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ABSTRACT

Let X be a compact Kéhler manifold, endowed with an effective reduced divisor
B = }"Y};, having simple normal crossing support. We consider a closed form of (1, 1)-
type a on X whose corresponding class {«} is nef, such that the class ¢; (Kx+B)+{a} €
HY1(X,R) is pseudo-effective. A particular case of the first result we establish in this
short note states the following. Let m be a positive integer, and let L be a line bundle
on X, such that there exists a generically injective morphism L — @™ T%(B), where
we denote by T% (B) the logarithmic cotangent bundle associated to the pair (X, B).
Then for any Kéahler class {w} on X, we have the inequality

/ c1(L) AMwy < m/ (ci(Kx + B) + {a}) AM{w}™ .
X X

If X is projective, then this result gives a generalization of a criterion due to Y. Miyaoka,
concerning the generic semi-positivity: under the hypothesis above, let ) be the quotient
of @™ T%(B) by L. Then its degree on a generic complete intersection curve C' C X is
bounded from below by

(n:—_ll - m) /0(01(KX +B) +{a}) - n:—_ll /ca'

As a consequence, we obtain a new proof of one of the main results of our previous work
[F. Campana and M. Paun, Orbifold generic semi-positivity: an application to families
of canonically polarized manifolds, Ann. Inst. Fourier (Grenoble) 65 (2015), 835-861].
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HOLOMORPHIC TENSORS

1. Introduction

Let X be a compact Kéhler manifold of dimension n. Let B =) e Y be a reduced ‘boundary’
divisor on X, whose support has simple normal crossings.

We recall that the logarithmic cotangent bundle T% (B) associated to (X, B) is defined as
follows. Let U C X be a coordinate open set, and let (z!,...,2") be a coordinate system of X
defined on U, such that, say, BN U = (2'2?...2P = 0). Such a coordinate system will be called
adapted to the pair (X, B). When restricted to U, the bundle T%(B) corresponds to the locally

free sheaf generated by

dz! dzP
L dPT L de
z1 zZP

The main topic we will explore in this paper can be formulated as follows. Let m be a positive

integer, and let F be a subsheaf of the bundle @™ T% (B). Let w be a Kéhler class on X; we
would like to obtain an upper bound of the intersection number

/ c1(F) Aw™ ! (1.1)
X

in terms of the first Chern class of the bundle T% (B).

We observe that this kind of question has a meaning in an ‘abstract’ context. Indeed, we
consider the following data. Let (F,hg) be a holomorphic Hermitian vector bundle, and let
(L,hr) be a Hermitian line bundle. We assume that H°(X,E ® L™!) # 0, and let u be a
non-identically zero holomorphic section of E @ L.

We denote by |u|? the pointwise norm of u, measured with respect to the metrics we have on
E and L, respectively. Then the analogue of the Poincaré-Lelong formula (cf. [Dem82]) gives

On, (E)u,u)

dd* log ’u‘Z = @hL (L) - < ’u‘g (12)

On the other hand, the quantity we are interested in is equal to fX ©n, (L) Aw" L by inequality
(1.2) combined with Stokes formula we obtain

02/ @hL(L)/\wnl_/ <@hE(E)u7u> AL
X X

/@hL(L)/\wnlé/ MAQ}"A. (1.3)
X X

We denote by A, the contraction operator corresponding to w; its action on the curvature tensor
is given by the formula
O, B (E ) AwnL

w’l’b

= Aw@hE (E)

so that A, O}, (FE) is an endomorphism of E, called the mean curvature of E.

If the bundle E is stable with respect to w, then it is known (cf. [Don85]) that we can
construct a Hermite-Einstein metric hg so that the endomorphism A, 0O}, (E) is a multiple of
the identity. In this case, the expression on the right-hand side of (3) is quickly computed in
terms of the w-degree of E. But in general, the mean curvature term seems to be very difficult
to control.
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In the article [Eno88], Enoki found a very elegant way of dealing with this question. He
observes that if the bundle E coincides with the cotangent bundle of X, then the mean curvature
of E coincides with —Ric,, that is, the curvature of the canonical bundle. In conclusion, via the
Monge—-Ampere equation, it would be enough to assume that the canonical bundle of X has a
(weak) positivity property in order to derive a bound for the degree of L with respect to w.

The approach sketched above, combined with some recent results in the framework of metrics
with conic singularities, allows us to establish the following statement.

THEOREM 1.1. Let m be a positive integer, and let F be a torsion free subsheaf of the bundle
Q"™ Tx(B). We consider a closed (1,1)-form a on X whose associated class {a} is nef, and such
that the adjoint class

c(Kx + B) +{a}

is pseudo-effective. Let wy be a Kéahler class on X ; then

ﬂ{(lﬁ) /)(01(9) Awol™ ! < m/X(cl(KX + B) + {a}) A {wo}™ 1. (1.4)

As a consequence, we obtain a new proof of the following result. Our arguments here are
inspired by the original ones; cf. [CP15].

THEOREM 1.2 [CP15]. Let X be a projective manifold; we assume that there exist a positive
integer m and a big line bundle L such that

H° (X,®T)*<<B> ®L‘1> #0. (1.5)
Then Kx + B is big.

In the first part of our note we will briefly recall the notion of pseudo-effective classes in
the Kahler context, as well as a few results concerning the Monge—Ampeére equations. The later
topic concerns the so-called metrics with conic singularities; specifically, the result we need was
established in [CGP13]. We remark here that the uniformity of the estimates obtained in [CGP13]
will allow us a ‘smooth’ presentation of the proof.

