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Abstract

In this paper we analyse the fractional Poisson process where the state probabilities p}:k ),
t > 0, are governed by time-fractional equations of order 0 < vy < 1 depending on the
number k of events that have occurred up to time 7. We are able to obtain explicitly the
Laplace transform of p,‘:k (t) and various representations of state probabilities. We show
that the Poisson process with intermediate waiting times depending on vy differs from
that constructed from the fractional state equations (in the case of vy = v, for all k, they
coincide with the time-fractional Poisson process). We also introduce a different form of
fractional state-dependent Poisson process as a weighted sum of homogeneous Poisson
processes. Finally, we consider the fractional birth process governed by equations with
state-dependent fractionality.
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1. Introduction

We first consider a state-dependent time-fractional Poisson process N (¢), ¢ > 0, whose state
probabilities p,‘:k (t) = P{N(¢) = k} are governed by the following equations

Vk

TPl O == O+ O, k=010, 0 €01, 4>0, (Ll
I, k=0

FOoy=1" ’ 1.1b

PO =y (1.1b)

where p,‘:" (t) = 01if k € Z™\{0}. These equations are obtained by replacing, in the governing
equations of the homogeneous Poisson process, the ordinary derivative with the Dzhrbashyan—
Caputo fractional derivative (see Podlubny (1999)),

1 ! m—v—1 (m)
dv B m/o(t—s) f (s)ds, m—1<v<m,
/0=
tv am f

dt—m, V=m.
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State-dependent fractional point processes 19

We remark that in (1.1), the order of the fractional derivatives depends on the number of events
that have occurred up to time ¢. By definition, we have

dvk Uk(t) 1 /t(t )7Uk d Vk( )d 0 1
— = —s — s)ds, < < 1.
droe Pk (- Jo s k

Hence, the dependence of ka (t) on the past is twofold. On one side, the fractional derivative
depends on the whole time span [0, ¢] through the weight function. On the other side, the
number of events that have occurred up to time ¢ modifies the power of the weight function.
This means that in the case of a monotonical structure of the sequence of fractional orders vy,
the memory effect can play an increasing or decreasing role. For example, if vy decreases
with k, the memory function tends to be constant and applies the same weight to the whole time
span [0, t]. We note that state-dependent fractionality was considered in different contexts by
Fedotov et al. (2012).

For vy = v, for all k, the system (1.1) coincides with the system governing the classical frac-
tional Poisson process considered for example by Beghin and Orsingher (2009), where the frac-
tional derivative is meant in the Dzhrbashyan—Caputo sense as in our case. Of course, if vy = 1,
for all k, we retrieve the governing equation for the homogeneous Poisson process. Some
papers devoted to the study of various forms of fractional Poisson processes have appeared in
the last decades. In Hilfer and Anton (1995), the authors introduced for the first time the Mittag—
Leffler waiting-time density in the theory of continuous-time random walks. The time-fractional
Poisson process was then explicitly considered by Repin and Saichev (2000). Starting from this
paper, different approaches to fractional Poisson processes were considered. In Mainardi et al.
(2004), for example, the authors considered renewal processes with Mittag—Leffler distributed
intertimes. A slightly different approach to the fractional Poisson process was developed by
Laskin (2003), where the fractional derivative appearing in the equations governing the state
probabilities coincides with the Riemann-Liouville derivative. More recently, Beghin and
Orsingher (2009) and Meerschaert et al. (2011) studied the subordination of the Poisson process
to the inverse stable subordinator, discussing the relation with fractional Poisson processes.
Another type of fractional Poisson process was developed in Orsingher and Polito (2012) where
a space-fractionality was considered. Physical applications of the fractional Poisson processes
are discussed, for example, in Laskin (2009), where a new family of quantum coherent states
was studied.

By solving (1.1), we obtain

“+00 A )»ks"ofl
e dt = ——" 5> 0. (1.2)
/0 g ITE_o(s™ + 1)

The inversion of (1.2) is by no means a simple matter. We have been able to obtain an explicit
result for pgo and p{' in terms of generalized Mittag-Leffler functions defined as (see, for
example, Saxena et al. (2006))

o0 k
x*T'(m + k)
EM = E R* R.

