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DIXMIER-DOUADY CLASSES OF DYNAMICAL SYSTEMS
AND CROSSED PRODUCTS

IAIN RAEBURN AND DANA P. WILLIAMS

ABSTRACT  Continuous-trace C*-algebras A with spectrum 7 can be charactenized
as those algebras which are locally Morita equivalent to Co(7) The Dixmier-Douady
class 8(A) 1s an element of the Cech cohomology group A*(T, Z) and 15 the obstruc-
tion to building a global equivalence from the local equivalences Here we shall be
concerned with systems (A, G, «) which are locally Morita equivalent to their spectral
system (Co(T),G,7), in which G acts on the spectrum 7 of A via the action induced
by a Such systems include locally unitary actions as well as N-principal systems Our
new Dixmier-Douady class 6(A, G, «) will be the obstruction to piecing the local equiv-
alences together to form a Morita equivalence of (A, G, @) with 1ts spectral system Our
first main theorem 1s that two systems (A, G, «) and (B, G, 3) are Morita equivalent if
and only 1if 8(A, G, @) = 6(B,G,3) In our second main theorem, we give a detailed
formula for 6(A X, G) when (A, G, ) 1s N-principal

1. Introduction. The Dixmier-Douady class of a continuous-trace C*-algebra A
with spectrum 7 1s a class 6(A) in the Cech cohomology group H3(T, Z), which for sepa-
rable algebras determines A up to spectrum-preserving stable isomorphism. Since every
class arises, there is for each § € H*(T,Z) an essentially unique stable continuous-trace
C*-algebra, and this realization of cohomology classes has found a variety of uses (e.g.,
[21, 22]). The class 6(A) also determines A up to spectrum-preserving Morita equiva-
lence; while this interpretation does not isolate a unique representative for each class, it
does avoid the use of non-canonical stable isomorphisms, and hence gives a more natural
theory.

It is tempting to extend the Dixmier-Douady theory to cover dynamical systems
(A, G, ) involving continuous-trace algebras, and indeed this has already been done in
[9] for G = Z/2Z, and in [8] for G discrete. Here we want to discuss a cocycle-based
theory which is particularly well-suited to the N-principal systems (Definition 4.4) stud-
ied in [13, §2] and [17], where the main examples involve locally compact groups rather
than discrete ones; our invariant classifies a system up to the Morita equivalence of [3,
2]. We shall then use it to describe the crossed product A X, G of an N-principal system
(A, G, o), thus satisfactorily completing our analysis of these systems in [17].

The continuous-trace C*-algebras with spectrum 7 can be characterized as the al-
gebras which are locally Morita equivalent to the commutative algebra Cy(T), and the
Dixmier-Douady class is the obstruction to building a global equivalence with Cy(7)
from the local equivalences. We shall be concerned with systems (A, G, o) which are
locally Morita equivalent to their spectral system (C()(T), G,T), in which G acts on the
spectrum 7 of A via the action induced by «: this means there are local equivalences
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between A and Cy(T) carrying actions of G compatible with the actions on A and Cy(7T).
These systems include most of the ones we have been studying over the past ten years.
For example, if G acts triviallyon T, (A, G, «) is locally Morita equivalent to (Co(ﬂ, T)
exactly when « is locally unitary as in [10, 15]; if T is a locally trivial principal bundle
for some quotient G/N of G, then (A, G, @) is locally Morita equivalent to (C()(T),T)
if and only if it is N-principal as in [16, 17]. If (A, G, «) is locally Morita equivalent to
(CO(T), T), our new Dixmier-Douady class 6(A, G, ) will be the obstruction to piecing
the local equivalences together to form a Morita equivalence of (4, G, «) with its spectral
system (C()(T),T).

The obstruction 6(A, G, ) necessarily involves a cocycle v representing the usual
Dixmier-Douady class 6(A), and data A codifying the action of G: we realize 6(A) via a
2-cocycle v with values in the sheaf S of circle-valued functions (using the isomorphism
I:Iz(T, S) f13(T, 7)), and think of the combination (A, v) as an element of an equivariant
cohomology group I:I%(T, S$). Our first main theorem identifies this equivariant cohomol-
ogy group with the Morita equivalence classes of systems locally Morita equivalent to
(CO(T), T). We intend to discuss the topological properties of this group elsewhere, but
include a few brief comments in our final section. For example, when G acts trivially on
T, IVJ%;(T, S) is easy to compute directly, and our classification theorem quickly yields the
results of [10] and [9].

If (A, G, ) is an N-principal system with spectrum p: T — T/G, the spectrum of
A X, G is a principal N-bundle over T/ G, which fits into a commutative diagram

(A xo N)
ind / N\ Res
(A Xy G T
g\ 7 p
T/G

of principal bundles [13, Theorem 2.2]. In [17], we characterized the N-bundles which
could arise as g, and our constructions imposed restrictions on the possible values of
6(A X, G); we were not, however, able to determine 6(A X, G) itself. In our second main
theorem, we shall give a detailed formula for a cocycle representing 6(A X, G). In fact,
we shall do better: the dual system (A X, G, G, &) is Ni—principal, and we have written
down a cocycle representing 6(A X G, G, Q).

We begin with a short section on preliminaries, in which we review the basic prop-
erties of imprimitivity bimodules and Morita equivalence. We then discuss the Morita
equivalence approach to the Dixmier-Douady theory. Unfortunately, although this was
worked out over ten years ago by several different mathematicians (e.g., [7, 1]), the de-
tails have never appeared. In Section 3, we have not repeated arguments which are later
provided in the equivariant case, but have otherwise tried to be complete.

Our main program starts in Section 4, where we investigate the local Morita equiva-
lence of systems. Things are not quite as straightforward as in Section 3: in particular, we
need to know that two Morita equivalences of the same systems are locally isomorphic,
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and we have to do some work to show that this is always true for N-principal systems.
We tackle this by isolating a topological property of the transformation group (7, G)
which implies the required local uniqueness, which will appear as a hypothesis in our
classification theorem, and which is automatically satisfied if 7 — T/ G is a principal
G / N-bundle. After these technicalities have been dealt with, and we have introduced
our equivariant cohomology groups in Section 5, we discuss our Dixmier-Douady in-
variant in Section 6. Our procedure is similar to that of [4, Chapter 10], except that we
use techniques for constructing imprimitivity bimodules developed in [11] in place of the
C*-bundle constructions of [4], and use [14] to produce systems with arbitrary Dixmier-
Douady class. The main classification theorem is Theorem 6.3.

Section 7 contains our results on N-principal systems, and Theorem 7.3 our calcula-
tion of 6(A X G). We verify that our formula is consistent with the restrictions imposed
in [17], and that it gives the answer obtained in [12] for the special case in which A is
Y /N for some principal G-bundle Y.

ACKNOWLEDGMENT. This research was supported by the Australian Research
Council. Part of the work was done while we were both visiting Denmark in 1990, and
we thank all our colleagues there for their warm hospitality.

2. Preliminaries. We begin by reviewing the basic properties of the imprimitivity
bimodules of Rieffel [19, 20]. If A and B are C*-algebras, an A — B-imprimitivity bi-
module is an A — B-bimodule X equipped with A- and B-valued inner products, denoted
Al ), (-, -)p respectively, and if there is such an X we say A and B are Morita equivalent.
Modulo a slight change of notation for the A-valued inner product, we use the list of
axioms givenin [11, pp. 184-185, Equations (1)—(6)]. As in [11], we shall further assume
that the seminorm ||x|| = ||(x,x)s]|'/? = || a(x,x)||'/? is actually a norm, and that ¥ is
complete in this norm.