Roughly speaking, the proof of Theorem 1.1 follows by using the approach initiated by Enoki
mentioned above, combined with the estimates we have at our disposal in the Monge-Ampere
theory. As for Theorem 1.2, we basically follow the ‘second proof” in [CP15], and use Theorem 1.1
as main technical support, instead of the generic semi-positivity of orbifold cotangent bundles
in the original argument.

Parts of the techniques we will use here are employed by Guenancia in [Guel2] to establish
the stability of the tangent bundle of the canonically polarized manifolds in a singular setting.
Finally, we mention here that in order to obtain a stronger version of Theorem 1.1, the best
one can expect would be to replace wg‘*l with a mobile class. Our hope is that the methods we
develop here might be useful in this context.

2. Pseudo-effective classes and Monge—Ampeére equations

Let (X,w) be a compact complex manifold endowed with a metric w, and let {7} € HY1(X,R) be
a real cohomology class of type (1,1). By convention, we assume that ~ is a closed, non-singular
(1,1)-form on X; we recall the following definitions.
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DEFINITION 1. We say that the class {7} is nef (in the metric sense) if for each ¢ > 0 there exists
a function f. € C*°(X) such that

Ve =y +dd°f. > —ew. (2.1)

The definition above was introduced by Demailly [Dem92] as an analytic counterpart of the
notion of the nef divisor in algebraic geometry.

DEFINITION 2. We say that the class {7} is pseudo-effective if it contains a closed positive
current. This is equivalent to the existence of a function f € L'(X) such that

T =~ +ddf > 0. (2.2)

Let {7} be a pseudo-effective class. If some multiple of it equals the first Chern class of
a Q-line bundle L and if X is projective, then the bundle L is pseudo-effective in the sense of
algebraic geometry: given p a positive integer and an ample line bundle A, there exists a constant
C = C(p,A) > 0 such that
RO (X, k(pL + A)) > Ck™

as k — oo. In other words, the Kodaira dimension of pL + A is maximal. This statement is a
consequence of [Dem92], and can be seen as a generalization of the Kodaira embedding theorem.
Even if the manifold X is projective, the property of pseudo-effective line bundles (in the sense
of algebraic geometry) revealed by the previous definition is important: such a line bundle may
have negative Kodaira dimension, but nevertheless, its first Chern class carries a closed positive
current.

While dealing with pseudo-effective classes on compact Kéhler manifolds, one seldom works
directly with the current T" above, mainly because it may be too singular. The regularization
theorem we will state next is therefore very useful. Before that, we recall the following notion.

DEFINITION 3. A function % on X has logarithmic poles if for each coordinate set U C X there
exists a family of holomorphic functions o; € O(U) such that we have

Y = clog <Z |aj2) mod C®(U) (2.3)

J

where ¢ is a positive constant. In other words, the function @ is locally equivalent with the
logarithm of a sum of squares of absolute values of holomorphic functions.

The following regularization result will play an important role here.

THEOREM 2.1 [Dem92]. Let T =+ dd°f > 0 be a closed positive current. Then there exists a
sequence (fy,),>o0 of functions with logarithmic poles, such that

Ty =~ +ddf, > —nw
for all n, and such that f, — f in L'(X).

We recall next a few results in the theory of the Monge—Ampere equations. For the rest of
our paper, the manifold X will be assumed to be compact Kéhler, and let wy be a fixed, reference
metric on X.
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Theorem 1.1 states that a certain numerical positivity property of the bundle @™ 1% (B)
holds, provided that the negative part of the Chern class of Kx + B is bounded.

The requirement concerning the bundle K x + B in Theorem 1.1 is equivalent to the existence
of a singular volume element on X, whose associated curvature current is greater than —a.
The link between such positivity (or negativity) properties of the canonical bundle and the
differential geometry of X is given by the Monge-Ampere theory, or, more precisely, by the
Aubin—Calabi-Yau theorem. In its original formulation [Yau78|, this result states that given a
non-singular volume element on X, whose total mass is equal to [ y Wi, there exists a Kéhler
metric w € {wp} whose determinant is equal to the said volume element.

Partly motivated by questions arising from algebraic geometry, many results generalizing the
Calabi—Yau theorem for singular volume elements have recently been established. The following
statement will be the main technical tool in our proof of Theorem 1.1.

THEOREM 2.2 [CGP13]. Let (X,wo) be a compact Kéahler manifold, and let
B-Y,
J

be a reduced divisor, whose support has simple normal crossings. We consider a finite set of
functions (¢y)r=1.. 4 C L*(X) with logarithmic poles, normalized such that fX Y. dVy = 0 for
each r, where dVj is the volume element on X induced by the metric wy. Let Cy, be a positive
constant, such that

Cywo + ddip, > 0

Then for each set of parameters A = (\,&,8) € ]0,1]* x[0,1] x ]0,1/2] there exist a positive
(normalization) constant Cy and a Kahler metric wy = wy + dd°pp, such that

1, (A2 + exp(wr))
[1,;(e? + Is;*)! =

and such that the following uniform estimates hold.

wi = Cy

(MA)

(i) There exists a constant Cs > 0 depending on 6, Cy, and (X, wy) but uniform with respect
to \,e € [0,1/2]4F! such that supy |oa| < Cs.

(ii) For each coordinate system (z',...,2") adapted to (X, B) on U we have

V—=1dzI A dzd
<05<§ Eawp = §j V=1dz A d2?
J=1 Jj=p+1

In other words, the solution wp is bounded from above by the standard conic metric on each
coordinate set.

(ili) There exists a constant C) 5 uniform with respect to € such that

/ J J
> CA75<ZdZ/\dZ Z V—1d’ /\dz]>

2 712)1—0
EEEEEERIPY

In the statement above we denote by s; the section of the bundle O(Y}) whose zero set equals
Y;, and we denote by |s;| the (pointwise) norm of s; measured with a non—smgular metric h; on
O(YJ) We denote by 6; the curvature of the bundle O(Y;) with respect to h;.
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Remark 2.3. We see that (unlike in all the other recent articles concerning the metrics with conic
singularities) in the statement above we have obtained uniform the estimates with respect to the
parameter € > 0. This will be play an important role in the next section.