V,,B('x) k=0 k'F(\)k—f—ﬁ)F(m)’ V, ﬂ’m € L) X €

We also state the distribution p,':" (#) of the Poisson process with fractionality vx depending on
the number of events k, in terms of subordinators and their inverses (see (2.12) below).
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Part of this paper is devoted to the construction of a point process N (¢), ¢+ > 0, with
intertime Uy between the kth and (k 4+ 1)th event distributed as

P{Ux > t} = E, 1 (—At").
The Laplace transform of the univariate distributions of N (¢), t > 0, is
vr—1
oo™ +2)

which differs slightly from (1.2). From this point of view the state-dependent fractional Poisson
process differs from the time-fractional Poisson process because the approach based on the
construction by means of independent interevent times Uy and the one based on fractional
equations (1.1), do not lead to the same one-dimensional distribution. We show that the
probabilities pi(t) = P{N (t) = k} are solutions to the fractional integral equations

pi(t) — pe(0) = —AI™ pr(t) + A" p—i1 (1),

where I is the Riemann-Liouville fractional integral

foo e SIP{N (1) = k}dr = 2K
0

t
I )(0) = ﬁ /0 (=" f(s)ds, v > 0.

A third definition of the state-dependent fractional Poisson process, say N (t), with distribution

i +00 i
iy p— 1 [Z ik 1

—1
= ; - ] , Jj=0, (1.3)
Fjj+1) Ey1(At) Fjj+1) Ey 1(At)

j=0
is introduced and analysed in Section 3. The distribution

(rt)/ 1
Cj+1) Ey1(ar)’
investigated in Beghin and Orsingher (2009), has been proved to be a weighted sum of Poisson
distributions by Balakrishnan and Kozubowski (2008) and Beghin and Macci (2012).

Finally, we analyse the state-dependent nonlinear pure birth process with one initial progen-
itor, where the state probabilities p,':" () satisfy the fractional equations

P(N,(t) = j} = (1.4)

Vk

T PO = =Pt O+ O k= 1 10, v € 0,11, (1.5)
1, k=1,
P(0) = {0 = (1.5b)

The Laplace transform of the solution to (1.5) is given by

k—1 vi—1

+o0 s
/ e pl@ydr = (1_[ Aj>
0

i o6+ ),

A similar and more general state-dependent fractional birth—death process was recently tackled
by Fedotov et al. (2012), where possible applications to chemotaxis are sketched. The case
where vy = v, for all k in (1.5), has been dealt with in Orsingher and Polito (2010). An attempt
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to apply this fractional birth process was discussed in Garra and Polito (2011) in relation to
tumoral growth models and ETAS (epidemic type aftershock sequences) models in statistical
seismology. The dependence of the state probabilities of the point processes considered here
from the structure of v requires further investigation which certainly implies a numerical
approach.

1.1. Notation

For the sake of clarity we briefly summarize the notation used for the different point processes
analysed in the following sections. First, we indicate with N (¢), ¢t > 0, the counting process
associated with the variable-order difference-differential equations (1.1). In particular, the
state probabilities pZ" (t) = P{N(t) = k}, k > 0, represent the probability of being in state k
at a fixed time + > 0. The point process constructed and studied in Section 3 by means
of independent but nonidentically distributed interarrival times is instead indicated by N (¢).
Both processes, when vy = v for all k& > 0, reduce to the time-fractional Poisson process
N, (1) treated, for example, in Beghin and Orsingher (2009). In the same article the authors
also considered the alternative definition for a fractional Poisson process characterized by the
distribution (1.4) and denoted here by NV (t), t = 0. We refer to its direct generalization in
a state-dependent sense as N (#) for which the distribution becomes that in (1.3). Lastly, the
linear fractional pure birth process with state-dependent order of fractionality presented in the
last section is simply indicated as Ny, (), t > 0.

2. The state-dependent fractional Poisson process

We first consider a state-dependent time-fractional Poisson process N (¢), ¢ > 0, whose state
probabilities p,‘:k (t) = P{N(¢) = k} are governed by (1.1). We have the following result.