There are two key examples which help to fix the ideas. First, a Hilbert space H is a
K (H) — C-imprimitivity bimodule, with the natural left action of X = X (H), the usual
C-valued inner product, and ¢{%, k) the rank-one operator 1 © k. Second, a C*-algebra A
is itself an A — A-imprimitivity bimodule, with A acting by left and right multiplication,
and la,b) = ab*,(a,b)a = a*b.

The actions of A, B on an A — B imprimitivity bimodule X extend to actions of the
multiplier algebras M(A), M(B), characterized by

m(a-x) = (ma)-x, and (x-b)n=x-(bn).

The action of M(A) induces an isomorphism of M(A) onto the C*-algebra L(Xp) of
bounded B-linear operators on X (6, Lemma 16]; if T € L(Xp), the corresponding mul-
tiplier my € M(A) is characterized by

mr(Ax,y)) - z=Tx) - (y,z)p forx,y,z € X.

Of course, it is standard practice to confuse my and 7. We shall need to know later that the
*-strong topology on L(X p) and the strict topology on M(A) agree on bounded subsets.
The boundedness here is crucial: in general, strict convergence implies *-strong conver-
gence, but not vice-versa. To see this, suppose m, — m strictly and x € X; without loss
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of generality, m = 0. As 4(x, x) is positive in A, there exists @ € A such that 4(x,x) = aa”,
and then

Imalf? = {Imal alx. x)me | = tmea)mea)|| = fmaall* — 0.

Because m, — m strictly exactly when mj, — m”" strictly, this proves that m, — m *-
strongly. On the other hand, it is easy to see that if m, — m *-strongly, then mqa — ma
for all @ which are linear combinations of elements of the form 4(x, y). Such a are dense
in A, but to make the necessary approximation argument work, we need to know that
|lme]| is bounded.

We are interested in classifying algebras with given spectrum 7, and actions on these
algebras which induce a given action of G on 7. Many of our arguments involve localiz-
ing, and for this to work, our imprimitivity bimodules must respect these identifications
of spectra. The mechanism for this was worked out in [11], and goes roughly as follows.

It was shown by Rieffel in [19] that an A — B-imprimitivity bimodule X induces a
homeomorphism Ay of A onto B. If A and B have both been identified with a fixed locally
compact Hausdorff space T, and h is the identity, we shall call X an A —7 B-imprimitivity
bimodule; this is equivalent to saying that the left and right actions of C,(T) on X obtained
by embedding C,(T) in M(A) and M(B) coincide [11, Proposition 1.11]. If there is such a
bimodule X, we say A and B are Morita equivalent over T. We stress that this is stronger
than ordinary Morita equivalence: for example, suppose 4 is an orientation-reversing
homeomorphism of S3, such as a reflection of determinant — 1, and A is a continuous-trace
algebra whose Dixmier-Douady class 6(A) generates H>(S,Z) = Z. Then the pull-back
h*A satisfies 6(h*A) = h* (6(A)) = —0(A) [15, 1.4], and hence is not Morita equivalent
to A over S* (see Theorem 3.5 below). But the C*-algebras A and h*A are isomorphic:
by definition, /#*A is the balanced tensor product C(S?) ®c(sy A, where the right action
of C($%) on itself is given by f - g = f(g o h), and h ® i is an isomorphism of 4*A onto
A = C(5%) @5y A (Where C(S?) acts normally on itself).

If X is an A —7 B-imprimitivity bimodule, a closed subset F of T determines ideals
Afr, Br in A, B such that the spectra of the quotients A¥ = A/Ar, BF = B/Br can be
naturally identified with F. The subspace

*]- = {x e X: <X,X>B € BF}

of the A —7 B-bimodule X is then an A —r\r Br-imprimitivity bimodule, and the quo-
tient X = X /Xr is then naturally an AF — Bf-imprimitivity bimodule [20, §3; 11,
Proposition 1.7]. We use the obvious notation x” for the image of x in X, and similarly
a’ € AF, b € BF; thus, almost by definition, we have

a’ xf =@ xf, A;(xF,xF> = (alx, x))F, etc.

Ift € T, we write A(r), X(), x(r) for A1}, ¥, x{h. We remark that it seems to be sub-
stantially more convenient to localize by passing to the quotients associated to compact
neighborhoods in T rather than the ideals associated to open neighborhoods, even though
for continuous-trace algebras the two approaches are technically equivalent.

Next, we recall some constructions involving imprimitivity bimodules. If X and?) are,
respectively, A —r B- and B —r C-imprimitivity bimodules, then there are well-defined
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pairings on the algebraic tensor product & © ?) satistying

(x@y.X @¥)e = ((Foxdary'),

Mx@yx @y ) =alex dy.,y),
and completing gives an A —y C-imprimitivity bimodule ¥ ®g¥) [11, 1 3] The notation
¥ ©pY) (rather than X ®Y)) 1s chosen to remind us that completing ¥ ©¢) involves modding
out lots of vectors of length 0, and 1n particular those of the formx b @y —x@b vy,
so that we can think of X ®p ) as a balanced tensor product We stress that ¥ @p ?) 15

not a Banach space tensor product in the usual sense, although 1t does follow from the
Cauchy-Schwartz inequality [19, 2 9] that

2D [lx@ ¥l < [lxlllly

and we shall use this frequently :
If X 1s an A - 7 B-imprimitivity bimodule, the dual % of % 1s the set {¥ x € %},
made 1nto a B —r A-imprimitivity bimodule as follows

b i=x b)Y ¥ a= (@ x)"~
K59) = (xy)s (5.5)a = Alxy),
forx,y € ¥,a € A, and b € B The 1dea1s that X 1s an inverse for ¥ formally, the map
X®F — alx,y) 1san A — A imprimitivity bimodule 1somorphism of ¥ @5 ¥ onto A, and
similarly ¥ @4 ¥ & B
Finally, we shall need to use some basic sheaf cohomology, we adopt the conventions
of [23, §5 33], and view cohomology classes 1n terms of Cech cocycles Throughout, S

and R_ denote the sheaves of germs of continuous T- and R-valued functions, respec-
tively Since the sheaf & 1s fine, the short exact sequence

B

of sheaves induces 1somorphisms I:I”(T, S) & FI”*'(T,Z), which we shall use without
comment Thus, for example, we view the Dixmier-Douady class (A) of a continuous-
trace algebra A as lying in ﬁZ(T, S)or fl3(T, 7), according to convenience In general, 1f
a Roman letter, such as G, denotes a locally compact group, we use the corresponding
script letter G for the sheaf of germs of continuous G-valued functions

3 Morita equivalence of continuous-trace C*-algebras. A C*-algebra A with
Hausdorff spectrum 7 1s a continuous-trace algebra 1f for each 7y € T, there 15 a neigh
borhood N of ¢y and an element a of A such that a(¢) 1s a rank-one projection for all 1 € N
[4, 84 5 4] Equivalently

PROPOSITION 3 1 A C*-algebra with Hausdorff spectrum T has continuous trace if
and only if A 15 locally Morita equivalent to Cy(T), in the sense that each pointt € T has
a closed neighborhood F such that AT 1s Morita equivalent to Co(F) over F

LEMMA 32 Suppose X 1s an A—¢ Co(T) imprimitivity bumodule, and x € X satisfies
(x,x)c,r(®) = 1 forall t in a closed set K Then A(x,x)(t) ts a rank one projection for
allt € K