In the remainder of this section, we will evaluate the curvature of the canonical bundle Kx
endowed with the determinant of the metric given by equation (MA). The formula reads

Ouy (Kx) = O(Kx) + Y _dd®log(\? + exp(th,)) — (1 —6) Y _ dd°log(e? + |s;[*),  (2.4)
r j

where O(Kx) := O,,(Kx) is the curvature of the canonical bundle with respect to the volume
element induced by the reference metric wp. We next expand the Hessian terms in (2.3):

exp(¥) A% exp(¥)

dd° 1Og(>\2 +exp(v)) = m d“y + W\/jla¢ A 5¢
_ C >‘ exp( ) _ Al AZ C
dd¢+wﬁa¢maw o) Y

and

2

12
dd®log(e* + |s;|*) = 5V —10s; A Dsj — 1551

(€2 + |s;2)2 e2 + 552
e2 F L g2
S P R A Y. T Ty a——
J (€2+’Sj|2)2 J J 52-}—‘8]"2 J

respectively. Rearranging the terms, we obtain the identity

@wA(KX)+(1—6)Z( F@M@HZ@

j e
A2 g2
—  dd%, — (1 — "
+Z}\2+exp(wr)ddw ( 5);€2+’8‘|20]

A exp(,
O(Ky) +Ze +decwr+z o feff ))) V=10, A O,

The relationship between this expression and Theorem 1.1 is easy to understand: if we add
the semi-positive form «, the right-hand-side term can be assumed to be positive by choosing
in an appropriate manner (according to the pseudo-effectivity hypothesis). Thus, the curvature
term O, (Kx) is naturally written as the difference of two semi-positive forms, modulo some
undesirable ‘error’ terms such as

A2 . (1 —6)e? A
2 e ;(5 o) (29

which will converge to zero, provided that we are choosing the set of parameters A properly. It
is at this point that the estimates in Theorem 2.2 are playing a determinant role.
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3. Proof of Theorem 1.1

In this section we will unfold our arguments for the proof of Theorem 1.1; we proceed in several
steps. A first standard observation is that it is enough to prove this statement for F := L a line
bundle on X. The reduction to this case is classical, as follows. If we denote by p the rank of F
at the generic point of X, then we have a sheaf injection

mp

0— APF > Q) Tx(B)
and our claim follows by passing to the bi-dual; we refer to [Kob87] for further details.

Step 1. By hypothesis, the class ¢1(Kx + B) + {a} is pseudo-effective. When combined with
Theorem 2.1, we infer the existence of a sequence of functions (f;,),~0 such that the following
statements hold.

(1) For each n > 0, the function f, has logarithmic poles, and [ f, dVy = 0.

(2) We have O(Kx) + >, 0; + ay + dd°f; > —nwo in the sense of currents on X (we are
using here the same notation as in the preceding section). We denote by o, € {a} a non-singular
representative such that o, > —nwy on X.

Relation (2) above is equivalent to the positivity of the current

Ty =O(Kx)+ Y _ 0+ ay + dd° fyy + nuwo;
J
for some technical reasons which will appear later on in the proof, we have to ‘separate’ the
codimension-1 singularities of 7; from the rest. For a general closed positive current this is
indeed possible thanks to a result due to Siu in [Siu87]. In the present situation it is much
simpler, since f; has logarithmic poles; in any case, we write

A”I
Ty =Y bW+ R, (3.1)
r=1

where the singularities of the closed positive current R are in codimension 2 or higher. Let g,
be an arbitrary, non-singular metric on the line bundle O(W, ) associated to the hypersurface
Wi, and let B,, be the associated curvature form. We denote by o, the tautological section
of O(W, ), whose set of zeros is precisely W, ,, and we define

A’?
o= fn = b logon, | (3.2)
r=1
Since the current R is positive we have
N Aq
O(Kx)+ D 0+ ay— b By +dd*fy +nwo > 0 (3.3)
j=1 r=1

in the sense of currents on X.
We next apply Theorem 2.2: for each set of parameters

A= (e, A1, p.6) €]0,1] x]0,1] x]0,1] x]0,1] x] 0,1/2],

there exists a Kahler metric

WA = wo + ddpap, / prdVy =0,
X
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such that R N
(N2 + exp(f)) IT,(0? + lorn|*)"
ILE+lsm

where Cj is a normalization constant. By estimate (ii) of Theorem 2.2,

wi = Cy

Voldd Nd2T &
o wA\Z SR Z V=Tde A de (3.5)
)

2 712\1-46
(e24127)?) ot
on a small coordinate set, where (2%) are local coordinates adapted to (X, B).

Remark 3.1. Actually, the constant Cj, as above can be assumed to be independent of 7,
provided that A and p are small enough (depending on 7). This amounts to taking p — 0
and A — 0 before taking  — 0 in the limiting process at the end of the proof. However, the
estimate as stated in (3.5) will be sufficient for us.

Also, by the computations performed at the end of the previous section, the curvature of Kx
with respect to the metric wp can be expressed as

G)wA(KX Z 82—|—|8 ‘ \/—188]' /\878]‘%-04774-770.}0
7j=1
22 2 An by p?
+ ddcf + ( )9 + 7@»7
A2 + exp(fy ! Z ‘3 2 ; P2+ oy 2T

N Ay
=O(Kx)+ > 0;— Z b1 Bray + ddC fy + ay + nwo
j r=1

7=1
A
d b, p? — Nexp(fy)
+ L V=180, A o,y + L /=10fy A Ofy. 3.6
;(P2+\0r,n|2)2 K T2 + exp(f))? B >0

In the relation above, we remark that the right-hand side is positive definite.

