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Commuting and Semi-commuting
Monomial-type Toeplitz Operators on
Some Weakly Pseudoconvex Domains

Cao Jiang, Xing-Tang Dong, and Ze-Hua Zhou

Abstract. In this paper, we completely characterize the finite rank commutator and semi-commuta-
tor of two monomial-type Toeplitz operators on the Bergman space of certain weakly pseudoconvex
domains. Somewhat surprisingly, there are not only plenty of commuting monomial-type Toeplitz
operators but also non-trivial semi-commuting monomial-type Toeplitz operators. Our results are
new even for the unit ball.

1 Introduction

The Toeplitz operators on certain pseudoconvex domains in C" have been the object
of much study; see [1,4,10,15] for example. In this paper, we shall consider Toeplitz
operators on the weakly pseudoconvex domains

n
Qnr = {(zl,...,z,,) eC": Y |z <1},
i-1

where m = (my, ..., m,) isan n-tuple of positive integers. We shall suppose that n > 1
to avoid trivialities throughout the paper. Then for each z = (21, ..., z,) € C", we let

r= VP P,

C=Goeenb) = (e ) €S0

where S7, is the boundary of Q. Note that these expressions define a set of coordi-
nates (r, {) for every z € C; these coordinates are called m-polar coordinates (see [15]).
Ifm=(1,...,1), then QF =B" is the unit ball centered at the origin.

Let L?(Q”) be the collection of all square integrable functions with respect
to the usual Lebesgue measure dV on QF. The Bergman space A*(Q”) is the
closed subspace of L?(Q”) consisting of holomorphic functions in Q7 . Denote by
P: L*(QF) » A%2(Q") the orthogonal projection. Given a symbol u € L>(Q"), the
Toeplitz operator T, induced by u is the bounded operator defined by

Tu(f) = P(uf): A*(Q5,) — A*(Q}).
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For two Toeplitz operators Ty, and Ty, on A*(Q},), the commutator and semi-com-
mutator are defined by [Ty, T, ] = T; Ty, — Tf, Ty, and (T, Ty,] = Ty, Ty, — Tp s
respectively.

The problem of characterizing when two Toeplitz operators commute or semi-
commute on the Bergman space over various domains has been a long-term research
topic. For example, in the setting of the Bergman space over the unit disk, the Brown-
Halmos type theorems were obtained in [2, 3] for Toeplitz operators with harmonic
symbols, and many other types of (semi-)commuting Toepltz operators with quasiho-
mogeneous symbols were found in [5,7,13,14]. However, the general (semi)-commut-
ing problem remains open on the unit disk, and it becomes even more delicate and
more challenging on higher-dimensional balls; see [6,11,12,16,18,19], for example.

Just recently, the second author and Zhu [8] completely characterized when the
commutators and semi-commutators of two monomial Toeplitz operators on the
Bergman space of the unit ball A*(B") have finite rank. In this paper, we take the
weakly pseudoconvex domain Qf, as our domain and consider more general sym-
bols, namely, the monomial-type symbols. Recall that the monomial-type symbol is
the function ¢: Q) — C given by

o(2) =T

for p,q € N", [ € R,. (Here R, denotes the set of all nonnegative real numbers.) In
this case, the corresponding Toeplitz operator T, is called a monomial-type Toeplitz

operator.
To state our main results, we need some notations. For a = (ay,..., a,) € N”, we
write
—~ (251 [0 4%
@=L 2
ny my
If m; =1forallie{l,...,n}, then we will use the usual notation |« instead of [@]. A

tuple (x1, X2, y1, y2) € R? is said to satisfy Condition (I) if at least one of the following
conditions holds:

(i) x1=x,=0,

(i) y1=y2=0,
(iii) x;=y1=0,
(iv) x=9,=0,

(V) x1 = xz and y1 = y2,

(vi) x1 = yyand x; = 5.
For p,q,s,t € N", [8, Theorem A] shows that the operators T,sz« and T,.;+ commute
on A%(B") if and only if one of the following five conditions holds:

(c1) One of the two operators is the identity operator;

(c2) Both operators have analytic symbols;

(c3) Both operators have conjugate analytic symbols;

(c4) |pl =gl Is| = |t], and (pi> qi» si» t:) satisfies Condition (I) forall i € {1,2,...,n};
(c5) |p| =Is|1ql = |t|, and (pi, q:» si» t;) satisfies Condition (I) foralli € {1,2,...,n}.