PROOF  Note first that 1f we localize to the set {¢}, then the map f — f() induces an
1somorphism of Co(T)(¢) onto C, and the quotient X (¢) 1s a Hilbert space, the action of A(¢)
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on X(z) identifies A() with the algebra 17(( X (t)), and provides a concrete representation

realizing the class t € A. But since x(f) is a unit vector in the Hilbert space X(r) for all
t € K, a{x(1),x(t)) = (a{x,x))(?) is a rank-one projection for ¢ € K. n

PROOF OF PROPOSITION 3.1. Since any A —7 Co(T)-imprimitivity bimodule is a
fortiori a Co(T)-module, it is easy to construct elements x such that (x,x)c, = 1
throughoutany given compact set, and hence the lemma gives one direction. Conversely,
suppose that A has continuous trace, and fix fy € T. Choose a compact neighborhood F
of fo and p € A such that p(¢) is a rank-one projection for all t € F. Then p* is a projection
in AF, and Afp” is an AT — pFAf pf-imprimitivity bimodule with what we claim are the
obvious module actions and

N R G S N S W N

Note that the map f — fp" is an isomorphism of C(F) into p"AFpF. On the other hand,
ifa € Aandt € F, then p(¢) is a rank-one projection in the algebra A(f) of compact
operators, and (pap)(t) = p(H)a(t)p(r) must be a scalar multiple f,(#)p(z) of p(¢). We claim
that £, is continuous, so that f — fp’" is an isomorphism of C(F) onto p"AfpF. Well, for
t,s € F we have

ful®) = £ul9)] = || (ful®) = u()p()]| = [[(pap — fuls)p)(®)].

Since A is Hausdorff, for fixed s the right-hand side is a continuous function of ¢ which
vanishes at s, and hence the left-hand side goes to 0 as t — s—in other words, f, is
continuous, as claimed, and A" p* is an A¥ — C(F)-imprimitivity bimodule. Because the
actions of C(F) on the left and right of A*p* clearly coincide, it is actually an A" —p C(F)-
imprimitivity bimodule. n

Proposition 3.1 both identifies the continuous-trace C*-algebras as those locally
Morita equivalent to commutative algebras, and raises the key structural question for
these algebras: when is a continuous-trace algebra A with spectrum T globally Morita
equivalent to Cy(T)? The Dixmier-Douady invariant §(A) € HXT,S) completely solves
this problem: 6(A) = 0 exactly when A is Morita equivalent to Cy(7). We shall now out-
line how this works, omitting detailed proofs of those parts which are special cases of
results in Section 4.

Although we shall use imprimitivity bimodules rather than the continuous fields of
C*-algebras which are fundamental in Dixmier’s treatment [4, Chapter 10], we should
point out that the two approaches are equivalent. For if H is a continuous field of Hilbert
spaces over T, the space I'o(H) of sections implements a Morita equivalence between
Co(T) and the C*-algebra A = Ty (ﬂl(ﬂ)) defined by # [11, 1.1]; further, every A —7
Co(T)-imprimitivity bimodule X gives rise to a continuous field # with fibres H (¢) =
X(t) and X = Ty(H), and hence they all arise this way. While we feel the algebraic
approach is more elegant, and potentially more powerful, than the original, we do find
it helpful to think in terms of bundles; thus, for example, one can profitably think of the
quotient map X — X' as restriction of sections to the subset F of T.

The key observations for the construction of the Dixmier-Douady class are that the
bimodules implementing the local Morita equivalences are locally isomorphic, and that
these local isomorphisms are unique up to multiplication by functions in C(7, T).
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LEMMA 3.3 (¢f: [4,10.7.10]).  Suppose X and?) are A—1 Co(T)-imprimitivity bimod-
ules. Then each ty € T has a a closed neighborhood F such that there is an isomorphism
g: XF = 9F of AT —p Co(F)-imprimitivity bimodules.

PROOF. We begin by choosing a compact neighborhood K of #y and x € X such that
{(x,x)c,n(®) = 1 fort € K. Then by Lemma 3.2, A(x,x)(¢) is a rank-one projection for
all t € K. We consider the action of a{x,x) on¥). As in the proof of Lemma 3.2, for
each t € K, the action of A on ?)(¢) identifies A(r) with ?((?)(t)), and gives a concrete
realization of the representation f; thus we can find y € ¥) such that

(Ax,x) - )(t0) = (Alx, x) (10)) - ¥t # 0.

Since A(x, x)(¢) is a projection, we have

A X)(OCAX, ) - () = (alx,x) - y)(t) fort € K,

and we can therefore multiply a(x,x) - y by an appropriate continuous function to find
an element z of ¥) satisfying ||z(r)|] = 1 and (A(x,x) - 2)(r) = z(¢) for ¢ in a neighborhood
F of ty. The last condition implies that z(¢) is a unit vector in the range of the rank-one
projection a{x, x)(#); hence {x, x)(r) and A(z, z)(¢) are equal, being orthogonal projections
with the same range. Thus we have ,{x",x) = ,+z",z"). For notational convenience,
we selectively drop the superscript F.

We claim that we can define g: X7 — 9)f by g(a-x) = a - z fora € AF. Since every
w € X can be written ,{w,x) - x, to see that g is well-defined it is enough to show
lla-x|| = |la-z||. But this is easy: for a € A" we have

la-2||* = || aka - z.a - )| = lla oz )" || = [la gr(x x)a*|| = Jla - 2|2

Exactly the same calculation shows that g preserves the inner products, and since g is
clearly a bimodule homomorphism, g is the required isomorphism of imprimitivity bi-
modules. n

LEMMA 3.4. Suppose X is an A —r Co(T)-imprimitivity bimodule, and g: X — X is
an imprimitivity bimodule isomorphism. Then there is a function ¢ € C(T,T) such that
g(x) =x- ¢ = ¢ x. (For the last equality, we view ¢ as a multiplier of A.)

PROOF. Wefix 1o € T, x € X such that (x,x)¢, ) (f0) # 0, and define ¢,(¢) for 1 near
to by

() (x, X}, (1) (1) = (X, 8(0)) ¢y (1) (2).

In fact ¢, is independent of the choice of x: if y also satisfies (y, y)¢,(r(fo) # 0, then

(.80 o {g: Y)eun = (%800 - (8O Y)eun )¢, 1,
=
=

= (xx comO Y)Co(rys

x,4{g(x), g(») y>c(.m

% A >C0(T)
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which implies both that |¢,| = 1 for ¢ near 7y (take y = x), and that ¢ (1) = ¢y(7)
whenever both are defined. Thus the ¢, combine to give a continuous function ¢: T — T
such that

(x,x - @)y (1) = S(O)x, x)co (1) = (x,8(x))cyn(0)  forallt,

and the polarisation identity implies that g(x) = x - ¢ forall x € X. [

Now to define the Dixmier-Douady class of a continuous-trace algebra A, we use
Proposition 3.1 to find a cover {N,} of T such that, for F, = N,, there are A" —. Co(F,)-
imprimitivity bimodules X,. Using Lemma 3.3 and some standard trickery, we can re-
fine the cover to ensure that on each intersection F, = F, N F), there is an isomor-
phism g,: X — X, of Af» — Co(F,)-imprimitivity bimodules (cf. 4, 10.7.11] and

Lemma 6.1 below). On a triple intersection F,; we have two isomorphisms gzv”“ o g}Fk"* and

F, F, F, F, . . .
gt of X% = (X, onto X,”, and Lemma 3.4 says there is a continuous function

Vyi: Fye — T such that

gi’” o g;‘f*(x) = gfk"‘ (x) vy forxe X kF"‘.
The functions {r, } form a 2-cocycle with values in the sheaf . of germs of continuous
T-valued functions on 7, and the class of {v} is independent of any of the choices we
have made (cf. [4, 10.7.12] and Lemma 6.2 below). This class is the Dixmier-Douady
class of A, and is denoted 6(A). In this setting, the Dixmier-Douady classification theorem
of [5] becomes:

THEOREM 3.5. Let A and B be continuous-trace C*-algebras with spectrum T. Then
A is Morita equivalent to B over T if and only if §(A) = 8(B) in HX(T, S). Every class in
H2(T, S) is the Dixmier-Douady class of some continuous-trace algebra with spectrum

T.

