
CORRESPONDENCE 

The Editor, 

J ournal of Glaciology 

SIR, Theory of glacier variations 

]. F. Nye's re ply to my cntlclsm of his theory of glacier variations presented at the Obergurgl 
symposium ([Union Geodesique e t G eophysique Internationale], 1963, p . 53- 57), shows that he has 
misunderstood most of my comments. M y doubts about the possibility of using this theory to obta in 
conclusions which correspond to reality stem from what I believe to be the excessive simplifications 
both of the initial equations of the theory a nd of the m e thod of solving them. 

In his reply Nye acknowledges tha t in a comple te theory it is necessary to start from the equation 

q = q(x, h, <x, o'h/ox' , ... , 8) (I) 

instead of q = q(x, h, <x), where q is the ice discharge through the cross-section a t distance x, h and <x 
are the thickness and surface slope of the glacier, and 8 is the ice temperature. However he denies the 
necessity of taking into account as independent variables the slope of the glacier bottom 13, its width B, 
and the shear stress at the bed T , assuming tha t all their effects are included in hidden form in the 
variation with x . (At Obergurgl I erroneously included B among the independent variables recognized 
by Nye ; it should be noted that one version of the theory suggested by Lig hthill and Whitham is able 
to take into account only the variation of B with x .) 

It is easy to show that, in this question of independent varia bles, Nye contradicts the initial state­
ment of his own theory, since in general the characteristics mentioned change a t a given point in the 
course on time. The width of a glacier (but not of a glacier valley) usua lly cha nges at the same time 
as its thickness and length, though at a much slower rate ; the inclina tion of the lower surface 13 changes 
with any change of regime of floating glaciers and ice shelves even more rapidly than <x, and as for 
the shear stress on the bed T , although N ye (1960, p. 563) had earlier a ssumed that T = pgh sin ()(, he 
now believes ( [Union Geodesique et Geophysique InternationaleJ, 1963, p . 55) that it is strictly 
determined by x, h, ()(, o2h/(Jx', etc . This is evid ently wrong, since T undoubtedl y changes with time due 
to changes in the state of the bottom la yer: its temperature, wa ter lubri cation, bottom roughness, the 
kind, quantity and distribution of morainic material , e tc. It would be d esirable, of course, to determine 
T as a fun ction of the physical characteristi cs of the bed and the state of th e glacier, but until there is a 
sufficiently comple te and relia ble theory of these phenomena, T must be taken into a ccount as a n 
independent varia ble. Its value is indeed strictly d e termined as a bounda ry condition at the lower 
glacier surface, but for this it is necessary to know not only the shape a nd size of th e glacier (x, h, 
oh/ox, o'h/ox' , . .. ) but the ice velocity V (a nd temperature) as well. To d etermine both T and V from 
data on g lacier shape and size alone, as ye hopes, is impossible in principle precisely because T is a 
fun ction of the physical conditions at the bottom of the glacier. 

Neglecting T as a n independent variable is connected with an excessive simplification of glacier 
mechanics in which it is believed that the sta te of stress and the stra in-ra te are dependent only on the 
thickness and surface slope a t a given point. Accordingly, effects of changes in stress and strain-ra te 
transfer from one cross-section to another only indirectly, through the gradual spread of changes in 
thickness and surface slope. Theori es based on such assumptions break down not only at the end of a 
glacier , as W eertman noted in his contribution to the Obergurgl discussion, but at ice divides, where 
()( = 0 , and yet oV/ox> o. In some places we even have flow in the opposite direc tion from the surface 
slope, i.e . places where ()( < 0 , V> 0 (and T> 0 ) . These widely occurring phenomena prove that the 
complicated stress state of a glacier is not controll ed simply by the values of hand ()( at a given point, 
but with direct stress transfer through the whole body of a glacier. Therefore changes can spread from 
one pa rt of a glacier to another both by means of slow changes in thickness and surface slope ("kinematic 
waves" and diffusion) and also by ra pid changes in the state of stress, and therefore of strain-rate a nd 
velocity. 

It is quite clear that as soon as 8, Band T (for glaciers on a solid bed ) or 13 (for floating glaciers) 
are includ ed in the number of independent variables as well as h and <x, it a lso becomes necessary to 
include the deriva tives of these quantities a long the length x of the glacier, because of the concept of 
interaction between different parts of the glacier. Thus in its comple te form the basic equation of the 
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theory should be much more complicated than that used by Nye. In some cases this equation can 
probably be simplified by neglecting effects that are slight under certain conditions, but for this con­
vincing, or at least stated, reasons should be given, and Nye has not given these. In his lecture at 
Obergurgl, Nye obtained quite different results when first-order diffusion of kinematic waves was 
taken into account, n evertheless in his reply to comments ([Union Geodesique et Geophysique 
Internationale) , 1963, p. 55) he insists on neglecting the dependence on ozh/oxz because it "merely 
leads to higher-order forms of diffusion of the kinematic waves". 

