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Abstract. The analytic aspects of the Campbell-Henon method of concentric spherical shells are generalized 
for application to relativistic spherically symmetric star clusters. 

1. Introduction 

Hoyle and Fowler (1967) gave considerable impetus to the study of the properties of 
relativistic star clusters when they introduced their relativistic star cluster model for 
quasistellar sources. In this model the redshift is gravitational in origin, since the 
emitting region is postulated to be at the centre of a highly relativistic star cluster. The 
main difficulty with this model is to find reasonable models of relativistic star clusters 
which are stable and yet which have large central redshifts (zc). Ipser (1969b) found 
that wide classes of reasonable models of relativistic spherically symmetric collision-
less star clusters become unstable against radial perturbations at values of the central 
redshift greater than about 0.5. Using a refinement of Ipser's method, Fackerell (1970) 
showed that a relativistic polytropic star cluster model with a core-halo structure was 
unstable for zc>0.73. Because of these results interest in the Hoyle-Fowler model 
waned after 1970. 

However, in a recent publication Horwitz et al. (1974) have claimed, on the basis of a 
thermodynamic stability criterion, that there exist stable truncated isothermal rela­
tivistic star clusters with values of zc as high as 4. These clusters have a pronounced 
core-halo structure, and so the analysis of the dynamical stability of these models 
requires the introduction of more powerful methods than those available at present, 
since Ipser's methods are usually inconclusive for models with pronounced core-halo 
structures (Ipser, 1969a, b). A further reason why it is desirable to develop new 
methods for the analysis of the dynamical stability of relativistic clusters is that all 
existing methods require that the equilibrium distribution function should be a 
monotonic decreasing function of energy (Ipser and Thorne, 1968). Another problem 
which is as yet intractable and which nevertheless is of considerable interest is the 
investigation of the effect on a cluster of a central black hole. 

In Newtonian theory the most significant method developed to date for the analysis 
of the stability against radial disturbances of collisionless spherically symmetric 
stellar systems is the concentric shell method due to Campbell (1962) and developed 
for full numerical application by Henon (1964. 1967). Henon has demonstrated the 
power of this method in his investigation of the stability of a wide class of generalized 
polytropic models (Henon, 1973). A compact summary of the method has been given 
by Janin (1972). 
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The purpose of this paper is to begin the development of a general relativistic version 
of the Campbell-Henon method. This requires the solution of three problems, namely, 
(1) the analysis of the motion of a spherical shell with a given 'equation of state' in a 
spherically symmetric gravitational field (possibly due to a black hole), (2) the deter­
mination of the 'equation of state' of a shell of collisionless particles, and (3) the deter­
mination of the configuration that arises when two collisionless shells pass through 
one another. 

2. Motion of a Spherical Shell in General Relativity 

The motion of a spherical surface layer in general relativity has been investigated by a 
number of authors. Israel (1966, 1967) investigated the motion of a pressure-free shell 
collapsing under its own self gravitation. Chase (1970) extended Israel's formalism 
to deal with a charged shell with internal pressure moving in the combined field due to 
itself and to an internal central charged mass. The equation of motion that we require 
may be deduced from Chase's results by setting all charges equal to zero. 

The spherical shell, which we denote by I, has the parametric equations 

r = R(z), (1) 

t+ = T+(z), (2) 
and 

t- = T.(x), (3) 

where T is the proper time on the shell, t+ and f _ are the Schwarzschild times on the 
exterior and the interior of I and r is the radius of the shell in Schwarzschild coordi­
nates. Note that, while r is continuous across the shell, the Schwarzschild time is 
discontinuous across the shell. If the mass interior or the shell is ml and the mass of 
the whole system is m2 (both in geometrized units), the equation of motion of the shell 
is given by 

where 

(R2/c2 + l-2mJRy/2-(R2/c2 + l-2m2/R)1/2 = ^RG, (4) 
c 

R = dR/dT (5) 

and a is the surface energy density of the shell. If the surface pressure of the shell is 
denoted by p, the surface energy tensor S^ of the shell is given by 

Sab = ( * + £ J UaUb + ^gab (a, fc = 0, 1, 2), (6) 

where gab is the intrinsic metric tensor of the shell and Ua is the intrinsic velocity of an 
observer moving with the shell. If we take our intrinsic coordinates £a on the shell as 

(c°,cl.c2) = ^0,4>) (7) 
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we find that 

(U°,U\U2) = (c, 0,0) (8) 
and 

(gab) = dmg(-c\R2(z),R2(T)sm2e). (9) 

Snh satisfies the conservation law Jab 

Sab.h = 0 

which in our case becomes 

d(R2(T)/dT + 2RR^: = 0. (10) 
c 

The Schwarzschild times on the two sides of I may be determined from the differential 
equations 

^={\-2m2IR)-l{R2lc2 + \-2m2IRY12 (11) 
di 

and 

— - = {l-2ml/R)-1(R2/c2 + l-2m1/R)1/2. (12) 
di 

Equations (4), (5), (11) and (12) are sufficient to determine the motion of the shell 
provided a and hence p are given as functions of R. 

3. Equation of State of a Shell of Collisionless Particles 

The kinetic theory of surface layers has been developed in general relativity by 
Voorhees (1972) whose results may be stated as follows. The surface energy tensor is 
given by 

Sab= -fPaPb<lv{p), (13) 

where / is the distribution function in the surface layer, \i is the conserved rest mass of 
a particle with intrinsic momentum pa and dvip) is the natural element of volume in 
the momentum space associated with the surface layer. The distribution function / 
is to be a suitable function of the constants of the motion of a particle in the surface 
layer. These constants can be obtained from the intrinsic Hamilton-Jacobi equation 

(14) 

(15) 

abSS d S 2 
9 dt'di*"*1' 

. 2 
^ 5 

ir case becomes 

1 /3SV 1 
72\Jh) ~Fco 

~fds\2 I fds\2~ 
\do) +sin2#VW _ = H2c2 
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so that 
P o = - c [ / i V + a2/R2(t)]"2 (16) 
p, = ±[a2-J2 /s in20]1 / 2 (17) 
p2 = J, (18) 

where J is the axial component of angular momentum and a2 is the squared angular 
momentum. 

