5 days are found to be RRs s t a r s . Although 
the RRc and RRs groups are well separated, i t seems tha t the RRs 
s t a r s of 11=0 .20-0 .24 days have luminos i t i es M , , ^ 1 and also 
other p rope r t i e s very s imi la r to the RR Lyrae group. I t i s t h e r e 
fore na tu ra l to suspect a close r e l a t i o n s h i p between these groups. 
Kippenhahn (1965) noted tha t RRs s t a r s may be some kind of RR 
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Lyrae s t a r s for Population I , and Breger (1969) suggested tha t 
RRs s t a r s correspond to the RR Lyrae s t a r s in the sense tha t 
they are s imi la r evolved low-mass s t a r s . McNamara (1974) suspec
ted the strong l i n e RR Lyrae s t a r s to be an extension of the 
RRs group. 

Prom the point of view of s t e l l a r evolution theory the i n t e r e s t 
ing point here i s whether (some) RRs s t a r s , as the RR Lyrae 
group, are in an evolutionary phase following the red-giant 
phase and the helium f l a sh , or not . Such RRs s t a r s would be 
bas i ca l ly d i f ferent from 6 Set s t a r s . However, present know
ledge of helium-burning s t e l l a r models seems to requi re tha t 
a l l helium-burning s t a r s must have a helium core of mass MQ^ 
0 . 5 % and an absolute magnitude M, , < 1 . RRs s t a r s with M, , = 
1 - 4 probably can not have the same s t r u c t u r e as RR Lyrae s t a r s . 
We conclude tha t the s i m i l a r i t y in p roper t i es of RRs and RRc 
var iab les seems to be fo r tu i tous from t h i s point of view; s t e l 
l a r evolution theory does not predic t a cont inuat ion of the RRc 
group to lower luminos i t ies and smaller per iods . But the s imi la 
r i t y can probably be understood from pulsa t ion theory. 

I s the simple assumption tha t RRs s t a r s are main-sequence or 
early post main-sequence s t a r s evolving according to standard 
evolution theory in agreement with present observat ional data? 
I t i s well known tha t SX Phe presents a problem, because the 
luminosity derived from the reasonably r e l i a b l e t r igonometric 
para l lax indica tes a pos i t ion in the HR diagram fa r below the 
ZAMS. The effect ive temperature of SX Phe has been given logT = 
3.876 ±6 by Bessel l (1969b), l o g T e = 3.895 ± 5 by Jones (1973) 
using a temperature c a l i b r a t i o n of h i s P.. index, and log T = 
3.880 by Percy (1975). We adopt log Te= 3.88 ±0.01 , and follow
ing the discussion of P i tch (1970) we take M^ l = 4.0 •[ *Q"Z • In 
Fig.2 the error box for SX Phe i s compared with r e s u l t s of s t e l 
l a r evolution ca lcu la t ions for hydrogen content X=0 .70 , by Hej-
lesen (1975). I t i s seen tha t the masses (and ages) poss ib le for 
SX Phe depend very much on the content of heavy elements, Z, a s 
sumed for the s t a r . A standard Population I composition i s not 
allowed, while a so la r composition, ZQ=0.017 , and more metal 
def ic ient compositions are poss ib le . Table 3 gives the mass and 
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Pig .2 . Comparison of the observed pos i t ion of SX Phe in the HR 
diagram (see t e x t ) with r e s u l t s of s t e l l a r evolution ca lcu la t ions 
by Hejlesen (1975) for hydrogen content X=0.70 and a l a rge in 
t e r v a l in content of heavier elements Z. Zero-age main-sequences 
are given for 4 Z values; numbers at tached to the curves give 
logM/MQ. A few evolutionary t racks Bnd the cool boundary of the 
i n s t a b i l i t y s t r i p extended towards smaller luminosi t ies are also 
shown. 

Table 3. Mass and age for SX Phe 

z 

0.03 
0.01 
0.004 
0.0004 

Deficiency fac tor 

Vz 

0.6 

1.7 

4 

40 

Mass 
(unit : MQ) 

-
1.2 

1.1 

0 .9-1.0 

Maximum age 
(uni t :109y) 

-

1.5 

3 
7 
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the maximum age for models in the uncertainty box for a large Z 

interval. We note that only models of X=0.70 have been con

sidered here, but there is no evidence for large deviations from 

this hydrogen content among main-sequence stars. 