Clearly, conditions (c4) and (c5) produce lots of non-trivial commuting monomial
Toeplitz operators on A*(B"); see [8, Example 6]. On the setting of the Bergman
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space over the weakly pseudoconvex domain Q7 , Barranco and Nungaray [15] stud-
ied the commutativity of two Toeplitz operators with special k-quasi-homogeneous
symbols. Here, k = (ky,..., k,) is a partition of #, and then each z € C" can be de-
composed into 7 pieces. Inspired by [8, Theorem A], we obtain the following general
result, which gives two non-trivial sufficient conditions for two k-quasi-homogeneous
Toeplitz operators commuting on A(Q").

Proposition 1.1  Let p,q,s,t € N, and let ¢ and y be bounded k-quasi-radial func-
tions on Qf,. Suppose one of the following statements holds:
(D) (pi>qi»>si»ti) satisfies Condition (1) for each i € {1,2,...,n},
Is(iy| = ()l for each je {1,2,...,1};
(i) (pi>qi»si» ti) satisfies Condition (I) for each i € {1,2,...,n}, |p(j| = |s(j)| and
la(j)| = |tjy| foreach j e {1,2,..., 7}, and ¢(r1,...,70) = y(r1,...,77).
Then the operators TCPfq(p and T(‘E'u/ commute on A%(Q").

Pyl = lagl and

Since the proof of this result is a direct calculation using [15, Lemma 3.6], we leave
it to the interested reader. Unfortunately, so far no other non-trivial case has been ob-
tained for two k-quasi-homogeneous Toeplitz operators commuting even on A*(B").
In this paper, we will give many new commuting Toeplitz operators on A*(Q") in-
duced by the monomial-type symbols.

Our first main result not only shows that there is no nonzero finite rank commu-
tator of two monomial-type Toeplitz operators on A%(Q" ), but also gives a sufficient
and necessary condition for such two operators to be commutative.

Theorem 1.2 Letl, k € R,, p,q,s,t € N". Then the following statements are equiva-

lent.
(i) The commutator [T,z T, (S?] on A*(QZ)) has finite rank.
(i) The operators T, 74 and Trk(szt commute on A*(Q").

(iii) (pi>qi»si» ti) satisfies Condition (I) for all1 < i < n, and there exist real numbers
p,vand a > uf2,b > v/2 such that
L(n+[pDT(n+v+DI(n+p+ ) _ (n+b)(n+a+v)
L(n+[DT(n+u+DI(q+v+[pl)  (n+a)(n+b+p)
for any n € C on some right half-plane. In this case, || = |p| - u, [f] = [s] - v,
I=2a-y,and k=2b-v.

(1.1)

While one would wish for a more conceptual conclusion, there are too many cases
for the tuple ([pl, [, 4, v, a, b) satisfying the identity (1.1). Consequently, the com-
muting monomial-type Toeplitz operators on A*(Q?,) involves not only the predict-
able cases but also plenty of non-trivial cases (see Corollary 3.1 and Example 3.2). It
is also worth mentioning that the weakly pseudoconvex domains 2, have many rich
structural characteristics. For example, two of these domains are biholomorphically
equivalent only if the corresponding m;’s are the same up to permutation (see [17]
for example). However, the operator theory on such family of domains becomes even
more complicated and interesting (see Example 3.3).
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As a consequence of Theorem 1.2, some interesting necessary conditions for two
monomial-type Toeplitz operators commuting on A%(Q") are obtained (see Corol-
lary 3.4). Consequently, there exist a finite number of the combination of the tuple
(P, 51, p> v, a, b) satisfying identity (1.1). Also, we get some differences of the opera-
tor theory between on the weakly pseudoconvex domains and on the unit ball.

For the finite rank semi-commutator problem, [8, Theorem B] showed that the
semi-commutator of two monomial Toeplitz operators on A%(B") has finite rank only
in trivial cases: the first operator has conjugate analytic symbol or the second operator
has analytic symbol. By contrast, our second result produces non-trivial cases for
semi-commuting monomial-type Toeplitz operators on A*(Q",).