Step 2. As we have seen at the beginning of this section, the sheaf F can be assumed to be a

line bundle, say L. Let
m
ue H° (X, QX Tx(B) @ L—l)

be the holomorphic section corresponding to the injection L — @™ T% (B) whose existence is
ensured by hypothesis. We consider an arbitrary, non-singular metric hy on L.
Let M := X\Supp(B), and let Q C M be an open set, such that

QcC M.

The restriction bundle @™ T%(B)|a identifies with the tensor power of the usual cotangent
bundle @™ T%, and we can endow it with the metric induced by wy. Another way of presenting
this is that we endow the bundle @™ T% (B) with a singular metric given by wa. Let p be a
positive real number; we have the inequality

[ Jul}

m @ Em U,’U
2+ oz (O (E) = 0mOp) - s (O Em ) iy g
A

dd€1 2+ 2md |, |2 > ’
Og(,u |8’ ‘U|A) MQ + ‘8‘27”5”11,‘?\
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where E,, stands for @™ T%(B), and the symbol ©4(E,,) denotes the curvature of E,, with
respect to the metric induced by wy. The quantity |u|s represents the norm of u measured with
respect to the metric induced by hr, and wp. We denote by s the canonical section corresponding
to the boundary divisor B, and by |s| its norm, measured with respect to a non-singular metric;
the associated curvature form is ©p. We remark that this inequality (valid also if p = 0) is
nothing but a version of the Poincaré-Lelong formula for vector bundles. On the other hand,
we stress that inequality (3.7) only holds on sets Q C M, since the quantity |s|>™°|u|3 becomes
meromorphic across the support of B.

Let £ be a cut-off function, which equals 1 in the complement of an open set containing
Supp(B) and which vanishes in a smaller open set containing Supp(B). Multiplying (3.7) by
fwxfl and integrating over

Xo := X\Supp(B),

we have

gddlog(p® + s [ulR) AWk ™ + | E oy
/Xo A Xo  HP A [sPmOlul}

|S|2m6 n—1
(O (Enu,u) A e

gw(@h (L) —méOp) Awh™! (3.8)
o W P r |
Step 3. In the following lines we will evaluate the curvature term (65 (Ey,)u,u) Awl ™" in (3.8).
To this end, we consider a point xy € €2, and we will do a pointwise computation by using
geodesic coordinates at zo (here we ignore completely the log structure induced by B).

For any set of parameters A the metric wy is Kéhler, so there exists a geodesic coordinate
system (z1,...,z,) centered at xo; that is, near xo we write

wA—Zrdqucf+ Z ; z]zkrdzaAcF5+O(\z|) (3.9)

Jk,0.8
In the expression above, the complex numbers (C;Caﬁ) are defined as
0
OA(TS )z Zc 5d2a NdZg @ dz; ® p

Jse.B

that is to say, they are the coefficients of the curvature tensor of (T%,wa).

Let
u = Z ugdzj, @ - @dzj,
J=(j1,-20m)
be the local expression of the section u. By definition, the curvature of @™ T% (B) acts on u as
follows:
OABEm)u= > uydz, @ @0x(T})dz;, @ @ dz,

T7J:(j17"'7jm)

= Z Z ch;adejl®-~~®dzp®--~®d2jm®dzaAd?5.
J:(.]lvyjm) r,p,a,ﬁ

Therefore at the point zg we have

Opr(Em)u, u) A
(O )unu> WA — Z w0, 0" (3.10)
" Tpd

W

2358

https://doi.org/10.1112/50010437X16007442 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16007442

HOLOMORPHIC TENSORS

where for any index J = (j1,...,jm) we denote by Jzq the index obtained by replacing j, with
d in the expression of J (the other elements are unchanged), and

95 = Z cgaa

«

are the coeflicients of the Hermitian form on T% induced by the curvature of the canonical bundle
©A(Kx) by contraction with the metric (at this point we are using the fact that the metric wp
is Kéhler).

Given any (1,1)-form +, we have an associate Hermitian form on 7%, say ¥,, obtained by
contraction with the metric wy. This is obtained by ‘raising the indexes’ as follows. Locally near
To we write

v = Z Ypgdzp N\ dZzg
X

and then the induced form ¥, on T% is given by the expression

s 05 O 0
v, = Z Vg w q 825 (3.11)

p,q,7,s

We consider formula (3.6), and we introduce the following notation:
e Ug, is the form induced by ©,,, (Kx);
o VU, is the form induced by (1 — ) Z;V:1 (e2/(2 + |3;*)?)v/—10sj A Os; + ayy + nwo;
e U, is the form induced by

A
A — E <5—>9 + E B
A2 texp(fy) 2+ s, 2 4 oy, 2

As we can see from formula (3.10), the curvature term in (3.8) is expressed as

Or(En)u,u _ 1 Vo, (u,u
Xo IUWA Xo h”A
where we denote s 1o
m
SR 7, S

EESREEIT

We observe that the form W, . is positive definite (since o, > —nwo by property (1) of
Step 1), and then we have the inequalities

g,u\I/@)\ (uvﬂ) < 5”(\11@)\ + Wa,s)(uaﬂ)

mlu} mlul}
— gﬂ(qje)\ + \1]0175 + \PA)(U,U) - gu\PA(u7ﬂ)
mlul§
N 2 L
<ty (@wA(KX Z s )2 \/—lasj/\35j+an+17wo+TA>
j:l
_ é,u\I’A(uaU)
mlul}
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The fact that the third inequality of the preceding relations holds true can be seen as a
consequence of the following elementary result, combined with the fact that the form Wg, +
U, + Uy is definite positive, as shown by formula (3.10).