The observed value of Preston's AS indicates a very small Z, and 

Bessell (1969b) found the Pe abundance of SX Phe to be less than 

in 11 lep by at least a factor of 4. Assuming 11 Lep to have solar 

abundance this gives a deficiency factor of more than 4, which 

agrees well with the discussion of Jones (1973). Recently Jargen-

sen (1975) found a metal deficiency relative to the Hyades about 

a factor of 10 from uvbyP photometry. Since this agrees with 

Bessell's result, we trust in the following a deficiency factor 

4 relative to the sun, i.e. Z= 0.004 for SX Phe. Table 3 then 

provides a mass M= 1 .1 MQ and a maximum age 3 x 1 0^ years. We note 

that the absolute magnitude for SX Phe given by Percy (1975), 

when corrected to M=1.1 MQ, becomes M, -,=2.8, which corresponds 

to a position 0.3 mag above the upper boundary of the box of 

Fig.2 and gives an age 3 x 1 o9 years. Eggen (1971) found M„=3.1, 

assuming SX Phe to be a member of Kapteyn's star group. Thus it 

seems possible to understand the most extreme star in the RRs 

group in terms of standard evolution theory. 

In Table 4 the characteristics of SX Phe for the assumptions 

(a), (b), and (c) are given. Identifying the primary period 

0.05496 days with the fundamental mode and using Q =0.032 days, 

the pulsation criterion gives the mean density. Using the as

sumed mass, radius and gravity follow. And Eq.(3) gives M^ to 

an accuracy better than about 0.15 mag, as log T =3.88 ±0.01. 

Table 4. Three possibilities for the nature of SX Phe. 

P o s s i b i l i t y 

( a ) 

(b) 

( c ) 

M/% 

1 .10 
0.50 
0.25 

R/% 

1.48 

1 .14 
0.90 

log g 

4.14 
4.03 
3.93 

Mbol 

2.70 

3.27 
3.77 
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An observational distinction between these possibilities re

quires determinations of log g to an accuracy better than 0.1 

or M, , better than 0.5 mag. (a) is slightly favoured by the 

observed period ratio (see below), while (b) is suggested from 

the investigation by J0rgensen (1975) in this volume, and (c) 

agrees well with many observational data. A similar table for 

AI vel shows that only a very small mass*0.2 MQ can explain the 

observed gravities and absolute magnitudes. Then, however, it 

seems impossible to identify the observed period ratio, 0.773, 

with n /il . 

3.2 Excitation Mechanism. Period Ratios 

RRs variables clearly oscillate in radial modes as classical Ce-

pheids and RR Lyrae stars, but they have often complicated light-

curves due to simultaneous excitation of two or more modes. We 

have already mentioned the extensive stability analysis for 

models of normal masses M =• 1. 5 - 2 . 0 % (Cox et al., 1973), mo

dels of 0 . 5 % (Percy, 1975) and models of M = 0.20 - 0. 25 % 

(Dziembowski and Kozlowski, 1974). In Pig.3 the blue edges of 

the instability strip derived in these investigations for typi

cal Population I compositions (Z = 0. 02 - 0.03, Y= 0.27-0.28) 

are compared. The blue edges of the high mass models are situ

ated at slightly higher temperatures (for same luminosity) as 

expected, and the differences in log T (at constant luminosity) 

for the fundamental and first harmonic blue edges are less than 

0.02-0.03. This is scarcely more than the differences to be 

expected from the small differences in composition parameters, 

different interpolations in opacity tables etc. 

It seems unlikely that linear investigations can explain why 

RRs variables have higher amplitudes than 6 Set stars. Even if, 

for certain combinations of model parameters, one found a strong 

excitation (in the sense that the pulsation growth times were 

relatively short, e.g. 1000 periods) one could not be sure that 

this also secures a large limiting amplitude for such models, 

although it is an indication. 

Christy (1966) found that non-linear investigations by the ini

tial value method are not feasible for models of a relatively 
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Fig. 3. Blue edges of instability regions for typical Population I 

compositions derived by Dziembowski and Kozlowski (1974, DK) for 

models of 0.20 - 0.25 % , by Percy (1975, P) for models of 0 . 5 % , 

and by Cox et al. (1973, CKT) for models of 1.5-2.0%. Funda

mental mode blue edges are shown as dotted lines, and first over

tone edges as full lines. For reference 3 ZAMS curves and the 

boundaries of the observed 6 Set instability strip are also given. 

low luminosity to mass ratio, L/M<30 1^/1%, e.g. for 6 Set mo

dels. Such model have growth times of the order 10° periods; 

clearly excessive computer time will be used in direct simula

tion of the motions to limiting amplitude. 