Theorem 1.3 Letl, k €R,, p,q,s,t € N". Then the following statements are equiva-

lent:
(i) The semi-commutator (T, 71, T o +] on A2(Q") has finite rank.
(i) T ICP(QT 4 =T plkgprs T on Az(Qn )

(iii) At least one of the following conditions holds:
(@ I=1|g]-|plandt=0
(b) k=[slandt=0;
(c) I1=1g|and p=0;
(d) k=s]-[tfland p = 0.

From Theorem 1.3 we get that the semi-commutator of two monomial Toeplitz
operators T,pza and T,z on A*(Q”) has finite rank if and only if either p = 0 or
t = 0, which is parallel to the result in [8, Theorem B]. In sharp contrast to the mono-
mial case, there exist many non-trivial semi-commuting monomial-type Toeplitz op-
erators. Furthermore, it is interesting to observe that the operator T, z_) ;¢ semi-
commutes with all Toeplitz operators induced by symbol functions of the form 7.

In addition, we would like to mention that the situation in the unit disk is quite
different from the case of higher dimensional weakly pseudoconvex domains. In fact,
the commutators or semi-commutators of two monomial-type Toeplitz operators on
the Bergman space of the unit disk have finite rank only in several trivial cases; see [7,
Corollaries 11 and 12].

While the main idea of our method of proofs is adapted from [8], a substan-
tial amount of unexpected analysis is required to overcome some different nature of
the weakly pseudoconvex domains and monomial-type symbols. For example, the
method of characterizing (semi)-commuting k-quasi-homogeneous Toeplitz opera-
tors relies on explicit formulas for the action of the operators on the orthonormal basis
of the Bergman space. This action leads to a holomorphic identity on a domain in the
complex n-space; see, for example, (2.6). Then the most critical step in the proofis the
analysis of such identity. To deal with this, [8] depended on the distribution of zeros
of a holomorphic function, which does not work in the case of monomial-type sym-
bols. In this paper, we devise a completely new approach, which greatly simplifies the
proof even though the domain and the operators seem more general and complicated
than those in [8]. Roughly speaking, we rewrite identity (2.6) as (2.7) and show that
each function appeared in (2.7) must be a constant multiple of the exponent function.
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Since all of them are bounded on the right half-plane with a certain growth at infinity,
they must be the constant function.

We end this introduction by mentioning that the implication (i) to (ii) of Theo-
rem 1.2 or Theorem 1.3 is in fact predictable: on the Bergman space, finite rank com-
mutators and semi-commutators with bounded symbols are usually zero. For exam-
ple, in the case of the Bergman space of the unit disk, Guo, Sun, and Zheng [9] showed
that there is no non-zero finite rank commutator or semi-commutator of Toeplitz op-
erators induced by bounded harmonic symbols. But the problem is very much open
for other symbol classes.

2 Proofs of Theorems 1.2 and 1.3

We start this section with the following proposition, which will play an essential role
in the proofs of our main theorems.

Proposition 2.1  Suppose each function f;, i € {1,...,n}, is analytic and has no zero
on certain right half-planes HZ; ={{; e C:Re(; > a;} with a; € R. If there exists an
analytic function f such that

2.1 f(G+-+80) = I;lllﬁ({i)

for any {; € 1%, then f;({;) = c;e*™, i € {1,...,n}, for some complex constants c;
and A (independent of i).

Proof Taking the natural logarithm on both sides of (2.1), we get

Inf(&+-+8)=Infi(&)+-+1nf,(E).