LEMMA 1. Let © = (#%) be a positive definite Hermitian form; then
Sty <m( Xl ) (2]
Jyr,d J J

for any set of complex numbers uy, where J = (j1,...,jm) € {1,...,n}™ is the set of indices. In
the relation above we denote by J(j,,d) the index (j1,...Jr—1,d, jr+1,-- -, Jm) having the same
components as J except that we replace j, with d.

Proof. For m = 1, the inequality to be proved is
Sty < () ()
Jsr J

and the easy verification will not be detailed here. For a general m > 2, we just observe that the
corresponding sum for r = 1 can be written as

Z upJ’udJ’

J'p,d
where J' = (jo,...,jm). For each fixed index .J’, the inequality corresponding to m = 1 shows
that
S vty < () (S6)
J'p.d J J
and, summing over all the indices J’, and then over » = 1,...m, we infer the result. o

These considerations and (3.12) show that

@ Em b n— n
/ §u<A(|u’2)uu> AT <m [ (O, (Kx) +a) Awi?
Xo

A Xo
N £2
+m(15)/ < — /1 85/\88)/\w”1
Xo Z(e2+ls|) S A
tm | AT gm [ Wl — | 0 (u,a)wh. (3.13)
Xo Xo Xo

We can remove the subscript ‘n’ for the first term on the right-hand side of (3.13) simply because

ay € {a}.
By the computations in Step 2, we have the identity
(1-96) e V—=19s; A Ds; + 06, = (1 — 8)dd® log(e® + |s;]?) + 6 (1—0)c*
) /" 10s: A DS (1 — P AT Y)E g
(€2 +s;]%)? J I J J g2 |82

for each index j, so by integration over X \Supp(B) and Stokes’s formula (which indeed holds on
the open manifold, since the functions/forms we are dealing with are smooth), inequality (3.13)
becomes
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Or(En)uw) - -
/XO£H<A(M/\WA 1<m/)(<@(Kx)+Oé+Zej>/\w0 !

2
’u‘A j=1

2 ~
m/ Ai/\ddcf77 Awh™l
X A2 + exp(fy)

— EuVA(u, T)wy. (3.14)

In (3.14) we have used the fact that the singularities of ﬁ7 are in codimension 2 or higher, so
that we have the equality

A2 ~ A2 ~
/ 7Addcfn VAN w/"\_l = / 7/\ddcfn A wx_l.
X A2 4 exp(fy) Xo A% +exp(fy)
We next derive an upper bound for the last term in (3.14). By the expression of the form 75
we see that for each 7 > 0 there exist a constant (), depending on 7 and a constant C' which is
uniform with respect to the set of parameters A such that

o )\2 p2 of s 82
>-Cyl m——=+) 55 |wo-Cld+) 55— |wo,
" ( 27y |ar,n\2>°"° ( Z 7+ |Sj\2>°"“

X2 texp(fy) 4

and therefore we infer that

A2 P’ 1
- AN u,uw”<0/<6—|— — + )wg/\w"

62

e+ |si*

+Co+C (3.15)
J

Step 4. We summarize here the conclusion of the computations of the preceding steps. By (3.8),
the quantity

/§|S|2m6|“|2A On, (L) A ! (3.16)
o S o L)

whose limit as ¢ tends to the characteristic function of X\Supp(B) and p tends to zero
respectively is smaller than

mL(@(KX)+a+i9j> Awp™?

Jj=1

which is the bound we hope to obtain, modulo the terms

2
€ n—1
—wg A , 3.17
/X€2+8j|2w0 “a (3.17)
[ cddrog + 1P ) ney (3.18)
Xo
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as well as )
A
Cy / — W AW, C/ ———wy AWy . 3.19
X A2+ exp(fy) 0T p +’Ur Ee (3.19)
and
/ X dd° f, ! (3.20)
———ddf, AT .
X A +exp(f,) A

In conclusion, Theorem 1.1 will be proved if we are able to show that by some choice of the cut-off
function ¢ and the parameters A = (g, A, p,n,0) respectively, the quantities (3.17), (3.19) and
(3.20) tend to zero, and (3.18) is negative. This will be a consequence of the estimates provided
by Theorem 2.2.

Step 5. We first let € — 0, while the other parameters are unchanged. The effects of this first
operation are evaluated in what follows.
To start with, we recall that by (3.5) we have

V- d]/\dJ
wA\Z : : Z V= 1dz7 A dz

2 j 1 (22 1 |5j]2)1-6
(e241272) Pt

locally at each point of X, where (z;) are coordinates adapted to the pair (X,B). As a

consequence we infer that
2

57 n—1 _
gg% M=y PWO/\wA =0 (3.21)
by a quick computation which will not be detailed here.
We next analyze the quantity (3.18) as € — 0. Let Ay := (0, A, p,n,d) be the new set of
parameters. We know that
WA = WA

uniformly on compact sets of X. Therefore

lim/ gdd01og(u2+|s|2m5u|ﬁ)mx1:/X €ddlog(p® + [s*™|ul},) Awiho Tt (3.22)
0

e—>0 XO

The important difference between |u|s and |u|a, is that the pole order of the latter quantity
along the components of B is smaller than md. Indeed,

» .
/—1d J
ZM Z,/ dzj/\dzj<

|Z]‘2(175) - WAo (3.23)
J=p

Cxps 3P,0,m

and

—1dz A dzd n . =
Gy < Z PR LS VETde A de, (3.24)
=1

2 1— 6
ElE

by combining (3.5) with the MongefAmpére equation verified by wy. The upshot is that the
function

log(® + |s[*™ |ul3,)

is bounded by a constant depending on pu, Ay, but completely independent with respect to the
size of the support of &.
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At this stage or our proof, we choose a sequence of cut-off functions

§:=Xr

as in [CGP13] converging to the characteristic function of the set X \Supp(B), so that (3.18)
becomes

/X log (1 + [s*™ul}, )ddx- Aw) . (3.25)
0

Indeed, the integration by parts is legitimate, since for every positive 7, the relevant quantities
are non-singular on the support of y.