The non-linear eigenvalue approach of Baker and von Sengbusch 

(1969) and Stellingwerf (1974, 1975b) overcomes this difficul-
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ty, and furthermore this method provides detailed information 

on mode behaviour at limiting amplitude. Stellingwerf has ana

lysed models for RR Lyrae stars and double-mode Cepheid vari

ables of fundamental period 2-4 days. These stars show a com

plicated mode behaviour very similar to the RRs pattern. It 

seems likely that investigations by the non-linear eigenvalue 

method of models for 6 Set and RRs stars could provide valuable 

new information, at least for the high amplitude pulsations. 

In preliminary non-linear calculations for models attempted to 

describe AI Vel (Z = 0.005, M = 0 . 4 % , Tg = 7400 °K, Mb o l = 2.54) 

and 6 Set (Z = 0.02, M= 2 % ,' T = 7000, Mb o l = 0. 875) Stellingwerf 

(1975c) finds light amplitudes of at least 1.0 mag and velocity 

amplitudes more than 60 km/sec, which is too much. Stellingwerf' s 

preliminary conclusion is that some source of dissipation, per

haps convective motions, is present in actual stars, but not 

included in the models. Stellingwerf is continuing this investi

gation and has encountered no problems with the numerical tech

nique . 

Period Ratios 

Accurate Q values for 6 Set and RRs models determined from li

near analysis have been given by several authors (Cogan,- 1970; 

Chevalier, 1971; Petersen and J0rgensen, 1972; Dziernbowski and 

Kozlowski, 1974; J0rgensen and Petersen, 1974). In principle, 

comparison with observed pulsation constants tells in which mode 

a variable oscillates. However, present available observational 

accuracy does not allow definite answers for RRs stars (Section 

2.1). 

Petersen and J0rgensen (1972) studied the (logII , n../n ) diagram, 

and showed that this diagram provides potential powerful means 

to determine mass and chemical composition for double mode pul-

sators having two observationally accurately known periods. They 

concluded that the observed period ratios for RRs variables 

ni/nQ = 0.768-0.778 indicate that RRs stars have Z< 0.005 and 

thus cannot belong to Population I. This result was questioned 

"by Chevalier (1972) and Baglin et al. (1973), who emphasized 

https://doi.org/10.1017/S0252921100061972 Published online by Cambridge University Press

https://doi.org/10.1017/S0252921100061972


217 

that neither the theoretical calculations nor the.observed pe

riods were accurate enough to allow distinction between period 

ratios near 0.77 for RRs variables and the values 0.750-0.760 

expected for Population I models. 

The weakest point in the theoretical analysis is the application 

of the linear, adiabatic theory for the derivation of Q values. 

However, in the meantime linear non-adiabatic Q values (e.g. Cox 

et al. , 1972; Dziembowski and Kozlowski, 1974) and Q values de

rived in full non-linear calculations for models corresponding 

to double mode Cepheids (Stellingwerf, 1975a, 1975b) have been 

found to agree well with the linear adiabatic pulsation con

stants. In the present context Stellingwerf s results are espe

cially interesting. Analysing a mixed-mode RR Lyrae model of 

fundamental period 0.96 days, he found linear and non-linear 

periods to agree to an accuracy of 0.2$ for the fundamental 

mode and 0.5$ for the first over-tone. He also showed that the 

standard procedure used by observers to determine periodicities 

in observed light curves is correct in the sense that the peri

ods derived by this method from the calculated light curve (with 

beats)are precisely the same as those corresponding to pure fun

damental or first harmonic oscillations of the model. Due to the 

non-linear character of the problem this is not a priori evident. 

It now seems that the small differences in U^/u discussed above 

are significant both theoretically and observationally. 

Among the RRs variables SX Phe has the highest period ratio 

(nVn =0.778) and the largest metal deficiency (Z 3T0.004). From 

the calibration curves in Pig.4 of Petersen and J0rgensen (1972) 

or in Pig. 4 of Dziembowski and Kozlowski (1974), or from data 

given by J0rgensen and Petersen (1974) it is seen that these 

values are in agreement with a mass M^1 1 Q for SX Phe. For very 

small masses, M ^ O ^ M U , the calibration curves indicate a con

siderably smaller period ratio. However, it is not known how 

much reasonable changes in X and Z can change the period ratio. 

If the other RRs variables are slightly metal deficient and have 

M=1.5 - 2.OM0, we expect period ratios near the observed ones 

(0.768-0.773). But if they have M SfO. 2 % and a nearly normal 

Population I composition, the identification of the period ratio 
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with n.,/11 seems impossible, as just mentioned for AI Vel. 