Fixanyi € {1,...,n} and take partial derivatives with respect to {; on both sides. The

result is
fGt48) fi(G)
FG++8)  fi(G)

So for any i # j, we have

THOWAD
7@ 5
Note that the left-hand side of (2.2) depends only on (;, and the right-hand side de-

pends only on (;, Therefore, both sides of (2.2) should be a constant independent of
i. Then we have

2.2)

fi(&) =2 £i(G)
for some A € C, which implies that f;({;) = c;e* for some c; € C, as desired. [ |
Throughout the rest of this paper, we are going to use the following notation.
For two multi-indexes « = (a1,...,a,) and f = (f1,...,B,) in N, we write

a+f=(+Pn...,an+Pn)and a > fifa; > B foralli € {1,...,n}. To sim-
plify the notation, we also write a +1 = (a1 +1,.. ., a, +1). The reader should have no
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problem accepting this slightly confusing notation. In addition, we will need to use
the following formulas for integration on 3}, and S},:

1 no1
(2.3) /Q f(@)V(2) = fo PAE ) gy fs F(0ds(©)
for every f € L'(Q",), and
27" T, T(%52)
(MmN (2 222)”

llm

(2.4) IRSEIGRE

where dS denotes the hypersurface measure on S},. For more details, we refer the
reader to [15]. Then a direct calculation gives the following simple lemma.
Lemma 2.2 Letl€R, and p,q € N". Then on A*(Q2,), for each € N", we have
T([B+1+[pl-[l+1) T, TP
T 1o (2F) = | (B £+ B - r B+l Ty, T (PRt
0, Brr#a

ZPPa Bip>gq,

Proof Fixany A € N”, then by (2.3) and (2.4) we have
( ey 1(z ) z >
- [ TR av ()
Qn

- [ AR gy [ g as(0)
0 N

(ﬁiﬂ’x‘*l)

" Opsp-ga [Tis T
bl + Z bl
_ (1—1 m')(zl s (/3:‘*‘1‘*'?’ ‘11)+ )r(zn M) ﬁ p q

0, B+p#a.

W TS5 o) )

i=1

Since

is an orthonormal basis for A%(Q",) (see [4] for example), we have that if f + p # g,
then T, 7 (2#) = 0,and if B + p > g, then

Trchfq (Zﬁ)

( ! (2F), 2P +#71)

(zﬁ+P q, zﬁﬂv—q)
D(Si e e ) I T(P8) Bop-a

= zZ .

(Tlm(ﬁ+1+”qﬁ+ )T(i, B2t 7L, r(Atmde)

This completes the proof. u

B+p-q

We are now ready to prove Theorem 1.2, which characterizes all finite rank com-
mutators for monomial-type Toeplitz operators on A*(QZ,).
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Proof of Theorem 1.2 It is trivial that (ii) implies (i).
To prove that (i) implies (iii), we simply write

Y o 12 - O < I
=[pl-[gql, v=H-[t a—2+2 S b—2+2 >

and define
P(Shy 2+ o+ 1) T, T2

(S0 &2+ a)D(R, S+ [B]) T, D(Atty

Using the same argument as in the proof of [8, Lemma 3], we can easily get that
H, 4.4(&) is holomorphic and polynomially bounded on the domain

{€eC" :Re&; > max{0,q9; - p;},1<i<n}.
Then for each f € N” with f3 > y, where
yi = max{0,—p; + qi,—s; + ti,—pi +qi — si + ti}

foreach i € {1,...,n}, it follows from Lemma 2.2 that

[Tr’(})z k(s ](Z )
[Heto(BYHp.g.a(B+5~1) = Hpga(B)Herp (B + p — q)] #7705,

Assume [T, 71, Tk((]hasﬁmterank so the set {[ T,z T et :t](zﬁ) B=zy}

contains only finite linearly independent vectors. Thus, there exists some y, € N”
such that

Hs,t,b(ﬁ)Hp,q,a(/j +s- t) - Hp,q,u(ﬁ)Hs,t,h(ﬁ tpP- Q) =0
for all 8 > y,. Clearly, the function
Hs,t,h(‘f)Hp,q,a(f +5- t) - Hp,q,a(f)Hs,t,h(E+ p- Q)

is holomorphic and polynomially bounded on {& € C" : Re §; > y;,1< i < n}. Then
according to [11, Proposition 3.2], we obtain

(2-6) Hs,t,b(E)Hp,q,a(E"' S— t) - Hp,q,u(E)Hs,t,b(E +p- q) =0

forall £ e C" withReé; > y;,1< i< n.
To simplify our computations later, we define