Theorem 2.1. The Laplace transform of the solution to the state-dependent time-fractional

equations
Vi v
am p}:k @) = —Apzk )+ )»pkk__ll ), k>0,t>0, v €(0,1], (2.1a)
1, k=0
KO)y=1" ’ 2.1b
P (0) 0. k=1, (2.1b)

can be written as
)\.kSUO_l

400
~Vk —st _Vk
p (S)=/ e p (dt = —————,
k 0 k l—[/;_:O sV + A)
where the fractional derivative appearing in (2.1) is in the sense of Dzhrbashyan—Caputo.

Proof. We can solve (2.1) by means of an iterative procedure, as follows. The equation
relatedto k = 0 is

v
d[_VOp(‘))O(t):_)"p(l))O(t)v t>07 VOE(Ovl]v pgo(o): ]’
and has the solution pgo (t) = Eyy,1(—At™), with Laplace transform,

vo—1

s

+00
~V0 — e—St Vo t dt —
o= [ o=
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where
o0

(—at0)k
Epi(—a") =) ————
£ T (vok + 1)

is the Mittag—Leffler function.

Fork =1,
a
1'(0) =0,

has the solution, with Laplace transform,

Py (s) = /+oo “py(ndr = AR (2.2)
N = . .
0 A $Y0 4 s¥1

By iterating this procedure, we arrive at
+o00 )\’k vo—1
Ve (5) = f e~ pl(r) dt = % 2.3)
0 l_[j:()(s 4 2)

Remark 2.1. A direct approach based on the inversion of the Laplace transform of (2.3) is
clumsy and cumbersome. We give the explicit evaluation of p}” (t). In this case, from (2.2),

we have
+o0
”’1 (s) = / e ! ”1 (t)dr
0

)\Sl)o—l
T A2 A 4 571) + 5700
Jsvo—l 1
a2 + 590V ] 4 A(s™ 4+ s”l)/(kz + svotvi)

_ g i (A (5" +5")"

= ()\2 + Svo+v1)m+l

00 (=" LIy
= vo—1 vor+v1(m—r). 2.4
Ky ”; (}LZ + sty )m+1 rg(:) <r)s (2.4)

The inversion of (2.4) involves the generalized Mittag—Leffler function, defined as (see, for
example, Saxena et al. (2006))

mo o (SR + k)
Eypg(=At7) = g K'T(vk + B)T'(m)’

where v, 8, m € RT. Indeed, we recall the following relation.
vm—pf

+00 | s
/0 e M PTIED j(—at”) dt = Py (2.5)
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In view of (2.4) and (2.5), we arrive at

0 m
m - 1
lljl(t) = Z(_l)m)\m—i_l Z <r>t‘)0(m r)+v”+wE\r)noivl,vo(m—r)-i-vlr-ﬁ—vl-ﬁ—l(_)thuo—H”).
m=0 r=0
(2.6)

For the v = vg = v case, (2.6) becomes

o m
pll)(t) — Z(—l)mkm-H Z <r) V(m+l)E£”L+v](m+l)+l( X2t2U)
m=0 r=0

o
_ Z (_l)m (ktv)m+12m E;Vi}:f—vl(m+l)+l (_)\’thl))

m=0
— - m gy vym+loym N (m (=17 2>y
_go( D)2 Z( r >1“(2vr+v(m+1)+1)

( l)m()\,t )m+12m Z <_(m + l)> ()\'2 2\))}’21 / eww72vr7v(m+1)*1 dw
r i Ha

Mgﬁmg

3
Il
o

| x (m 1
—v(m+1)—1 E : 2 2 721)

Ha =0

e’} . 7v(m+1) 1
— m m m
=2 (=hrantym _/Hae (212020 ¢ [ymH dw
m=0
1

Aty 2w
z_/ v MW [ (—1ym (A )mi|dw
Ha

27T A2f2vq—2v +1 = )L2t2v —2v +1
1 f AP wy e
= — ——dw
27i Jya (WY + Ar¥)2
Aty
= _Ev v(—= A’ ), (2'7)

where in the last equality we have used the fact that

d d eV ! v eV !
- dw=-" [ =Y 4
Evyx) = Ydx Evitx) = 2idx Jy, w' —x YT o Ha (WY — x)2

and applied the contour-integral representation of the reciprocal of the Gamma function

1 1
= — eu*du,
'x) 2xiJy,

where Ha stands for the Hankel contour (see Olver et al. (2010, Equation (5.9.2), p. 139)).
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We note that (2.7) gives the result obtained for the time-fractional Poisson process in Beghin
and Orsingher (2009) as expected. Moreover, by considering

+00 . AtV ) )\sv—l
e E, y(—aV)dt = ————
0 v (A +5V)?

we retrieve, for the case v = vy = vy,

v

At
pllj(t) = TEV,U(_)‘IV)v

which is the result obtained for the time-fractional Poisson process (see Beghin and Orsingher
(2009, Equation (2.11))).