Clearly much work remains to be done on these problems. 

4. Conclusions 

(1 ) Comparisons of observational data for 6 Set stars with 

theoretically calculated evolution and pulsation properties 

of stellar models all agree that 6 Set variables are normal 

young disk stars of Population I evolving in the main-sequence 

or in the shell hydrogen-burning post main-sequence phases. 

(2) Linear stability analyses of 6 Set models (Cox et al. , 1973) 

give fundamental and first and second over-tone blue edges of 

the instability strip that agree very well with the observed 

strip in the HR diagram, when a standard helium content is as

sumed. Q values determined by Breger (1975a) indicate that the 

high temperature 6 Set stars near the blue edge oscillate in 

the first and second over-tone, while the cooler variables os

cillate in the fundamental mode; just as expected. 

(3) The presence in the instability strip of non-variable stars, 

often with Am characteristics, have been explained in terms of 

separation processes (Baglin, 1972; Vauclair et al., 1974). In 

the main-sequence rotation seems to control the separation and 

mixing processes; slowly rotating stars become non-variable Am 

stars, while relatively fast rotators become typical 5 Set 

variables. 

(4) Non-radial modes are also excited in 6 Set models (Dziem-

bowski, 1974). The observed low amplitudes can be taken as an 

argument for the presence of non-radial modes rather than radial 

modes. We suggest comparison of observed multiple periodicities 

with the theoretically determined period patterns of radial and 

non-radial oscillations as a means to distinguish between these 

possibilities. Period patterns may also provide information on 

other complicating effects, e.g. coupling of pulsation and ro

tation. 
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(5) It is not clear whether RRs variables are of the same nature 

as 6 Set stars or quite different, probably in a very advanced 

evolutionary stage. We have shown that it is possible to explain 

most observed properties of SX Phe from the assumption that this 

star, as 6 Set stars, is a main-sequence or immediately post 

main-sequence star. 

(6) The similarity of the pulsations of RRs stars to those of 

other types of double mode Cepheids, and their observed period 

ratios, show that RRs variables pulsate in radial modes. Linear 

stability analyses agree well with the observed position in the 

HR diagram. 

(7) At present the reason for the difference in amplitude be

tween typical 6 Set and RRs variables is not known. Non-linear 

investigations by the initial-value method are not feasible for 

6 Set and RRs models, but the new powerful eigenvalue method 

may provide important information on limiting amplitudes in the 

near future. 

(8) The observed period ratio of SX Phe agrees with a mass M^ 1 MQ 

for this star, and a recent investigation by Stellingwerf 

(1975b) of double mode behaviour of an RR Lyrae model indicates 

that the small differences in period ratio used in this type of 

analysis are significant. Clearly non-linear analysis of RRs 

models must be available before results derived from period 

ratios can be trusted. 

(9) We finally mention some important developments expected in 

the near future : (i) Non-linear, radial survey. An investiga

tion by Stellingwerf (1975c) is in progress, (ii) Linear, non-

radial survey. Dziembowski (1975) has obtained detailed results 

for main-sequence and post main-sequence 6 Set models, (iii) 

Comparison of detailed models with data for individual objects 

may soon provide more reliable information on the presence of 

radial or/and non-radial oscillations in 6 Set stars and the 

nature of RRs variables. 
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Discussion to the paper of PETERSEN 

BAGLIN: Before asking the quest ion concerning the d i f f e r en t 

evolut ionary s tage of the two c l a s s e s of v a r i a b l e s , 

6 Scut i and RRs, one should define c l ea r ly t h e i r proper

t i e s . The f i r s t c l a s s i f i c a t i o n in the Catalog of 

Variable S t a r s , made from a rough look a t the l i g h t 

curve, cannot be r e t a i n e d . As far as the amplitudes 

a re concerned, there seems to be a continuous t r a n s i 

t ion from low to high ampli tudes, r a t h e r than a c l e a r 

break. 

PETERSEN: I have used the d e f i n i t i o n based on amplitudes ( l i m i t : 

AV = 0.30 mag). There i s a continuous t r a n s i t i o n from 

r e l a t i v e l y high amplitude 6 Scut i s t a r s with amplitudes 

near 0.30 mag to RRs s t a r s of s l i g h t l y higher ampli tudes. 

But I mostly r e f e r to t y p i c a l low amplitude 6 Scut i 

s t a r s and RRs v a r i a b l e s . 
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