D(ni+ BT (ni + S',—L)F(nﬁ"*‘.—%%)
Dl )G+ 2 )+ e~ e+ 22
on{q,-E(C:Ren,-z(y,-+1)/mi}foreachi€{1,...,n},and
F(n):(’1+“)(’7+b+ﬂ)F(ﬂ+|ﬂ)r(ﬂ+v+1)r(’7+#+m)
(n+b)(n+a+v) T(n+FDT(n+p+1DI(n+v+[p])

on {n € C : Reyy > |y +1|}. Notice that if we replace E;’ﬂtl by #; in (2.5), then the
identity (2.6) becomes

(2.5) Hp,q,a(f) =

Fi(ni) =

(2.7) F(qi+-+1,) = IiFi(ni), Ren; > (y;i +1)/m;.
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Then by Proposition 2.1, we see that each function F;, 1 < i < n, should be a constant
multiple of the exponential function (maybe degenerate to a constant). On the other
hand, from the asymptotic expression of the logarithm of gamma function at infinity,

it is known that ( )
L(ni+x)  xy .
Tpry) (1 O( |1 I))
for large values of |#;| with Re#; > 0 and x, y > 0. It is clear that each function F; is
bounded on {#; € C: Ren; > (y;+1)/m;}. Consequently, we infer that each function
F; is a constant function. Combining this with the definition of F;, we conclude that
F;i(n;) =1foreachie{l,...,n}.

Observe that FF(?’+)1 ) =1, Using the formula I'(#; + 1) = 1;T(%;), we deduce that

O+ )+ =) = )
(i ) (it B =) (s + 5 = o+ B1)

i

=1L

This clearly implies that the tuple (p;, qi,s;, t;) satisfies Condition (I). Since F;(#;)
is the constant function 1, it follows from (2.7) that F(#) =1, and so the identity (1.1)
holds on {7 € C: Re# > |y + 1|}. This completes the proof that (i) implies (iii).

It remains to prove that (iii) implies (ii). In fact, if condition (iii) holds, then
Fi(n:) =1and F(#) =1, and so (2.7) holds for ; with Re ; > (y; +1)/m;, 1< i < n.
Thus,

[Trl(pf rkes? ](Z) 0

for each f € N” with § > y. For § € N" with § # y, y; > B; > 0 for some i €
{1,2,...,n}. Using [8, Lemma 1] we have y; = —p; + q; —s; + t; > f;, and hence
Lemma 2.2 implies

[Trl(pf k({](z ) Tl(P(qu(s ’(Z ) k(s I(p(q(z ) 0.

Consequently, [T ;,,74, T 0, as desired. This completes the proof. ]

rlp " ks ]

In the rest of this section, we will prove Theorem 1.3, which completely charac-
terizes all finite rank semi-commutators of two monomial-type Toeplitz operators on
A%(Q"). First, we need the following critical lemma.

Lemma 2.3 Let p,q,s,t € N". If there exist some real numbers a and b such that

(n+a+b) _ T+ DT (o + 5 - [ +
(n+b)(n+a+[=[0)  T(p+B-[d+1DI(n+[pl+[50)
for any 1 over the right half-plane, then either [t] = 0 or [p] = 0.

(2.8)

Proof Notice that the function on the right-hand side above is a rational function,
so it has at most finitely many poles. Since the function I'(# + [s]) has infinitely many
poles, all but finitely many of them must cancel. Therefore, either [¢] or |p] is a non-
negative integer.

First, we assume that [f] is a positive integer. We need to show that [p] = 0. If
[f] = Lor [f] = 2, then an elementary argument shows that either |[p] = a = 0 or
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[Pl = b —[s] +[t] = 0, as desired. So we consider [¢] > 3. Then (2.8) becomes

(n+a+b) B
(n+b)(n+a+[-T)
(n+BI-TH+D)(n+ - [H+2)--- (g +[5]-1)
([Pl + 1= [8) -+ (o + [P1+ [51 = 2) (n + [PI + 51 - 1)
Since [#] # 0, it is clear that |p] # L. To see that [p] = 0, let us assume that [p] > 0 and

|p] # 1. Observe that [s] — [t] + 1 # [p] + [s] - [f] + i for any i € {0,...,[f] - 1} and
[P + [5] = 1> [s] - L. It follows from (2.9) that

Sl-[+1=a+b

(2.9)

and
[pl+[sl-1=b or |p|+[s|-1=a+[s]-[1.
Consequently, one of the following conditions holds:

e a=-|p|-[f]+2and b = [p] +[5] - L
e a=|p|+[t]-1and b = —|p] +[s] - 2[f] + 2.