By applying Equation (34) of Saxena et al. (2006) it is possible to give an explicit expression
for p,':" (1), forany k > 2, in terms of cumbersome sums of generalized Mittag—Leffler functions.

Remark 2.2. An alternative way to obtain a representation of the state probability in the state-
dependent Poisson process is given by the following integral approach; starting from (2.3),
we have

+o00
ﬁ;" (s) = / e_”p;{)k (1) dr
0
. Svo—l
[T5—o(s™ + )

00 k 00 .
- ( / e Mo go—lemwos™0 dw()) (]‘[ / e Mine i dw j>. (2.8)
0 : 0
j=1

For the following developments, it is useful to recall that the inverse process of a v-stable
subordinator " (¢), t > 0, namely LV (¢), ¢t > 0, is such that

P{LY(t) < x} = P{H" (x) > 1}, x,t>0.

Hence, the relation between the law [/, (x, t) of the process £V (¢) and the law h, (x, t) of the
process F£V(t) is given by (see, for example, D’Ovidio et al. (2014))

P{LV(z) €d 0 I
L) = LD ET 9 by oy = —/ hy(s, x) ds,
dx ox ox J;
or, otherwise,
x X
/ P{#" (x) € dw} :/ P{L"(¢) € dz}.
t 0
Hence, the density of the inverse process L"(¢) is given by
8 oo
P{LY(t) € dx} = 8_/ P{#" (x) € dw}. (2.9)
X Jt
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Therefore, the Laplace transform of [, (x, t) is given by

- o
L(x,s) = f e, (x, 1) dt
0

o0 d +o0
=/ eSf_[/ P{H" (x) € dw}] dr
0 dx [ J;
= i/ P{#H"(x) € dw}/weﬂt dr
dx Jo 0

X
= li[/oo(l — e TP{H (x) € dw}]
sdx [ Jo

=gV le ", (2.10)

where we used the fact that
~ +OO v
hy(x,s) = / e S Thy(x,t)dt =e ™.
0

We also note that the explicit form of the law of the inverse of the stable subordinator is known in
terms of Wright functions (D’Ovidio et al. (2014)). Going back to (2.8), and in view of (2.10),

we can write
o0 o
pr(s) = (/ e Awo dwof e 1y, (wo, 1) dt)
0 0
k 00 o0
X (1_[ k/ e M) dwj/ e_”h.,j (x, wj)dx>
i1 Yo 0

o )
= / dw()e_)‘wO e / dwke_)"wk
0 0
) k )
X [/ e_‘”lvo(wo,t)dtl_[k/ e_sxhv,.(x,wj)dx:|. (2.11)
0 o1 Jo :

Hence, by inverting the Laplace transform we obtain

o o
P =2k / dwoe "0 / dwie 1. ..
0 0

o0
< / dwge™ K Ly (W, 1) % ...y (W1 - 05 D] 2.12)
0

where the symbol “x’ stands for the convolution of the law of the inverse stable subordinator /,,

and the distribution of the sum of k independent stable subordinators £, v, (w1, ..., Wk, t).
In other words, I, (w, t) * hy, .y (w1, ..., wg, t) is the distribution of the random variable
k
L) + Y H(@).
j=1
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Remark 2.3. Anotherinteresting characterization of the state-probabilities of the above process
is given by the following observation. First of all, since, for m = 1, Ei ﬂ(-) = Eyg(),
from (2.5) we have

+o00 | 1
/o e "t E, y(—ArY)dt = T (2.13)
—1
/+Oo e SE, 1(—xtY)dr = ’ )
0 ’ A+sV

Hence, from (2.3), we find that
)\.kSVO_l
[T5—o(s¥ + 1)

+o00
= [/ e M Ey1(=AtY) dt:|
0 .