If we let 7 — 0, then (3.25) tends to zero, thanks to the computations in, for example,
[CGP13], together with the fact that the bound of the absolute value of the function

log(p? + ]3]2m5|u]%0) is independent of .
Also, we remark that the term (3.16) becomes simply
|5 ]ul},
On, (L) Aw?t (3.26)
s e O P
As a conclusion of this step, by first letting ¢ — 0 and then { — xx, as indicated above, we
infer that
/ SR e, (0 /< (Kx) + +§:9>A o
h whi o <m X « i w
X IU’Z + ’S’2m5|u’?\0 L A j=1 ! 0

2
+C77</ Aiwo/\wx 1)
O rep(fy)

C N A n—1
" n(;/X p* + “77",77’2000 “ho >
2

+C/ —  ddfy AW+ (S +1)C. (3.27
X A2+ exp(fy) 7T ( )¢ (3:27)

We let 1 — 0; the left-hand-side term in (3.27) becomes

/ @hL /\wo ,

as we see by the dominated convergence theorem.
Step 6. This is the last step of our proof. We first establish the equalities
)\2
lim / ——————wo AW =0 (3.28)
A=0Jx A2 + exp(fy)
and

lim

_ =0 3.29
p—0 Jx P2 + ’Ur,'r]P ( )

for any set of parameters 6 and 7. This is quite easy: by the relation (3.24) we have

/ 2 Nl < / A2 dv
——=—Wwy W 0, ~ —95°
X A2+ exp(f,) Ao T Jx N2 4 exp(f) 11 Isi P72

and (3.28) and (3.29) follow by the dominated convergence theorem.

2363

https://doi.org/10.1112/50010437X16007442 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16007442

F. CAMPANA AND M. PAUN

We next treat the remaining term. We claim that

li

m
A—>0

A2 -
— ddfy AT =0 3.30
/X A2 +exp(fy) Tn g (3.50)

holds for any set of parameters (7, d) within the range fixed at the beginning of the proof. This
is established as follows:

A2 cr n—1 / A2 cr n—1
/X T exp(fn)dd faAwi, ™ < Chs v exp(ﬁ,) (dd° fy + Chwsst) AW (3.31)
where C, is a constant such that the (1, 1)-form ddcﬁ, + Cyws st is definite positive. We use the
same notation as before, namely wsg; is the standard metric with conic singularities along B,
with all cone angles equal to 27(1 — 9).
We define R
dpty 5 := (dd° fry + Cywss) Awj ',

a positive measure of finite mass. Let p : X;, — X be a birational map such that
pr(dd°fy + Cywsst) = [E] + 1y

where E is a divisor and 7, is smooth. The important point about the singularities of J?n is that
the F is p-contractible. Thus

Prdins = AP Wiy = diin s,

that is to say, a measure with mild singularities on X,. In fact, an immediate calculation
shows that the measure dfi, s is smaller than the determinant of a standard metric with conic
singularities of angles 27w (1 — §) along the support of the divisor p*(B), modulo some constant
independent of A. The quantity we have to analyze becomes

X ~
/ 5 =~ dﬂn,é»
X, A2 +exp(fy op)

and indeed it converges to zero if A — 0 by the arguments previously invoked (the dominated
convergence theorem). The assertion is therefore established.

Remark 3.2. We remark that the hypothesis concerning the codimension of the singularities of
fr is essential. Indeed, if v is a holomorphic section of an ample line bundle and if we take, for
example, log [v|? instead of f,, we see that (3.30) does not hold!

After this last operation, inequality (3.27) becomes

N
/X@hL(L)/\wg_l < ((5+77)C'+m/X<@(Kx)+Oc+Z€j> Awp? (3.32)

j=1

and Theorem 1.1 is proved, by taking §,7 — 0.

Remark 3.3. It is possible to adapt the previous argument to the case where a is possibly
singular, that is, the class {a} is pseudo-effective rather than Hermitian semi-positive. However,
we have to impose the condition that the generic Lelong number of o along each component of
B is equal to zero. We leave the details to the interested reader.
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Remark 3.4. An important application of our arguments was obtained in [Guel2], where the
stability of the log-tangent bundle with respect to Kx + B is proved, under the hypothesis that
the latter bundle is nef and big.

Remark 3.5. By the same arguments it is possible to obtain a more general version of
Theorem 1.1 for pairs (X, B) whose boundary B = } (1 — 1;)Y; has rational coefficients
belonging to the interval |0,1] and snc support. The only change required is to replace the
definition of the logarithmic cotangent bundle T% (B) with the one defined in [CP15].

Let N be a positive integer, which is divisible by all the denominators of the coefficients (v;)
of B. There exist a non-singular manifold Xp and a finite map 7 : Xp — X such that 7*Y} is

divisible by N, and such that 7*(3_;Yj) is snc. If (z; = 0) is a local equation of the hypersurface

Y;, then we remark that the multi-valued function zjl.fyj becomes holomorphic when pulled back
via m. This observation allows us to define the cotangent bundle (and any holomorphic tensor)
corresponding to (X, B). We obtain the analogue of Theorem 1.1 by using the full force of
Theorem 2.2 (and its generalization to the case of arbitrary coefficients; cf. [GP16]).