In each case, (2.9) becomes

1
(n—Ipl+[s1-2[0+2)
(n+B=T1+2)--(n+[51-1) .
(7 +1pl+[s1 =) (1 + [P + ST = [H] + 1) --- (n + |p] + [5] - 2)

However,

—[pl+ 81— 2[f+ 2% [Pl + [§1 - [f] + j

forall j € {0,...,[f] - 2}, since [f] > 3 and |p] > 0, a contradiction. This shows that

[l = 0.
Next, we suppose that |p| is a positive integer. Then, using the same method as
before, we get that [#] = 0. This completes the proof. ]

Proof of Theorem 1.3 It is trivial that (ii) implies (i).
To prove that (i) implies (iii), we consider each 8 € N” with > §, where

0i = max{0, —s; + t;, —p; + i — si + ti}.
Then we deduce from Lemma 2.2 and the notation of (2.5) that
(T’I(qu’ Tf"é“?](Zﬁ) = [Hs’t’b(/j)HP’q)a(ﬂ +s- t) - HP+S,q+t,a+b(ﬁ)] (Zﬁ+p_q+s_t)-

Since (T, et T (szt] has finite rank, we can proceed as in the proof of Theorem 1.2
to obtain
(2.10) Hs,t,b(E)Hp,q,a(f +S- t) - Hp+s,q+t,a+b(f) =0

for all £ e C" with Re &; > 8;,1 < i < n. If we define
DO+ 3= )T+ £+ 32)
DCri+ 200+ e — 2+ 2)

Gi(n:) =
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on{y; €C:Ren; >(8; +1)/m;} foreachie {1,...,n} and

G(n) = (n+a+b)l(n+v+1)I(y+[p[+[])
(n+b)(n+a+v)I(n+ENI(n+v+[pl)

on {5 € C:Ren > |6 +1|}, then (2.10) is equivalent to

Glm -+ 1) = T1G(n1)

for all ; € C with Ren; > (8; +1)/m;,1 < i < n. Using the same argument as in the
proof of Theorem 1.2, we have that G(#) = 1. Then by Lemma 2.3, we get either [#] = 0
or |p] = 0. If [#] = 0, then it follows from G(#) = 1 that

(n+a+b)(n+fs])=(n+b)(n+a+fs),

which implies that either a = 0 or b = [3]. Similarly, if |p] = 0, then we have either
a = 0or b = v. This completes the proof that (i) implies (iii).

To prove that (iii) implies (ii), we first observe that condition (iii) implies that either
p=0ort=0,and consequently, G;(#;) =1on {#; € C: Ren; > (§; +1)/m;} for
each i € {1,...,n}. It is also easy to check that G(#) = 1, and so (2.10) holds for all
(e C" withRe(; > §;,1< i < n. Thus,

(TrI{PZ rkgs? ](Z) 0

for each § € N” with 8 > 4. If € N" with § # 6, then §;, > fB;, > 0 for some
iop € {1,2,...,n}. As in the proof of Theorem 1.2, condition (ii) will follow if we can
show that 6;, = —pi, + qi, — Si, + ti,- To this end, first observe that either p;, = 0 or
ti, = 0. If p;, = 0, then it is obvious that

=Siy + tipg < —Piy + Gig — Siy T Lip-
Since §;, > 0, the desired result then follows from the definition of §;,. If ¢;, = 0, then

8;, = max{0,—s;,, —pi, + qi, — Si, - Since &;, > 0, the desired result is then obvious.
This completes the proof. ]

3 Corollaries and Examples

In this section we observe some interesting consequences of Theorem 1.2. More specif-
ically, we will give some sufficient conditions and necessary conditions for two mono-
mial-type Toeplitz operators T , 7 and T, o commuting on A%(Q”,). For the con-
venience of our proofs, we rewrite (1.1) as

T(n +[PDT(n + 5] = [f]+ DT (y + [p] - (@] + [5]) _

L(n +BDT(n +[p1 = (g + DT (g + 5 = 8]+ [7])
w+—+ﬂ—ﬂxw$+ﬂ 7+ - 1)
(n+ 5+ B =D+ s+ p-1g+5-5)

As a direct consequence of Theorem 1.2, we first present five cases for two mono-

mial-type Toeplitz operators commuting on A*(Q",), which correspond to [8, Theo-
rem A].