J

(2.14)

+o00
[/ e”)»t”f'lEvj,,,j(—M”f')dt].
0

p(s) =
k
=1

On the other hand, from (2.11), we have

00 o

k . 0o
x <1_[A/() e M dwj/O e hy, (x, wj)dx>
j=1
00 B k 00 ~
= </ e”lvo(k,t)dt) (HA/ e hy(x, 1) dx>, (2.15)
0 ; 0
j=1

which clearly coincides with (2.14).
By inverting the Laplace transform, we obtain the following result

k o
p,:k(t):Euo,l(—MO)j*l xz“f*lEvj,vj(—xt“f):/ Eyy 1(—A(t — 5)"™)g(s)ds, (2.16)
= 0

where g(s) is the kth time iterated convolution of the functions
hj(t) = A" Ey, ) (—aet). (2.17)

We note that the last equation can be written in terms of the Prabhakar operator, that is, an integral
operator involving a Mittag—Leffler function as kernel (Prabhakar (1971)). From (2.16) we have
an integral representation, in explicit form given by

t
p;)l (1) = f Ey 1 (=1t = 5)")Ey, v, (—)»Svl)svl_l ds,
0
t
Py () = / ds1Eyy, 1 (=A@ = s1)™)
0

S1
—1 _
X/ ds2sy " Eyy vy (=As) (51— $2)"2 7 Eyy 1y (—A(s1 — $2)"2)
0
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t 51
() = / ds1Eyy,1 (—A(t —s1)™) dsy...
0 0

Sk
vk—1—1 Vk—1 -1
X/ dsis;, Ev oy (ZAs D) k1 = ST Ey e (= A(sk—1 — s10)™).
0

In order to find the mean value of the distribution p};" (#), we multiply all the terms of (2.1)
for k and sum over all the states so that

o0

d"k v
D koo =2 ka () + 2 ka,t" 70
k=0

k=0 k=0

- _,\ka t) +,\Z(k+ Dpk()

k=0
— A (2.18)

In the vy = v case, for all k, we have
 L— dv
37 2P0 = TSEW(0) = A,
k=0

the solution of which is given by E(N,(¢)) = A"/ T (v + 1) (see Beghin and Orsingher (2009,
Equation (2.7))). We note that it is possible to find an interesting result involving a convergent
series by using the Laplace transform in (2.18). Indeed, we have

o

Z ks”"ﬁ,‘:" (s) = s,

k=0
and recalling that

pri(s) = & (2.19)

k T o + ) '
we find that

St k)\kSVO‘FVk

2

k=0 Hlj‘zo(svj +2)

This result is not trivial and we can check to see that it works, for example, in the special case
of v = v, for all &, thus,

& kkksz” 2v

s i kak
(87 + MR sy = (57 M)

k=1

d o0
sV A+ A @Z(s”—f—)»)k}
d

k=1

As? T w
=s”+k_dws +)»—w:|w_x

AT sV A
=sv+k_(s”+k—w)2:|w N
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Remark 2.4. We note for the probability generating function G(u, t) of the process N (z),
t > 0, the following representation holds for u € [0, 1]:

00 o oo
/ e G, ndt =Y ut / e S'PIN(t) = k} dt
0 k=0 0

o0
:/ ef”P{ min @ Xz > 1— u}dt
0 {0<k=<N(1)}

kg kgvo—l

= — (2.20)

im0 [ Lj=o + ")
where Xy, k > 1, are independent and identically distributed random variables uniform
in [0, 1].
The representation of the probability generating function
Gu, 1) =IP>{ min X > l—u},
{0<k=N ()}

follows the same lines for the time and space fractional Poisson processes described by
Orsingher and Polito (2012). In (2.20), the driving process is the state-dependent Poisson
process.

3. Alternative forms of the state-dependent Poisson process

‘We now construct a point process with independent but not identically distributed interarrival
times. In particular, the waiting time Uy between the kth and (k + 1)th arrival is distributed
with probability distribution function

fu @) = A% E, L (=A%), 1> 0.
Let us now call N (¢), t > 0, such a process which leads us to the following theorem.