If all the particles have the same rest mass fi0 and the same squared angular mo­
mentum a2,, a suitable distribution function is 

f=^-2A5(n-no)d(z2-0L2
o), (19) 

where the constant A is in fact the total number of particles in the shell, since the in­
trinsic particle flux vector 

fPadv(p) (20) 

has the sole surviving proper component 

JV(0) = ^/(4TLR2). (21) 

From Equations (13) and (19) we find that 

* = ^ [ ^ 2 + «o/*T2 (22) 
and 

An2r 
P=^td^2 + «2o/R2r112- (23) 

These expressions differ from those given by Papapetrou and Hamoui (1968). How­
ever, they are entirely compatible with Gerlach's results on the motion of a thin shell 
(Gerlach, 1970) so we are compelled to reject the results of Papapetrou and Hamoui 
together with those of Urbantke (1972) who followed their derivation. 

If we substitute Equation (22) into Equation (4) and solve for R2 we obtain the 
equation of motion in the form 

where the variable K is defined by 

GA 
K = -3 - (^c 2 + ag//?2)"2. (25) 
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4. The Crossing of Two Shells 

We now consider the problem of determining the configuration that results when two 
collisionless spherical shells pass through each other at radius R say. Let the velocity 
of the inner shell just before crossing be specified by Ri =dRl/dx1, where TX is the 
proper time on this shell and the derivative is evaluated just before crossing. Let the 
total number of particles in this shell be Al9 let their common rest mass be fil9 let their 
common angular momentum have magnitude a t and let the variable Kx be defined by 

GA 
Ki-VO^ + aW2- (26) 

c 
Let R2»T2> 2̂> /*2> a2 a n d &2 have similar meanings for the outer shell. Let the 
Schwarzschild mass of the region interior to the inner shell be ml9 let the Schwarz­
schild mass of the region between the two shells be m2 before crossing takes place 
and let the Schwarzschild mass of the total system be m3. We need to determine the 
Schwarzschild mass m4 of the region between the shells after crossing occurs together 
with the new velocity Rf of the new outer shell and the new velocity R2 of the new 
inner shell. 

Because Al9 fil9 OLU Al9 \il9 a2 and therefore Kl and K2 are all conserved we obtain 
the two relations 

"*3 + m4 (m3-m4)2
 1 K\ 

R K\ *R2 (Rt/c)2=-l+—-— + —2 + i - j (17) 

and 
m4-hm1 (mt-mj2

 XK\ 
R K2 AR2 micf=-l+^^-^^ + ̂  (28) 

between the three unknowns Rf, R% and m4. A third relation comes from the fact 
that the relative velocity of the shells before crossing is equal to their relative velocity 
after crossing. We find that 

[(/?r/c)2 + l-2m4/JR]I/2[(i?2
+/c)2 + l-2m4//?]1 /2-/?1

+
JR2

+/c2 = 
= (l-2mJR)Y, (29) 

where Y is defined by 

Y = {[(*r/c)2 + 1 -2m2/R-] l'2 l{R-2lcf +1 - 2 m 2 / t f ] l ' 2 -

-R:R2-/c2}/(l-2m2/R). (30) 

A tedious algebraic manipulation yields the elegant result 

m4 = m1+m3-m2 + YKlK2/R9 (31) 
which shows that the mass energy of a given shell is not conserved during the crossing 
of that shell with some other shell. The values of R± and R2 may then be determined 
from Equations (27) and (28), the ambiguities of sign being resolved by the fact that we 
require R^ >R2 and we also require that (29) should be satisfied. 
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5. Problems in Integration of the Equations 

It is clear that the problem of numerical integration of the basic equations for relativis­
tic shells will be considerably more difficult than the corresponding Newtonian prob­
lem. The difficulties arise principally because of the fact that each shell needs its own 
time coordinate and because the Kt are discontinuous at the crossing of shells, 
together with the fact that the mass-energy of a given shell is also discontinuous at 
shell crossings. The last two facts require that the precise spatial location of each shell 
crossing has to be determined, which will add considerably to computing time. The 
problem of different times for each shell may be overcome by the expedient of slicing 
space-time into sections determined by taking constant Schwarzschild time between 
shells, but it needs to be noted that the difference in Schwarzschild time between 
successive slices will not be constant in between different shells. Finally we note that 
the collapse of a shell inside its event horizon does not cause any serious computing 
problem since we have used proper time on the various shells as our basic time coor­
dinates. Once the innermost shell has begun an irreversible journey towards its event 
horizon it may be ignored in further computation, apart from the fact that its mass is 
then to be added to the mass of the central black hole. 

6. Discussion 

Two main areas of research will be opened up by the development of a successful 
numerical integration procedure for relativistic shells. First, it will be possible to 
investigate the full non-linear stability of the truncated isothermal clusters introduced 
by ZePdovich and Podurets (1965) and Fackerell (1966). This will enable a decisive 
answer to be given to the claim by Horwitz et al. (1974) that there exist stable clusters 
with high central redshifts. Second, the interesting problem of the effect of a central 
black hole on the evolution of a spherical cluster will be numerically analyzable. Both 
of these problems are being pursued by Mr. K. G. Suffern at the University of Sydney. 
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