This is the special case of Theorem 6.3 in which the group G is trivial. However, we
point out that the necessity of §(A) = §(B) is quite easy, and that the remaining parts
are essentially in the literature already: for the sufficiency, one just borrows from [11,
§2] the construction of imprimitivity bimodules from local data, and the last part is done
explicitly in [14]. We stress that this result is well-known to the experts (cf., e.g., [1,
§2.7]).

4. Morita equivalence of systems. We recall from [2] that two dynamical systems
(A, G, @) and (B, G, 3) are Morita equivalent if there is an A — B-imprimitivity bimodule
X and an action « of G on X by linear transformations, which is strongly continuous (i.e.,
s +— u,(x) is norm-continuous for all x) and satisfies

4.1) a(a(xy)) = a(ug(x), ug(y))
Bs((x,¥)B) = (us(x), us(y))5.

If in addition X is an A — B-imprimitivity bimodule, we say (X, u) implements a Morita
equivalence of (A, G, «) and (B, G, 3) over T, or that (X, u) is an (A, @) —7 (B, 3)-im-
primitivity bimodule. (As in [3], it follows from Equation (4.1) that each i, is isometric
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and that u(a - x) = a,(a) - us(x), etc. Although checking the strong continuity of « is a
nuisance, it is necessary: if we multiply s — u,(x) by a discontinuous character of G, we
destroy the continuity of the action but Equation (4.1) is unaffected.)

If (A, G, @) is a system and A has Hausdorff spectrum 7, we denote by 7 the action of G
on Cy(T) induced by the action of G on T, and refer to (CO(T), G, T) as the spectral system
of (A, G, o). Our Dixmier-Douady class will be the obstruction to piecing together local
Morita equivalences of systems with the same spectral system to form a global Morita
equivalence. As in Section 3, we first have to know how to localize: again, we prefer to
localize to closed subsets F of T, but now they have to be G-invariant to ensure that there
are local systems (AF, G, of).

LEMMA 4.1. Suppose that F is a closed G-invariant subset of T, and that (A, o)
is Morita equivalent to (C()(T),T) over T via (X,u). There is an action u” of G on Xt
characterized by uf(xF) = u,(x)¥', and then (A", aF) is Morita equivalent to (C()(F),T)
over F via (XF, u").

PROOF.  Since us(x - ¢) = uy(x) - 7,(¢) for allx € X and ¢ € Co(T), it is immediate
that u(Xr) C Xp. Hence uf(xf) = uy(x)F uniquely defines u’. The remainder of the
lemma follows from [20; Corollaries 3.1 and 3.2] as in [11; §1]. =

DEFINITION 4.2.  Suppose that A is a C*-algebra with Hausdorff spectrum 7, and
that (A, G, «) is a dynamical system with spectral system (CQ(T),T). We say that (A, @)
is locally Morita equivalent to (C()(T),T) if each point in 7 has a closed G-invariant
neighborhood F such that (A", o) is Morita equivalent to (CO(F), T) over F.

Before we begin our study of systems which are locally Morita equivalent to their
spectral systems, we point out that, for particular transformation groups (7, G), these
systems turn out to be precisely the ones considered in {10, 13, 17]:

PROPOSITION 4.3. Let A be a continuous-trace C*-algebra with spectrum T, and
suppose that G acts trivially on T. Then a system (A, G, &) is locally Morita equivalent
to (C()(T),T) = (C()(T), id) if and only if o is locally unitary in the sense of [10)].

PROOF. Since the problem is local, we can suppose that there is an (A, o) —
(CO(T), id) -imprimitivity bimodule (¥, u), and prove that « is unitary. For each s € G, u;
is Co(T)-linear, and therefore belongs to the algebra L(X ¢,(ry) of adjointable Cy(T)-linear
operators on X; hence there is a multiplier v, € M(A) characterized by

4. 2) (vs A<X,y>) 127 = Ug(X) - <y* Z>C()(T)'

The condition

(us - x, us - y) ey = id (6, ¥) o) = (6 ) e,

gives ulu, = 1, which, since u, has u_ as an inverse in £(X), implies that both u, and v,
are unitary. Because the group homomorphism u is strongly continuous, and u_ = u{, it
is *-strongly continuous; since it is also bounded, we deduce that v is a strictly continuous
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homomorphism of G into UM(A). Finally,

(a(@pwy) - (alxy) - 2) = a(@)(vsalx,y) - 2
= ay(@us(x) - (y, 2)con
= u(a-x) - (y,2)c,m
= sAla-xy)) -z
= vsa - (Ax,y) - 2),

so that a(a)vs = v,a, and v implements «. ]
Since it is convenient to have a name for the type of systems studied in [16, 17], we
recall the following definition.

DEFINITION 4.4.  Suppose A is a continuous-trace algebra with spectrum 7, and N is
a closed subgroup of a locally compact abelian group G. We say that a dynamical system
(A, G, @) is N-principal if all the isotropy groups for the induced action of G on T are
equal to N, the quotient map 7 — T/G is a principal G/N-bundle, and «|y is locally
unitary.

COROLLARY 4.5. Let A be a continuous-trace algebra with spectrum T, and N be
a closed subgroup of a locally compact abelian group G. Suppose that p: T — Zis a
locally trivial principal G / N-bundle, and view T as a G-space. Then a system (A, G, o)
is locally Morita equivalent to (CO(Y), G, T) if and only if (A, G, ) is N-principal. In-
deed, if (X, u) implements a Morita equivalence of (AF, afy and (CO(F),T), then identi-
fying L(X c,(r) with M(AF) allows us to view u|y as a strictly continuous homomorphism
u: N — UM(AF) satisfying

(1) ana)f = Adv,(a") fora € A, n € N, and

(2) as(vy) = v, in UM(AF) fors € G,n € N;
in other words, v is a local Green twist for o over N in the sense of [16, 17].

PROOE.  Since we already know that T — T /G is a principal G/N-bundle, « is N-
principal if and only if «|y is locally unitary. Thus the first assertion follows immediately
from the proposition. In the proof, we showed that v: N — UM(A) was a strictly contin-
uous homomorphism satisfying (1), and hence it remains to verify (2): as above, we may
well suppose F' = T. Using the characterization (4.2) of v,, and the commutativity of G,

we have
(A% y)) - 2= as(vne (4l y) - us(us'(2)

= us((vn Al @), 0 (00)) - u;'(z))
= (1 ') - (" O @)
= Ugpg-1 (X) : T\'(<u;l(y)’ u.:l(z)>c(>(7v))
= un(x) : <y’ Z>C1)(n
= (nalxy) -z,

which implies (2). »
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We saw in the previous section that A —y Co(T)-imprimitivity bimodules are locally
unique, and this uniqueness was crucial for the development of the Dixmier-Douady
theory. For systems, the obvious analogue is false: two (A, o) — (C()(T), T) Morita equiv-
alences (&, u), (?),v) need not be equivariantly isomorphic, even locally. In fact, there
are two levels at which this can fail. First of all, we can only localize the systems to
G-saturated subsets of T, and, while the bimodules X and ?) are necessarily locally iso-
morphic by Lemma 3.3, they need not be isomorphic over G-invariant neighborhoods.
And second, even if each point of T has a closed G-invariant neighborhood F such that
XF >~ 9)F there is an algebraic obstruction to finding an equivariant isomorphism (see
Lemma 4.13 below), and this obstruction is a fundamental ingredient in our Dixmier-
Douady class of (A, ). Whether or not the first of these problems can be solved turns
out to be a property of the topological transformation group (7, G), which fortunately
holds automatically in the cases of interest to us.