Despite Meier's ([Union Geodesique et Geophysique Internationale), 1963, p. 52- 53) optimistic 
conclusions from data on the Saskatchewan and Nisqually Glaciers, most observations show no corre­
spondence between changes of ice velocity and discharge on the one hand and glacier thickness and 
surface slope on the other. As examples one can consider all rapid glacier advances and many slow 
glacier changes. A well-known example is the advance of the Vernagtferner between 1893 and 1900, 
when an increase in thickness of 25 per cent was accompanied by a velocity increase of 16 to I7 times 
at constant general surface slope (Hess, 1904). This means that the velocity would have to increase in 
proportion with the twelfth power of the increase in thickness instead of the second to fifth power of 
Nye's theory! 

Let us now turn to the method of solving the basic equations. Nye asserts that for the small changes 
in a (the rate of accumulation), hand q, it is permissible to use perturbation theory and to calculate 
with a constant datum value of the wave velocity Co. Taking into account changes in Co would m erely 
introduce unwanted second-order terms, and whether the datum state with wave velocity Co is ever 
achieved or not does not matter. One can agree with this if the limits of applicability of the m ethod 
are clearly defined and not trespassed, but these requirements have not been fulfilled by Nye. According 
to his own theory when m = 2 and n = 3 to 4, the wave velocity c is proportional to the 2 ·2 to 5·5 
power of the glacier thickness h. It follows from this that if the error in the determination of hI due to 
change in the wave velocity alone is not to exceed for instance 5 per cent, then, from equation (37) 
in Nye (1960) the real thickness of the glacier must not differ from ho by more than I to 2 per cent 
during the whole time we are interested in. If other sources of error are taken into account it turns 
out that the prediction is unsatisfactory even for changes as small as this. In any case the m ethod of 
calculating with a constant Co is limited to such small changes that it has no practical value. (The 
necessity of taking changes in wave velocity into account seemed so obvious to m e that in my question 
at Obergurgl I did not consider the case of very small changes, which has little practical significance, 
and this caused the misunderstanding over the factor 3 referred to by Nye in his reply. ) Despite this 
limitation, Nye uses his theory to draw conclusions about very large changes in the thickness of glacier 
snouts (for instance in Nye (1960), p. 568- 70). 

Nye also fails to understand my doubts about the instability of glaciers in regions undergoing 
longitudinal compression; the reasons for them are as simple as they are convincing: there are lots of 
glacier tongues subjected to longitudinal compression and yet which, in spite of this, remain for long 
periods in a quasi-stationary state. At all events there are no "kinematic waves" on them moving 
from the accumulation limit and restoring the disturbed balance; instead seasonal fluctuations take 
place: small advances in winter and retreats in summer . No matter how simply the instability is 
explained by Nye in Appendix A of his paper (Nye, 1960), if it contradicts reality it must be wrong. 
In that appendix it is probably the dependence u ex: hm that is not correct, and in the basic theory, as 
I have discussed above, there are many doubtful simplifications. I have already noted ([Union 
Geodesique et Geophysique Internationale), 1963, p. 54) that the precise solution coincides with 
Nye's only when u = 0 and therefore c = const. 

The most attractive feature of Nye's theory is the availability of analytical solutions in closed form. 
However, in Nye's (1960) paper they were obtained because of the extreme simplifications and the 
particular glacier model. Nye has acknowledged that, with his model of an "ideal glacier" it is difficult 
to have a realistic, simple and continuous function ao(x) and a realistic function ho(x) both at the 
same time, though he insists that there is no violation of the equation of continuity. However, it is 
quite evident that with the condition (Nye, 1960, p. 566) 

{

EX 
co(X) = ( ) 