(3.1)
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Corollary 3.1  If one of the following conditions holds, then the operators T, .,z and

T iyt commute on A2(Q"):

(cl) 1 =1p| =gl = 0 or k = [3] = [t] = 0, which means that one of the two operators is
the identity operator.

(c2) |g = [t] = 0, 1 = |p| and k = [t], which means that both operators have analytic
symbols.

(c3) [p| =51 =0, I = |q| and k = [s|, which means that both operators have conjugate
analytic symbols.

(c4) (pi»qi»si» ti) satisfies Condition (1) foreachi € {1,2,...,n}, |p] = [q| and [s] = [{].

(c5) (pi»qi»si» ti) satisfies Condition (1) for each i € {1,2,...,n}, |p| = [5], 9] = [1],
andl = k.

It is also worth to mention that except for the above predictable sufficient condi-
tions for two monomial-type Toeplitz operators commuting on A%(Q",), there are
exactly many other cases. Next, we present some non-trivial examples of commuting
monomial-type Toeplitz operators on A*(Q,).

Example 3.2 Let (p;, qi,s;i»t;) satisfy Condition (I) for each i € {1,2,...,n}, and
let

bl =2, bl =2, lql =2,

4 =1, 4 =1, =1

sl = 2[1], or {[s]=2[1], or 1{[pl=2[l,
[=2[1-1, [=2[t+1, [ =4[5]-2,
k=t k =3[, k=35 -1.

Then it is easy to check that T, ,,za commutes with T~ on A*(Q},) in each of the

ey rkesg
cases above. More specifically, if we define p, g, s, t € N* by
p=(m,my,0), gq=(m,0,0), s=(2my,2my,4ms), t=(2my,0,2m3),
then (|p],[q], 51, [t]) = (2,1,8,4), which does not satisfy Corollary 3.1. Obviously,
T ¢ppr commutes with T, oo and T, ,,7 commutes with T , o7 on A%(Q3).
If the weakly pseudoconvex domain is not the unit ball, we can construct the fol-
lowing more interesting example.
Example 3.3 Suppose m = (4,...,4) € N® and
p=1(0,2,0,1,1,4), q=1(0,1,1,0,1,1),
s=(2,0,0,8,2,4), t=(3,0,2,0,2,1).

Then (], |g], [sI, [8]) = (2,1,4,2), and the tuple (p;, gi,si, t;) satisfies Condition (I)
forallie {1,...,6}. Asa consequence of Example 3.2, we see that the operators T,z
and Ty, commute on A*(QS,).

Next, we give some interesting necessary conditions for two monomial-type Toep-
litz operators commuting on A%(Q").
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Liopgt and Tk(s

- 141, 51 = [{]),

Corollary 3.4 Let I,k € R,, p,q,s,t € N". If the operators T
commute on A*(Q"), then the following statements hold:

(i) At least one of the tuples
and (|p] - [31, 9] - [t]) belongs to Z>.
(ii) The tuple (1, k,|pl,[ql, ], [t]) must satisfy

(1 +1pD) (g + [5] = [+ 1) ( + [P - [q] + ﬂ

(n+ 15D (n +1p] - g1 + 1) (n + 51 - [£] +
('1+b+1)('1+a+|’ﬂ—m+1)(’1+a)(’1+b+|ﬂ—|2ﬂ)
(n+b)(n+a+[-TM)(n+a+1)(n+b+[pl-[ql+1)’

where a = (1 +[p| - |ql)/2 and b = (k + [s] - [1]) /2.