Theorem 3.1. The state probabilities py(t) of the process N (t), t > 0, are governed by the
integral equation

pi(t) — pe(0) = =A™ pr() + AI" ' pr—1 (1), t =0, v € (0, 1],

where IV is the fractional integral in the sense of Riemann—Liouville (see (1)). Moreover, their
Laplace transforms are given by

svk—l

T oY + )

Proof. First, we observe that the Laplace transform of the state probabilities can be calculated
directly by using the definition of the process N (¢),

/ e SP{N (1) = k}dr = Ak
0

/OO e SIPN (1) = k) dr
0

00 t ¢
2/ e_”dt|:/ P(Uo+'-'+Uk_1€dy)—[P(U0+"'+Uk€dy):|
0 0 0

1 [o©
E/ e V[PWy+ -+ Ui_1 €dy) —P(Uy + -+ Uy € dy)]
0
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1 |: )\k )\k-l—l i|
CSLTEZ00 45 TTEseGn+57)
1 )\‘k()L + V) — Ak+1
S TTj=o(t+5%)

Skal

= (3.1
[T5—o(s" + 1)

We note that, unfortunately, it does not coincide with (2.3). Hence, we have two distinct
processes that can be matched only by assuming that vy = v for each k = 0, 1... (in other
words, in the time-fractional Poisson case).

We can also find, in an explicit way, the integral equation governing the probabilities py(¢) =
P{N (t) = k}. We start from the ordinary difference-differential equation, governing the
Poisson process

d
%(r) = —api() + Api—1 (),

with initial conditions
1, k=0,

Pr(0) = {O, -

By integration with respect to ¢, we have the equivalent integral equation

t

t
pi(t) — pp(0) = —)»/O Pr(s)ds + )»/0 Pr—1(s) ds. (3.2)

In order to obtain a fractional generalization of the last equation, we replace the first-order
integral in the right-hand side of (3.2), with state-dependent fractional integrals, i.e.

pi(t) — pr(0) = =A™ pr(t) + A" pr—i1 (1), 120, €1, k=0, (33)
where IV is the fractional integral in the sense of Riemann-Liouville. For k = 0, we have
po(t) =1 = —=AI"po(t),
whose solution is given simply by po(t) = E,,,1(=At"?). With k = 1, we obtain
pi1(®) = —AI" pi(t) + A" po(t),
whose Laplace transform, after some simple calculations, is given by

AsVi—!
(s% +A) (™ +2)

pi1(t) =

and coincides with (3.1) in the kK = 1 case. Then, it is immediate to prove that, for any order
k > 1, the Laplace transform of pi(¢), is given by (3.1). This proves that (3.3) is the governing
equation for N (), ¢ > 0, as claimed.
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In order to highlight the relation between the two processes N(¢), t > 0, and N (¢), t > 0,
we can write, by rearranging (2.19),
Aks ve—1
[Tj—os* +24)

Bt (s) = sh0

Therefore, if (v — vg) > 0, for fixed k, we have
1 t
Pl = s f (t = NWTOTIPN () = k}dy = IRV () =k}, £=0,
I'(ve —vo) Jo

where 7Y% is the Riemann-Liouville fractional integral. Note that, since the Riemann—
Liouville fractional derivative (that we indicate here with D%) is the left-inverse operator to the
Riemann-Liouville fractional integral, we also obtain the related relation

DV p k(1) = P{N (1) =k}, t >0, (vp —wvo) > 0.
Conversely, in view of (3.1), we can write
00 )\'k vo—1
/ eIPIN (1) = Kyt = s — 0
0 [Ti—o(s™ +2)

and, thus, if (vg — v¢) > 0, for fixed k, we obtain

1 t
PING =K = s [ =)0ty dy = P00, 120,
and
DYTUP{N(t) =k} = p*(t), t>0, (vo—w) > 0.