4. Proof of Theorem 1.2

In this part of our paper we will prove Theorem 1.2. As we have already mentioned, the result
itself is already known: its proof in [CP15] is based on a the generic semi-positivity result for the
cotangent of the orbifold pairs whose canonical bundle is pseudo-effective. The proof we present
here follows essentially the same ideas, modulo the fact that we are using Theorem 1.1 instead
of the aforementioned result concerning the orbifold cotangent bundle.

4.1 Continuity method
For the rest of this paper the manifold X is assumed to be projective. Let A be ample on X
such that Kx + B + A is ample. We consider the interval

J:={tel0,1]: Kx + B +tA is big}. (4.1)

It is clear that J is non-empty and open. We next show that J is closed, provided that there
exists an injection

L— Q) Tx(B)

for some m > 0, where L is a big line bundle on X.

Let (tx) C J, converging to a real number t». We have to show that the limit R-bundle
Kx + B +tyA is big. The first observation is that this bundle is at least pseudo-effective, given
that it is a limit of big bundles.

As a warm-up, we first discuss a very particular case, namely we assume that the limit
Kx + B+ 1tA is nef. Then we argue as follows: for each k the bundle Kx + B + t; A is ample,
and by Theorem 1.1 we have the numerical inequality

/ Cl(L) A Cl(KX + B+ tkA)n_l < m/ Cl(KX + B+ tkA)n, (4.2)
X X

where we stress on the fact that m is a purely numerical constant, and in particular it is
independent of k.
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Since L is big, we certainly have

/ ci(L)Ney(Kx + B+, A" > C(L) / ci(A)Aey(Kx + B +t,A)" 1
X X

for some constant C'(L) depending exclusively on L.
On the other hand, by the Hovanski—Teissier concavity inequality,

1/n (n—1)/n
/ a(A)Nea(Kx + B+ tkA)nfl = </ Cl(A)n> (/ a(Kx + B+ tkA)n> . (4.3)
X X b's
By inequalities (4.2) and (4.3) we infer that
/ a(Kx +B+tA)" > Cop>0
X

for some constant Cy which is independent of k; hence, the same will be true for the limit, so
the R bundle Kx + B + tsA is big, and the proof of this particular case is finished.

We will prove the general case of Theorem 1.2 by means of arguments along the same
lines. The bundle Kx + B + t,A is no longer assumed to be nef, but it is nonetheless at
least pseudo-effective, and the idea is to decompose it into two orthogonal pieces, a nef part and
an effective part. For an arbitrary big line bundle, this cannot be done in a sufficiently accurate
way so as to be relevant for us (the approximate Zariski decomposition is not useful here, as we
will comment at the end of this paper). However, the bundle we are dealing with is an adjoint
bundle and the additional techniques required to treat this case are explained in the following
paragraphs.

4.2 Desingularization and Zariski decomposition
In this section we collect a few important facts concerning the principalization of the ideals
of holomorphic functions. They will be used in conjunction with the finite generation result in
[BCHM10].

Let Z C Ox be an ideal sheaf, and let z € X be a point. The vanishing order of T at x is
defined as

ord;(Z) := max{r : Z C m.},

where m, is the ideal sheaf of z. Given Z C X a submanifold, the order of Z along Z is defined
as the vanishing order of Z at the generic point of Z. Finally, the mazimal order of T along Z
is equal to the maximum of the numbers ord,(Z) for all z € Z.

A marked ideal (Z,m) is a couple consisting of an ideal sheaf Z together with a positive
integer m. Let Z be a smooth subvariety of X such that the order of Z along Z is at least m. The
inverse image of the ideal Z with respect to the blow-up 7 : X > Xof X along Z can be written
as the product of the principal ideal corresponding to the exceptional divisor to the power m,
multiplied by an ideal of holomorphic functions on X. The latter is called the proper transform
of the marked ideal (Z,m).

Let £ := (Ei,...,Es) be a set of non-singular hypersurfaces of X, such that }, E; is a
simple normal crossing divisor. Following [Kol07], we call (X,Z,m, E) a triple.

A smooth blow-up sequence of order at least m of the triple (X,Z,m, F) is a sequence
(Xj,Zj,m, E(j))j=0,...r satisfying the following requirements.
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(1) For each j =0,...,r we have Z; C Ox;.

(2) We have (Xo,Zo,m, Eq)) := (X,Z,m, E) and for each j =1,...,7 the map X; — Xj_1 is
the blow-up of a smooth center Z;_1 C X;_1 such that ordzj_l(Ij,l) > m, and such that
Z has only simple normal crossings with the components of E;).

(3) Foreach j=1,...,r the ideal Z; is the proper transform of the marked ideal (Z;_1, m) with
respect to the map X; — X;_1.

(4) Foreach j =1,...,r, the set of hypersurfaces E;) is the birational transform of F, together
with the exceptional divisor of the map X; — X, ;.

In this context, we quote a result from [Kol07, p. 41].

THEOREM 4.1 [Kol07]. Let X be a smooth projective manifold, and let 0 # Z C Ox be an ideal
sheaf. Let m be a positive integer assumed to be smaller that the maximal order of 7 along X,
and let E' be a simple normal crossing divisor. Then there exists a smooth blow-up sequence of
order at least m of the triple (X,Z,m, E) such that the proper transform of I by the resulting
map X — X is an ideal whose maximal order along X is strictly smaller than m.

As a consequence of the algorithm described in the previous theorem (with m = 1) we have
the following result.

THEOREM 4.2. Let (X, B) be a smooth log-canonical pair, and let 0 # Z C Ox be an ideal sheaf.
There exists a birational map p : X1 — X such that the inverse image of I with respect to p
is a principal ideal, whose zero loci plus the inverse image of the boundary divisor B defines a
normal crossing divisor. Moreover, p can be chosen so that the next property is satisfied.