DEFINITION 4.6. Let (T, G) be a locally compact transformation group. We shall say
that equivariant line bundles over (T, G) are locally trivial over T/G if, whenever m: L —
T is a Hermitian complex line bundle with a unitary action of G satisfying n(s-/) = s-m(l),
each point of T has a G-invariant neighborhood F such that L is trivial over F. (We do
not insist that the trivialisation is equivariant.)

Before discussing this property, we want to show that it does imply the local unique-
ness of imprimitivity bimodules, as claimed above.

LEMMA 4.7. Suppose that (X,u), (),v) implement Morita equivalences between
(A, o) and (C()(T),T), and that equivariant line bundles over (T, G) are locally trivial

over T/ G. Then each point of T has a G-invariant neighborhood F such that X Fand 9)F
are isomorphic as AF —f Co(F)-imprimitivity bimodules.

PROOF. We begin by reducing to the case where (A, @) = (Co( T), T) by considering
the Co(T) — Co(T)-imprimitivity bimodule ¥) ©, X. From the calculation

Comlvs(n)™ @ ug(x1), vi(12)™ @ us(x2) ) = <Vs(yl)~’ vi(y2)™ - Aus(x2), us(X|)>>C“m

= (V) vs(Alx1,22) - ¥2))c(m)
=7(cy(F1 @ x1.52 @ x2 ),

we deduce that w (7 ® x) = vi(y)~ @ us(x) defines an action w of G on ‘f) ®a X such that
(ff) Qa4 X, w)isa (C()(T), T) —7r (C()(T),T)—imprimitivity bimodule (the strong continuity
follows from Equation (2.1)).

By [11, Proposition Al], there is a Hermitian line bundle L over T such that ‘ﬁ @a X
is isomorphic to I'g(L). We claim that the action w of G on I'g(L) induces an action of G
on L. To see this, we deduce from the condition wy(f - ¢) = wy(f) - 7,(¢) that f(¢) = 0
implies w(f)(s - r) = 0, and hence there is a well-defined pairing: G X L — L given by

(4.3) s+ (F@0) = wi()(s - 1).

It follows quite easily from the algebraic properties of the bimodule I'y(L), and the con-
tinuity of w, that this pairing is a jointly continuous action of G on L which is unitary on
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the fibres. Since Equation (4.3) implies immediately that the bundle projection is equiv-
ariant, each point of 7 has a G-saturated neighborhood F such that L is trivial over F—or,
equivalently, that there is a section o: F — L satisfying |o(r)] = 1 fort € F.

We now claim that X 2 9)F' First, observe that the section o induces an isomorphism
f—foof Co(F) — Co(F)-imprimitivity bimodules. Next, recall that there are natural
imprimitivity bimodule isomorphisms of () 4 ¥)* onto ()F)™ @4+ XF [11, 1.10] and
9F @c,r @)F)™ onto AT [19, 6.22]. Then we have

9" 2 @y CotF) 29 @cyim Do(L)"
9 @cyr (QF) ©p XF) 2 A7 @ X5 > &P,
as claimed. =

REMARK 4.8.  We have shown that if equivariant line bundles over (T, G) are lo-
cally trivial over T/ G, then local Morita equivalences are unique in the sense we want.
The proof shows that this condition on (7T, G) is also necessary: if (X, u) is an (4, @) —
(C()(T),T)-imprimitivity bimodule, and (L, G) is an equivariant Hermitian line bundle,
then the imprimitivity bimodules (.%' ®cy(m F()(L))f and Ty(L)" are isomorphic only if
L|F is trivial (to get a trivialisation, just tensor the isomorphism with 3?).

We now want to discuss transformation groups (7, G) where equivariant line bundles
are always locally trivial over T/G. First of all, since there exist nontrivial line bun-
dles over Z only if H*(Z,Z) # 0, it is easy to find spaces (T, G) with this property.
For example, it holds whenever p: T — T/G is a locally trivial fibre bundle over a lo-
cally contractible space and the fibre F has H>(F,Z) = 0. But, more surprisingly, when
p:T — T/G is alocally trivial principal bundle, it doesn’t matter what H*(F, Z) is: we
can trivialise the line bundle L over the image c¢(W) of a local section ¢: W — T, and
use the action of G on L to extend the trivialisation to G - W. This applies in particular to
the spectra of N-principal systems (Proposition 4.9 below). While not all transformation
groups have the property (see Example 4.12), it does seem likely that equivariant line
bundles over (T, G) will be locally trivial over T/G whenever T/G is reasonable. As
evidence, we prove this is the case for any action of a compact group.

PROPOSITION 4.9.  Suppose G is a locally compact abelian group, and N is a closed
subgroup such that G — N has local sections. If p: T — Z is a locally trivial principal
G /N-bundle, then G-equivariant line bundles over (T, G) are locally trivial over T |G =
T/(G/N).

PROOF.  We begin with the special case in which N = {e}. Since T — T/ G is locally
trivial, and this is a local problem, we may as well suppose that T = Z x G, and fix a
point t = (zo,s). The bundle L|Zx{»} is locally trivial, so we can find a neighborhood V
of zp and a section o: V X {s} — L such that |o(z,s)| = 1 for z € V. We now define
o(z,r) = rs~! - 0(z, 5); this is easily seen to be continuous, and it is a section of L over
F =V x G because

71’(0'(2, r)) = Tr(rs“' -o(z, s)) =rs ' Tr(U(z, s)) = (z,8) = (z,r).

Since the action preserves the Hermitian metric, we have |o(z, s)| = 1 for all (z, 5), so the
bundle is trivial over V X G.
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For the general case, the idea is to modify the action of G on L to give an action
of G/N. If n € N, the equivariance condition 7(n - [) = n - m(l) = =(l) implies that the
transformation / — n-/ preserves fibres, and hence there is a continuous map A\: LXN —
T such that n- I = A(l,n)l. Since the map I — n - [ is unitary, A is constant on G-orbits,
and there is a continuous map o: T/G — N such that \(t,n) = &G - £)(n). Because
G — N is locally trivial and our problem is local in T /G, we may as well assume there
is a continuous map ¢: T/G — G such that \(r,-) = €(G - 1) on N. We can now define a
continuous action of G/N onLby(sN)-I = e(w(l))(s)'"'(s - 1), which covers the original
action of G/N on T. Hence we can apply the special case to deduce that L is locally
trivial over G-invariant neighborhoods. ]

LEMMA 4.10. Suppose (T, G) is a transformation group with G compact abelian
and T paracompact. Then every equivariant line bundle over (T, G) is locally trivial
over T/G.

PROOE. Let m:L — T be an equivariant line bundle, and fix + € T. Since G is
compact, the map s — s - ¢ is a homeomorphism of G/G; onto the orbit G - 1, and the
argument of the previous proposition says that L is trivial over G - t. If A\,;: M,, — T are
transition functions for L, then the class of cocycle {/\,,} is trivial in I:l'(T, S) exactly
when L is. Thus the result follows from the next lemma. n

LEMMA 4.11.  Suppose that G is compact and that T is a paracompact locally com-
pact G-space. If x\ € HXT,S) is such that Mer = 0in HY (G - 1,5), then there is a
G-invariant neighborhood N of t such that Ny = 0 in H'(N, S).