Proof To prove part (i), let us assume the contrary. Then the analytic function on the
left-hand side of (3.1) has no zero on the complex plane. However, if the right-hand
side of (3.1) has no zero, then it follows that

(17+E+B—@)( + = +ﬂ ﬂ+ﬂ |A1):

2 2 2

(3.2)

(ro b Py G Ky BT,

From the assumption (|p] - |gl, [s] - []) ¢ Zz, we then deduce that k = [ and
(3.3) [Pl - [q1 =51 - [1]

Then identity (3.1) becomes

L(n -+ [pDT(n +[pl - @+ [§1) = T(y + BT (7 + [51 - 8+ [p]).
This together with (3.3) shows that either [p] - [g] = [s| - [{] = 0 or |p| - [5] = |g] - [f] = 0,
which contradicts the assumption and completes the proof of condition (i).
To prove part (ii), we can replace by 7 +1in (3.1) and apply the formula ['(+1) =
nT(n) to obtain

T(n -+ [PDT(n + 8] = [+ DT (n + [P - [l + [5]) _

L(n -+ [SDT (7 + [p] = (gl + DT (1 + [5] - [ + [p])
(n+b+1)(n+a+[5 = [f+1)(n+ ) (n+[pl - [a] + 1) (n + 5 - [f] + [p])
(+a+1)(n+b+[pl-[ql+1) (g + [P (n + B = [0+ 1) (n + [p] - gl + )

The desired result then follows from (3.1) and the above identity. [ |

Of course, one can expect that there should exist some differences in operator the-
ory on the Bergman spaces between on the weakly pseudoconvex domain ), and on
the unit ball B". Note that [p], |g], [s] and [#] will always satisfy Corollary 3.4(i) for the
case m = (1,...,1). In many cases, however, this is no longer true.

It is also interesting to note that the collection of tuples (1, k, |pl, [q], [s], [#]) sat-
isfying (3.2) is finite. Consequently, there exist a finite number of the combination
of the tuple (I, k, [p], [g], 51, [#]) such that the operators T, ppand T, o commute
on A%(Q"). Moreover, with the help of (3.2), we can easily obtain the next two
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corollaries, which give the specific sufficient and necessary condition for some special
monomial-type Toeplitz operators to be commutative on A*(Q%). The first corollary
characterizes commuting monomial Toeplitz operators on the Bergman space of the
weakly pseudoconvex domains, which is the same as the case on the unit ball.

Corollary 3.5 Let p,q,s,t € N". Then the operators T,pze and T, commute on

A*(Qn) if and only if (Pl |q], 5, [8]) and (pi, qi»si» ti) satisfy Condition (1) for all
ief{l,2,...,n}.

Proof Denote I = |p| + [g] and k = [5] + [£]. Then identity (3.2) becomes

(+ B =+ 1) (7 + I+ 1) (n + 5+ [pl - [q] + 1) =
(n+ 1Pl =g+ V) (n + 5T+ 1) (n + [l + [ - [6] + 1),

which implies that (|, |gl, [s], []) satisfies Condition (I). The desired result then fol-
lows from Theorem 1.2. ]

Our next corollary shows that a Toeplitz operator with a holomorphic monomial
symbol can only commute with another monomial-type Toeplitz operator with a holo-
morphic symbol.

Corollary 3.6 Letk e R,, p,s,t € N” with p # 0. Then the operators T» and T
commute on A%(Q") if and only if the operator T o

k(s
5t also has holomorphic symbol.

s

Proof Firstassume that Tz and T , (<7 commute on A%(Q"). Then by identity (3.2),

s

we have

(n+BI-+D)(n+5+5-5)
(n+ B+ 5+ 5 -Gvp)

(n+[pl+ B -+ (n+5+ 5 - T+ 7)
M+H+MXW7+9—7+ﬁ+D
Thus, the function on the left-hand side of the above identity is a bounded periodic

analytic function with a period |p] in the right half-plane, and consequently, it must
be the identity function. So we have

(n+[51- ﬂ+1)(17+k E—@) :(11+["])(;1+§+E—@+1)

2 2 2 2

which implies that [#] = 0 and k = [s], as desired.
By Corollary 3.1(c2), the converse implication is clear. This completes the proof.
|
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