Therefore, we have the following relation between the state probabilities of the two processes

g JITETOP{N (1) = K}, Vg > Vg,
e )= {D”O‘”kIP{N(t) =k w < S

In order to deepen the meaning of this relation, we consider, as an example, the relation between
p'f' (t) and P{N (r) = 1}.
By inverting the Laplace transform (3.1), we obtain

P{N () =1} = Z(—l)mxm“

m=0
" m
vo(m—r)+vir+vy pm+1 2 2.vp+1;
XD <r>t E i uoom=ryvirvgrt (AT,
=0

by calculation similar to those given above for pf' (t). Recalling that (Mathai and Haubold
(2008, p. 123))

110 By @) = TR (e,

B.a+y
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and assuming that, for example, v; > vg, we find that

VORI (1) = 1)
[e¢)
m
X Z( )IV' VO([”O('” r)+VIV+V0Em+v1 vo(m— r)+v1r+vo+1( )"2IVO+U]))
r=

Z( 1)m)km+1

m=

m
vo(m r)+vir+vy pm+ 2 vo+vg
x Z <r> E +v1 vo(m— r)+v1r+v1+1( ATt )
r=0
v
= Pll @,

as expected.
Moreover, we observe that, since pOO ) =P{N () =0} = Ey),1(—At™), we have

Zp (r)-ZP{N(r)—k}—l Eyy 1 (=2t"™).

In view of (3.4), this implies that

D PN =k} = Zp ‘)

k=1

= Z I"OPN (1) =k} 4+ Y DYTEPN (1) = k).

k:ve>yg k:vp<yg

The second process we construct, denoted by N@),t > 0, is given by the following
generalization of the Poisson process, whose univariate probabilities are given by

pif = L[S e

-1
- - ] , j=0, (3.5)
C;jj+1) Evj,l()\t) = Cv;jj+1) Eujﬁl()\.[)

where A > 0,0 < v; < 1. Wecan treat it as a generalized Poisson process with state-dependent
probabilities. Indeed, we note that, if v; = 1, for all j, we have

Pr(N(1) = j} =

. +oo j -1 .
(A1) I[Z (1) 1} = A o e = ),

FG+DeM | ZT(+De J!

which is the state probability of the homogeneous Poisson process.
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A similar construction was adopted by Beghin and Orsingher (2009). We note that an anal-
ogous generalization was used by Sixdeniers et al. (1999) in quantum mechanics, in relation to
Mittag—Leffler-type coherent states. We now recall from Balakrishnan and Kozubowski (2008)
that the distribution (3.5) can be regarded as a weighted Poisson sum. Indeed, we note that

G N '}[ioLpr{N(t)—k}}_l
Cjj+ 1D EyaGa)  Tj+D ~leTokn U

Hence, we have

P{N(t) = j} = [

(!/T;j + DPIN® = j) ]

SISk /T (wik + D)PN(r) = k)

5 E‘i (/T (v;j+ DPING = j} r'
S iS5 k! /T (vjk + D)P{N(1) = k}

j=0
The probability generating function of (3.5) is given by

0]

Gu.t) =Y u*Pr(N(t) =k}
k=0
B [Jrf )k 1 ][i‘" (At)K 1 ]‘
L& Tk + 1) Ey 1 () [l Tk +1) Ey 1) |
In the v; = v case, for all j > 0, we have
400 k 400 k -1
Glu. 1) = Z (Aut) 1 Z (A1) 1 _ Ev,](ukt)’
£ T(vk +1) Ey 1 () |4 Tk + 1) Ey 1 (A1) E,.1(A1)

that coincides with Equation (4.4) of Beghin and Orsingher (2009).
By means of the generating function we can also find the explicit form of the mean value of
the distribution (3.5), i.e.

- X koot R ot L]
N0 = [M 2 Sk ) Em(kt)] [Z Lk + 1) E%l(’”)}

k=0 k=0
B [u f (at)k 1 ][i’" () 1 ]‘1
L Z e DOtk + i) Evg 1) JL& Tk +1) Ey i) |

such that, when vy = v for all k, we recover the case considered in Beghin and Orsingher (2009)
and in Beghin and Macci (2012), i.e.

AMEy (M)

EN,(t) = )
v(® VE, 1 (A1)

We now consider a sequence of a random number of nonnegative independent and identically
distributed random variables with distribution F(8) = P(X; < B), i > 1 and represented
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by N (). The distribution of the maximum and minimum of this sequence is given by

Pr{max(Xl, cee ,Xﬁ(t)) < ,3}
3 *f GFBDE 1 ][i” (1)K 1 ]1
[ = Tk + 1) Ey 1 A) L= Tk + 1) Ey 1 (A1) ’
Pr{min(Xl, . N(,)) ,3}
3 *f A1l =FPI* 1 ][i") (A1) 1 ]‘1
Limg Tk +1)  Ey i) JL Tk + 1) Eyy 1(01)

In the v = v = 1 case, for all k, we recover the distribution of the maximum and minimum
of the homogeneous Poisson process.