Let x € X be an arbitrary point, and let (fi,..., fy) be the local generators of the ideal
T on an open set U centered at x. Then the support of the relative canonical bundle Ky,  x
intersected with the inverse image of U is contained in the set ﬂj-’:l( fiop=0).

We next consider the context of the adjoint bundles, in which we have the following important
result. This represents the second main technical point in the proof of Theorem 1.2.

THEOREM 4.3 [BCHMI10]. For each k > 1, the algebra Ry of pluricanonical sections
corresponding to Kx + B + t; A is finitely generated. In particular, the Q-bundle Kx + B +t A
admits a Zariski decomposition obtained by considering a desingularization of the ideal defined
by the generators of Ry.

(k)

We consider the generators (uj j=1,...,q; Of the algebra Rj; we assume that they are sections
of the bundle my (K x + B+1t;A). Let T}, be the curvature current of the metric on Kx + B+t A
induced by the generators above. There exists a modification of X, say pi : Xz — X, such that

Pi(Tk) = wk + [Ng]

where wy, is a semi-positive (1, 1)-form on X}, corresponding to the Q-bundle Py on X}, and N
is an effective divisor, such that

Vol(Kx + B+ t;A) = / Wy, -
Xk

The finiteness of the algebra Ry is equivalent to the equality above; in general, we only have an
approximation of the volume by the top power of wy.
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Combined with Theorem 4.2 above, we obtain the next statement.

COROLLARY 1. For each k > 1 there exist a non-singular manifold X and a birational map
pr : X — X such that the following statements hold.

(a) We have p;(Kx + B+1tA) = P, + Ny, where Ny, is effective, Py, is big, without base points,
and such that
P]zZ = VOI(KX + B+ tkA)
(b) The orthogonality relation holds true: P{'"* - Ny = 0.
(c) We have Supp(Kx, /x) C Supp(N).

For the crucial point (b) we refer to the orthogonality lemma in [BDPP13]. Point (c) is a
direct consequence of Theorem 4.2 discussed above.

4.3 Conclusion of the proof

We denote by (Eg )) j=1,...,i;, the support of the exceptional divisor of the map pj. By the inclusion
(c) above, together with the orthogonality relation (b) of Corollary 1, we obtain

-1 —~@
ppt.g2 =9 (4.4)
for each j = 1,...,4;. This is an important fact, since it will allow us to ‘ignore’ the presence of

the exceptional divisors, and argue in what follows basically as in the nef case explained at the
beginning of our proof.
Let B=Y; +---+ Yy. We have the change of variables formula

ph(Kx + B) = Kx, + By, — E} (4.5)
where By := Zjvzl?J + E,i Here we denote by ?J the proper transform of Y; and EI,E,% are

effective divisors, such that their support is contained in the exceptional divisor of pj. The divisor
E,i is reduced, thanks to the fact that (X, B) is an lc pair. Moreover, we have

Supp(By) C Supp(pi(B)). (4.6)

By hypothesis, we have an injection

L— QT%(B)

where L is a big line bundle. We consider the pg-inverse image of this injection and we get

Pi(L) = Q) Tk, (B), (4.7)

where By, is the reduced part of the inverse image of the divisor pf(B).

The bundle Kx, + By + toopj A is pseudo-effective, as it follows from (4.5) combined with
(4.6). Indeed, as a consequence of these relations we infer that the difference By — By, is effective
and pg-exceptional.

Moreover, the bundle Py is nef, so by Theorem 1.1 we obtain the inequality

| @Bt <m [ (K B i) PR (4.8)
Xk X
By (4.5) and (4.6), together with the definition of By, we infer that
(Kx, + Bi + tooppA) - P~ = pp(Kx + B+t A) - PI . (4.9)
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By statements (a) and (b) in Corollary 1,
PLx + B+t A) - PP~ = PP — (b — t)ph(4) - PP (4.10)

Since the bundle L is big, we certainly have pj (L) - P,?il > eopi(A) - P,?il for some positive &g,
so all in all we obtain
Pl = mpi(A) - PP (4.11)

We use the Khovanskii-Teissier inequality as in the nef case discussed previously, and as a
consequence we get

PR(A) - PPz (A (P, (4.12)

The conjunction of (4.11) and (4.12) gives
P!>C(m) >0 (4.13)
uniformly with respect to k, so Theorem 1.2 is proved. O

5. Further remarks

We consider the exact sequence

0—>L—> Q)T%(B)—>Q—0 (5.1)

where (X, B) is a pair with the properties stated in Theorem 1.1, and L is a line bundle. Let
{a} be a semi-positive class of (1, 1)-type, such that ¢;(Kx + B) + {a} is pseudo-effective.
As a consequence of Theorem 1.1, we infer
nm

/Xcl(Q)/\w”_l > (”m_l —m> /X(cl(KX—i—B)—l—{oz})/\w”_l— n__ll/xa/\w"_l (5.2)

n—1

for any class w belonging to the closure of the Kéhler cone of X.

We remark that even if a = 0, so that Kx + B is pseudo-effective, inequality (5.2) is more
precise than the one derived from Miyaoka’s result in [Miy87] as soon as m > 2.

The next result is an easy consequence of (5.2).

THEOREM 5.1. Under the hypothesis above, we assume that

/Xcl(Q) Awm =0

for some Kéahler metric w. Then Kx + B is numerically trivial.

If L in (5.1) is a sheaf of arbitrary rank, say r, then we obtain a weaker inequality,

/ (@) AW > —”m_l/ o Awhl (5.3)
X X

n—1

Other applications will be discussed in a forthcoming publication.
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