PROOF.  Let {M!},ca be alocally finite cover of T such that there is a cocycle { )\, } €
Z'({M!}, S) which represents \. Also let {M, },c4 be an open cover of T such that M, C
M/ for each i. We may assume that there are functions p/: M NG -t — T such that
@u")y; = Aylc, forall i and ;.

Let M be a compact neighborhood of G - 1. Since {M'} is locally finite, B = {i :
M "M # 0} is finite. Furthermore, if i € B, then we claim there is a neighborhood
V,of G-t with V, C M and a function yu,: M, NV, — T so that u,(y) = ;Lf(y) for all
y € M;NG -t. Infact the Tietze theorem implies that there is a function i,: T — C which
extends u,: M,NG-x— T C C. Then we can put

Vi={y:|aW| >3} UT\M,

and define 11,(y) = |,(y)| ' @(y) (y € M, V,); this establishes the claim.

Let V = (N, V.- Then V is a neighborhood of G - r and we may view u = {y,} as a
cochain in C°({M, NV}, ) such that {X, - (du), '} is a cocycle which is identically one
on G - t. Since G - t is compact, there is a neighborhood V' of G - t such that for all / and
jandally € VM,

MO, 0 — 1] < V2.
(There are only finitely many i and j to consider.) Thus log(/\(au)’ ') is a cocycle in

Z'({MNV'}, R) and must be equal to dv for some cochainv = {v,} € C/({MNV'}, R).
Thus, |y = du - exp(dv) = I(p - exp V).
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The result follows as V' must contain a G-invariant neighborhood N of the compact
set G - t. L]

EXAMPLE 4.12. Let T = T2, viewed as (R/Z) x T, and let R act by the flow at
an irrational angle, which is the quotient of the action on R X T given by r - (t,z7) =
(t+r,e>™7). Let L be the Hermitian line bundle over T obtained by taking the quotient
of R x T x C by the equivalence relation in which

(4.4) (t,z,A) ~ (t—1,2,20).

This bundle is nontrivial: if it were trivial, it would have a nonvanishing section, given by
a functionf: [0, 1] x T — C\{0} satisfying f(1,z) = 7f(0,z), and then h, = f(t,-)f(0,-) !
would be a homotopy joining 1 to the identity function z — z. The action of R on T lifts
to one on L via the formula

r- ([’ z )\) — (l +r e?.rrlb‘rz’ e 727r1()(rl+r/2))

the r* /2 term is there to ensure this defines an action of R on R x T x C, and then one can
easily verify that it respects the equivalence relation Equation (4.4), and hence induces
a continuous action of R on L. But since the action of R on T? is minimal, the only
nonempty R-invariant open set is the whole of T2, so L is not trivial over any R-invariant
neighborhoods. (]

So far we have shown that, for the systems (T, G) of interest to us, the bimodules X
involved in Morita equivalences (X, u) of systems are locally unique over equivariant
neighborhoods. We now want to look at the obstruction to extending this uniqueness to
cover the action u.

LEMMA 4.13.  Suppose (X,u) and (),v) are (A, &) —r (C()(T),T)—imprimitivity bi-
modules, and g:%) — X is an isomorphism of A —r Co(T)-imprimitivity bimodules. Then
there is a continuous map \: T X G — T such that

(1) u(g) = g(vs(») - AC.9),
(2) A, rs) = X, )N -1,8) fort €T, r,s €G.

PROOE. If we set w, = v, ' o g7 ou, o g, then w is a strongly continuous map of G

into the group of isometries of ¥). Because the actions u, v are both compatible with the
actions o, 7 of A, Co(T), wy is an A — Cy(T)-bimodule isomorphism for each s, and hence
by Lemma 3.4 there is a continuous function p(-,s) € C(T, T) such that

w,(y) =y p(,s) forye?),seq.

This equation is equivalent to
us(g) = g(vs-(,v : p(us))) = ¢(vs») -7 (p(9),

and thus if we define A(t,s) = p(s~' - t,5), we have (1). To see that p and ) are contin-
uous on T X G, just note that both (y, y)¢, () and the map (t,5) — (v, ws(»)) ¢, (?) are
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continuous. Finally, we calculate

g(rsOAC19) = un(80)) = ur(1(80)))
ur(g V(Y) )\( 5))
ur(8(v0) ) (A1)

g4 (m0) A A (AC, ),

Il

Il

and this implies (2). .

COROLLARY 4.14. If G is abelian and N is a subgroup of G which acts trivially on
T, then

(1) t— X(t,-) is a continuous map of T into N:

(2) foreach n € N, \(-,n) is constant on orbits.

PROOF. The cocycle identity Lemma 4.13(2) immediately implies that A(z,-) is a
homomorphism on N. A standard compactness argument shows that if , — ¢ in 7, then
A(t,+) — A(t, ) uniformly on compact subsets of N, and hence (1) follows. Since G is
abelian, we have \(¢, sn) = A(¢, ns), and two applications of Lemma 4.13(2) give

A HAT 1, n) = A, A, ),

which implies (2). =

5. The equivariant cohomology group I:I%;(T, S). Suppose that T is a G-space with
orbit map p: T — T/ G. (Although, in this article, we will only be interested in the case
where 7 is a principal G/ N-bundle, for the following discussion 7 may be any G-space.)
Let 3 = {N,},cs be a cover of T/ G by open sets. We define Z* (p’ L), .S) to be the col-
lection of pairs (), v) where A = {),} is a 1-cochain consisting of continuous functions
Ay:ip "Ny X G — T, and v = {v,} is a 2-cocycle consisting of continuous functions
Vgk: p~'(Ny) — T such that

G.D Ayt sr) = Xy (t, )N, (s - 1,7),
while
(5.2) Xy (Xt )V (8) = At v (s~ - 1),

Of course, Z* (p"l(‘)I), S ) becomes an abelian group when equipped with the usual point-
wise multiplication of cocycles.

We define B2 (p’ L0, 5) to be the subgroup of pairs (A, v) in Z* (p' L(0), 5) for which
there exist continuous functions ¢,: p~'(N,) — T and o,: p~'(N,) X G — T, such that

(5.3) ot rs) = o(t,No(r ' - 1,5)
5.4) Ay(t,s) = qﬁ,](t)qb,](s'1 -D)o(t,5)o,(t,s), and
(5.5) vk(t) = ¢y ()Du(2).
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It may be comforting to notice that if ({), }, {v,x}) are defined by continuous functions
as in Equations (5.3), (5.4), and (5.5), then ({\, }, {v, }) belongs to Zé(p"(‘)l),S).
We define H2 (p"(‘)[),S) to be the quotient of Z%;(p"](?l), 5) by B%;(p"(‘)I),S).
Now suppose that 15 = {N4}qea is a refinement of U by open sets. Let A —
be a refinement map: i.e., any map such that N, C Ny for all @« € A. Then given
(\v) € Z&(p~'(20),5), we obtain an element A\, v) = (r(\),r(v)) in ZZ(p~'(B),S)
in the expected way:

r(N)ast,8) = Aaynp(t, s), and
H)a (1) = Viarpny)(8)-
In this way, we obtain a homomorphism 7: Zé(p"(‘?[),5) — Zé(p"(?j),é’) which
takes Bé(p"(‘)l),j‘) into Bé(p' '(95),5). Therefore we obtain a homomorphism #*:
]:Ié(p"'(‘)[),j) — I:IE;(p*'(B),S). We claim that r* is independent of our choice of
refining map. If s is another such map, then let (\,7) = (r()\), r(lx))(s(A),s(z/))_l =
(r()\)m, r(z/)m). Then standard arguments such as in [23; §5.33] imply that 7 €
B? (p*'(li), 5) and hence that there are continuous functions ¢as: p~'(Na3) — T such
that 7ogy(t) = as()Psy (DPar(r). In fact, it follows from Equation (10) of [23; §5.33]

that we may take
¢mi(’) = ’/.v(a)mw)r(ﬂ)(t)l’s(a)x(ﬁ)r(xf)(t)'

Furthermore, we may define
oq(t,8) = As(a)da)(t’ 8)-

Then o, satisfies Equation (5.3), and one can compute that

Xt 8)0a(t, 8)05(t, 8) = Asicre(t ©) Myt 8) M stars)(E &) Asioyrs) (1 8)s
which using (5.2) is
= M)t 8 smamnd OV s (@ 1)
* Astar@) (6 8 scrs i@ DV scarsr@ (@' + 1)
= Gas(Ddap(e™" - 1.