4. State-dependent fractional pure birth processes

In this section we consider a different point process which can be generalized in a state-
dependent sense as we have done for the fractional Poisson process. Thus, we analyse a
state-dependent fractional pure birth process (see Orsingher and Polito (2010) for the fractional
case with constant order), where the probabilities are governed by the following equations:

Vk

G PO = =hep (0 + d 1P (0, k=1,1>0, v €(0,1], (4.1a)
1, k=1,
p(0) = { o 1>2 (4.1b)

As in Section 2 the Laplace transform of the solution to (4.1) can be found rather easily.
This is done in the following proposition.

Proposition 4.1. The Laplace transform of the solution to the state-dependent fractional pure-
birth process (4.1) is given by

+0o0 1—1
ﬁ,tk(s>=/0 St pl¥ ey dt = (]‘[A)

J 1 (87 + 4 )

where the fractional derivative appearing in (4.1) is in the sense of Dzhrbashyan—Caputo.

Proof. We can solve equation (4.1) by means of an iterative procedure, as follows.
The equation related to k = 1 is given by

131
drV1
10 =1,

pi () = —hpy' (@), t>0,v€01]

and has solution p|"(t) = E,, 1(—As""). Fork =2,

V2

Py () = =opy* () +21p)' (1), t> 0,1 € (0,1],

t"2

py’(0) =0,
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has solution, with Laplace transform,
+o0 AisV! —1 1
~v) —st 1 18
s) = (S t)dr = _—
Pz() /(; Pz() PPTARITIS PRI
whose inverse is given by (see (2.4))

m

(t) _ Z( l)m Z ( )Aq+lkr2n—rtvz(mr)+v1r+v2

r=0
m+1 _ vi+vy
x Ev1+v2,v2(m7r)+v1r+v2+l( Araat )-

By iterating this procedure, we immediately arrive at
~vk +oo ot vk vi-l
(s) = / (r)dr = <HA )—, N
as claimed.

By recalling (2.13), we obtain the explicit expression of the state probabilities p,‘j" @, k=1,
t>0,as

k
Ilc)k (t) = Evl,l(_)tltvI ) jil )‘jtvj_lEvj’vj (_)‘jtvj),
where the convolution is in the sense of (2.16).

We now consider the state-dependent linear birth process, denoted by Njin(#), ¢ > 0. This
means that we take Ay = Ak in (4.1). We have the following theorem.

Theorem 4.1. Let us consider the state-dependent linear birth process Niiy(t), t > 0, gov-

erned by
Vi
dt”k ( ) = —Akp @) + 1k — l)pk ' (1), k>1,1t>0, v €(0,1], (4.2a)
1, k=1
Vi _ ’ ’
P (0) = { 0. k=2 (4.2b)

then the following relation holds:

Z tuw "(z)—xZ( )EN{;; i+,

Proof. In order to find explicit relations for the moments of the distribution Ny, (7), we
multiply both sides of (4.2) by k™ and sum over all the states, obtaining

Z P P ==2) k"Hp k(;)+,\ka(k Dpl @)
k=1 k=1

o0 o
A Y KM@ + ) k(k+ D)™ pi ()

k=1 k=1
:—)\,ka+1 Vk(t)_'_)\'ZZ( )km Jj+1 Vl\(t)
k=1 j=0
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S () e

j=1

m
S

Remark 4.1. We can consider in a explicit way the relations involving first and second
moments. For example, if we multiply (4.2) for k and sum over all the states, we obtain

2, d% _ - 2, 1y Ykl
,; P = Agk <r)+AZk<k NP 0

k=1
Aka )

= /\]ENnn(t)-

In the same way, for the second moment, we multiply (4.2) for k2, obtaining

o0

dvx
Z kzdt—ukp}:k ()

k=1

o o0
—AZk3ka(I)+AZk2 (k — 1) p ! ()

,\ka (1) + 2/\Zk2 k(1)
k=1
= MENnna) + 2AE(Niin) (1).
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