E I - X 

(0';; X .;;t) 
(!.;; X .;; I) 

where E is a positive constant, it is not "difficult" but simply impossible to have realistic functions 
ao(x) and ho(x) without violating the continuity equation. Having no possibility of doing anything 
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a bout this, Nye suggests other models in w hich E is no t a co nstant and dco/dx is a continuous fun ction 
of x, becoming equa l to zero a t the bo und a ry between the a ccumula tion a rea (where there is extension) 
and the a bl a tion a rea (where there is compression) . Naturally these m o re rea listic m odels a re not 
open to the same o bjections, bu t the conclusion that " kinem at ic waves" a rise a t the bounda ry between 
th e extension and compression zones (Nye, 1960, p . 564) does not follow from them. This conclusion 
a rises from the fac t that in Nye's " idea l" model there is a violation of the condition oh, / ox = 0 a t the 
bounda ry between th e areas of unifo rm ex tension and compress ion (i. e . a reas where dco /dx = const. ) 
which ta kes place because there is a discontinuity in the fu nction h, (x ) w he n there is a d iscontinui ty 
in the deri vative dco/dx. Thi re a re no such discon tinuities in rea lity ; the curve of longitudina l stra in­
ra te a lways passes sm oothly throug h a zero, where, consequently, dco/dx = 0 , a nd the solu tion of 
equation (17) in Nye ( 1960) becom es h, = a,t whether o ne a pproaches from the posi tive or the negative 
values of dco/dx. As for the result oh, / ox # 0 with oa, / ox = const. , this w ill be obtained a t a ny poin t 
of the glacier where d' co/dx' # 0 , quite ind ependently of whether dco/dx at th e poin t in q ues tion remai ns 
p ositive or negat ive or whether it changes sign. T hus the fo rma tion of m oving waves theoretica ll y (a nd 
this is in full accord with experience) takes place both at the boundary and a lso wi thin the accum ula tion 
a nd a blat ion a reas . T hus giving up a p hysically impossible model whil e re tai ning the concep t of in ter­
ac tio n between the ex tendi ng a nd com p ressive a reas is not misleading , but restores the true physical 
sense of the phenom ena . 

I t should be m entioned tha t in r eality the functions a , (x ) a nd uo (x ) or Co (x ) a re so compli ca ted that 
this one fact is usua lly a suffi cient o bs tacl e to prevent o ne ob taining closed a na lytical solut ions with 
Nye's m ethod , dep ri ving his theory o f its most im porta nt, bu t imagina ry, a d va n tage. 

In view of the unjusti fi ed oversim p li fica tions of both th e basic eq uat io ns and the method of their 
so lution, one can affi rm that N ye's theory of glacier vari ations is sui table o nl y fo r rough evaluations 
o f some compon ents of these variatio ns a nd cannot be used for a ny precise a na lysis. The problem can 
be solved only by so lving the system o f eq ua tions incl ud ing the kinemati c a nd d ynamic equa tions (the 
equations of continui ty a nd eq uilibrium ) . If a n apprecia ble cha nge in ice temperature and/or d ensity 
ta kes place, the system must a lso in clude the equations of energy a nd /Of· the thel·modynamic eq uation 
o f state. 

Soviet Committee on An/arctic Research, 
I-y Akademicheskiy /)r. 30A , 

Moscow, B-333 , U.S.s. R. 
7 D ecember I 963 

R E FE R ENCES 

H ess, H . 1904. Die Gletscher. Braunschweig, F riedrich Vieweg. 

P. A. SHUMSKIY 

N ye, J. F. 1960. T he response 01" glaciers and ice-shee ts to seasona l and cl imatic cha nges. Proceedings of the Royal 
Socil /y , Ser. A, Vo!. 256, ['\ 0 . 1287, p . 559- 84. 

[U nion Geodesique et Geophysiq ue Interna tionale.] 1963 . Colioque d'Obergurgl (suite). Bf/iletin de I'Association 
Internationale (I' H.ydrologie Scienti/ique, 8e An. , No. 2, p. 50- 142. 

SIR, T hem)' of glacier variations; reply to D r. Shumskiy's letter 

I cannot find a n y justifiable c ritic ism of my work in Dr. Shumskiy 's lette r. No one would d ispute 
tha t the complete equa tions of the theory, if they could be fo rm ulated , wou ld be m uch more complicated 
than those I have used . But such a statement can be m ad e of a lmost any physical theory. Physical theories 
d evelop by a process of successive refin em en t. It may be tha t Shumskiy is expecting too much of a theory 
of glacier varia tions in the presen t state of our knowledge. Indeed I have som e sympa thy wi th his rem a rk 
that "Nye's theory of glacier varia tions is suitable only for rough evaluations o f some compon en ts of these 
variations and cannot be used for a ny precise ana lys is". M y own opinion , fo r wha t it is worth, is that the 
theory is suita ble fo r rough evalua tion of the major compo nents of these varia tions. So fa r as using it for 
p rec ise ana lysis is concerned, the bes t way of tes ting a ny theory is to compare its predic ti ons with 
o bse rvation. T hen w e can look a t the discrepancies and try to refine the theory in the places where it 
most needs improvem ent. r have m a d e this comparison wi th observa ti on , wi th encouraging resul ts, 
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