In other words, (X, V) € BZG (p"(?é),S) as required. Therefore we may regard
{A&(p' 0, 3)

where 2 is allowed to run over all open coverings of T/ G, as a system of abelian groups
directed by refinement. Thus, we can define
72 — Vi 52 (]
H{(T,S) = hTm g (p~'(0),5).
[

Elsewhere [18], we will present a more general treatment in which we define a family
of groups H(T, S) which will fitinto a generalized Gysin sequence (See also [17; §5a]).
Here we have restricted our discussion to the case n = 2 as that is all we require for the
sequel.
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6. The Dixmier-Douady class of a system. We are now ready to construct the
Dixmier-Douady class of a system (A, G, ). Throughout, A will be a continuous-trace
C*-algebra with spectrum 7. For technical reasons, we shall assume that T is paracom-
pact and 7'/ G Hausdorft; in our main application, 7 — T/G will actually be a locally
trivial G / N-bundle for some quotient G /N of G. We think of the Dixmier-Douady class
of the system as the obstruction to piecing together local Morita equivalences with the
spectral system to form a global Morita equivalence with the spectral system. In order
to produce a scalar-valued cocycle from these local equivalences, we need to do some
standard shuffling with open covers, and we obtain the necessary lemmas by modifying
[4,10.7.11 and 10.7.12].

LEMMA 6.1.  Suppose that A has paracompact spectrum T, that (A, G, ) is locally
Morita equivalent to (C()(T), T), that T/G is Hausdorff, and that equivariant line bundles
over (T, G) are locally trivial over T/ G. Then there is an open cover W = {N,}ic; ()fT/G
such that, writing F; = p~'(N,), there is an (A", af') —f (C()(Fi),T)—imprimitivity bi-
module (X;,u') for each i € I, and there is an isomorphism g;: .%',.f” — .%',.F" for each
i,jel

PROOF. By assumption there are closed G-invariant sets {E, }~cr, whose interiors
U, cover T, and (AP, o) — g, (C()(Ey),T)-imprimitivity bimodules (X, u’). Since T/ G
is paracompact, and in view of Lemma 4.1, we may suppose that {U }cr is locally
finite. Therefore we can assume that there are closed G-invariant sets Cy C p- YUy,
whose interiors Vy cover T.

For the moment, fix Y € I"and ¢ € V. Using local finiteness, there is a neighborhood
WoftsuchthatI”" = {8 € T': WNC; # (0} is finite. We claim that for each 3 € I there
exist closed G-invariant neighborhoods W of ¢ such that W3 C W and such that there
exists an imprimitivity bimodule isomorphism of .:Ef:/’(](‘ onto .’(':V’mc ".Forifr € Cy,
then r € p~'(U,) N p~'(Uy), and the claim follows by Lemma 4.7; if t ¢ C;, then we
can simply choose W; so that W3 N C; = (. Either way, W,, = ;e W is a closed
G-invariant neighborhood of ¢ with the property that there is an imprimitivity bimodule
. . W, NC W,y
isomorphism of X | onto X, .

Finally, welet I = {(v,t) e TXT :t € Cy}.Fori = (v,1), weputF; = W, X; = W
and u' = (")™, and the existence of the g;; follows from the previous paragraph. "

LEMMA 6.2.  We maintain the assumptions and notations of Lemma 6.1.
(1) Foreach i,j € I, there is a continuous function \j: Fij X G — T such that, for
 F
all x € .?cj” ands € G,

6.1) W) (30) = N9 - (g () ) ).

(2) For each i,j,k € I, there is a continuous function vy: F — T such that, for
.F,
eachx € X,",

F, F, F,
(62) gl, A(gj.,(“(x)): ,/ijk . gikk(x).

(3) The pair (\,v) = ({Nj}, {vix}) is a cocycle in Zcz;(p' '(?I),S).
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(4) The class 6(A, o) of (\,v) in I?g;(T, S) depends only on (A, G, ), and not on any
of the choices we have made.

PROOF.  After localizing the Morita equivalences to F,, using Lemma 4.1, we apply
Lemma 3.3 to the isomorphisms g,: this gives us the continuous functions A, satisfy-
ing Equations (6.1) and (5.1). Similarly, applying Lemma 3.3 to the imprimitivity bi-
module automorphisms (g,[;;"‘)’l o gzﬂ”" o g;‘" of .’c",f”‘ gives the function v, satisfying
Equation (6.2). We can verify that v, is a cocycle by comparing the two sides of

I
WtV g V) X = Vg * X,

exactly as in [4, p. 235]. To complete the proof of (3), we verify (5.2):

F, Foo _ F, —  Fy F,
()"0 g" = W) * o (7r-8," 0g,")

— F, Fy Fuy
=770 - (W) 0 g," 0 g ")

S F, KNF o
= Ts(Vljk)/\I/('y s)/\jk(', s)l/lj/( ' g,/\-ﬂ © (MX) A

Finally, suppose that I3 = {F,}yea, (X5,4), and g,4 have been chosen as in
Lemma 6.1, and let (), ') be the associated 2-cocycle. As in the proof of Lemma 6.1,
we may replace 2 and 2 by refinements so that there are imprimitivity bimodule iso-
morphisms g,: ¥5° — ¥/ Let A = IU A. Then the family {F, }uea, (¥4, %), and g
satisfy conditions (1), (2), and (3) of Lemma 6.1. Let (\”, ") be the corresponding co-
cycle. Since {F,}4ea refined by both 2 and 23, the classes of (\,v) and (', /') coincide
with the class of (\", ") in HA(T, S). This concludes the proof. n

Of course, we call 6(A, ) the Dixmier-Douady class of the system (A, G, ). Our
main theorem says that, under mild hypotheses on A /G, this is a complete invariant for
systems which are locally Morita equivalent to their spectral system. We stress that the
hypotheses on (7, G) are automatically satisfied when T — T/G is a principal bundle
for some quotient of G (Proposition 4.9).

THEOREM 6.3.  Let (T, G) be a locally compact transformation group such that T is
paracompact, T /G is Hausdorff, and equivariant line bundles over (T,G) are locally
trivial over T/G. Suppose (A, G, o) and (B, G, 3) are both locally Morita equivalent to
(C()(T), T). Then (A, @) and (B, 3) are Morita equivalent over T if and only if §(A, @) =
6(B,B) in flé(T, S). Further, every class in I?é(T, S) is the Dixmier-Douady class of some
system (A, G, «) which is locally Morita equivalent to (Co(T),T).

Since the proof of this result is quite complicated—even without the group action (cf.
[4, §10.7-9])—we shall break it up into 3 propositions.

PROPOSITION 6.4.  Suppose that A and B are C*-algebras with paracompact spec-
trum T, that (A, G, ) and (B, G, 8) are both locally Morita equivalent to (Co(T), ), that
T /G is Hausdorff, and that equivariant line bundles over (T, G) are locally trivial over
T/ G. Then if (A, @) is Morita equivalent to (B, 3) over T, we have 6(A, @) = &(B, 3) in
HX(T,S).

PROOFE. Let X be an A —7 B-imprimitivity bimodule and let « be an action of G on
X such that (A, a) ~x,, (B,3). Apply Lemma 6.1 to (B, 3) to produce closed G-invariant
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sets {F, },er, equivalences (¥),, w,), and imprimitivity bimodule isomorphisms {h,_,}. Let
(A, v) be the associated 2-cocycle. For each i, X, = Xfr @pr, ¥), is an AT — Co(F,)-im-
primitivity bimodule, and, as in the proof of Lemma 4.7, u}, = u, ®@w defines an action of
G on X, giving us (A", o) —f (C()(Fl),’r) imprimitivity bimodules (X, u'). Moreover,
on F,, we have

{x @ by, X' @ hy ey = (A x)pr, - hu(y),hu(yl)>a.<m

= (g xg 9).yOD) g
/ /

<<x ,x>BFI ‘ )’;y >C()(F])

= (x @y, X @y ey,

and similarly for the A-valued inner products; thus there are isomorphisms g, = 1 ® h,,
F, F, . . .
of X ;" onto X ¥. But one can immediately verify the formulas
Fu _ F, F,
8" Ogjk]k = vy g, and

W) (gy(0) = Ay 5) - gy ()" (),
on elementary tensors, and hence it follows that (A, v) also represents (A, ). n

PROPOSITION 6.5.  Suppose (A, G, @) and (B, G, 3) are dynamical systems which are
locally uniquely Morita equivalent to (CQ(T),T), that T is paracompact, that T /G is
Hausdorff, and that equivariant line bundles over (T, G) are locally trivial over T | G. If
6A, ) =0(B.3) in I:Ié(T, S), then (A, @) and (B, 3) are Morita equivalent over T.

PROOF. Using Lemma 6.1, we can find closed G-invariant sets {F, } whose interiors
form a cover I of T and such that: for each i € I, there are (A", o) —f (CO(F,),T)—
and (B, ) —F (CO(F,), T)—imprimitivity bimodules (C,, u*) and ("D, v'); and for each
i,j € I, isomorphisms g,: (§]F" — GIF" and h,: @f” — ”D,F”. Let (A, v) and (\, V') be
the associated cocycles in Z%(,.S). By assumption, these cocycles represent the same

class in I-VI%;(T, S). Thus, refining W if necessary, we may assume that there are continuous
functions ¢,;: F; — T, 0,0 F, X G — T satisfying

o,(t,sr) = o,(1, s)a,(fl “1,r)
Ay(t,5) = by (Dy(s~" - Dot 5)0,{t, 5)A (2, 5), and
V(1) = Sy (DG (D).
Consequently we may replace v by o,(-,s) - v;, b, by ¢, - hy, and assume from here on
that (\,v) = (\,v'). N
As in the proof of Lemma 4.7, 9), = G, ®c,r,) D, is an A" —p BF-imprimitivity
bimodule, and there are isomorphisms kU:?)f” — ?)f” such that

ky(e @ d) = gy(e) @ hy(d)~
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(recall that S7) v @ g ®cy(F, ) D Fy by [11; Lemma 1.10]). Since we have arranged that
M) = WV, v), we have ky o kk = ky. Now we follow the construction in [11; Propo-
sition 2.3]. Let ¥)’ be the collection of (y,) € [1,¢; ), with the property that

3 F,
klj(yj )= Y ’

for all i,j € I. Then for (x,), (y,) € ), and r € F,

A ) () = Gy )Py
= (ko O, Ky 7)) 1)
= () o)
= 155 3)(@).

A similar formula holds for (-, -) .. Thus if x = (x,) and y = (y,) are elements of ¥)’, and
t € F,, we can define

A y) @) = grlx, )@, and  (x,y)p(0) = (x, y,) g (D),

and the left-hand sides depend only on x, y, and ¢. Just as in [11], we see that when
restricted to
9) = {y e :t—| aly,y)@)| vanishes at 0o},

A(+,-) and (-, -)p define A- and B-valued inner products making ¥) into an A —r B-imprim-
itivity bimodule. Next, we deduce from the usual calculations that u; ® ¥ induces an an
action w' of G on ), such that (A", &) ~y . (B, B%"). Then fore @ d € ¥),, we have

ky (wite @ @) = g, (1)) @ (y (@)
= (M9 1(8@)) @ (9 (@)

which is equal to w§(ku(e ® 3)) in (SJF” Qcy(F,) D in other words,

ky ((Wls()’))ﬂ/) = (ny)F" (ku(yp"))

This last equation means there is an action w of G on ¥)’ such that w,(y) = (wg(y,));
because ||a(0)|| = ||as(a)(s - )|, y € ?) implies w,(y) € ¥), and w is also an action of G
on ?). Routine calculations show that

A<Ws(y)’ Ws(y/)> = as(A<)’v yl>) and <Wr(y)’ Ws(y,)>B = }Bx(<y’y,>8),
so (¥), u) implements the required equivalence between (A, ) and (B, (3). n

PROPOSITION 6.6. If (T, G) is a locally compact transformation group with T para-
compact, and (\,v) € Zé(T, S), there is a system (A, G, @) which is locally Morita equiv-
alent to (Co(ﬂ,T) and has 6(A, @) = [\, v].

PROOF. As in [17, Proposition 3.6], we use the construction of [14]. First, we set
F, = p~I(N)), refine the cover {N,} to ensure it is locally finite, and shrink the sets N,
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a little to ensure that A, v, are defined on F, F,;. Next, we adjust by a coboundary to
make {v, } alternating [17, Corollary 3.5]. Then we let

A= {5 dpent op € Co(T), 64 = 0 outside Fy,
.k

where e, e = Ve (See [14, Theorem 1] for a more precise definition; the idea is that
A is a continuous-trace algebra with spectrum 7, and Dixmier-Douady class §(A) = [r].)
We define an action o of G on A by

ay <Z ¢jkejk> = Z )\jk(’» S)T.s(gbjk)ejk’

where A (-, $)7,(¢,) is by definition O off Fy;. To see that A is locally Morita equivalent
to Co(T), we let

X, = {Z¢>k€k Do € Co(F), o = OOfka},
k
and define

(Lo Lba), =Yy

AFy <Z b€ I/Jkek> = Z,;qu@lz)kejk
Js
(Z ¢,k€/k> : (Z 1/)/61) = ;(Zk: V—ljl:cfb}kwk>e]
(Z ’l/716’1) f =2 fer

A lot of boring calculations confirm that the completion of X, is an A"+ — Cy(F,)-imprim-
itivity bimodule: the cocycle identity for {v,} is required to prove both that a(x,y) =
(a-x,y), and that (ab) - x = a - (b - x), but the rest seems to be routine. We define an

action u' of G on X, by
“.ls (Z ¢Jej> = Z /\lj(‘v $)d,e;,

and verify equally tediously that (X,, u') is an (A", ") — (CU(F,),T)-imprimitivity bi-
module, so that (A, «) is locally Morita equivalent to (C()(T),T).

Before computing the Dixmier-Douady class of (A, @), we note that restricting the
coefficients ¢y to F,, induces an isomorphism of .%',F'/ onto

X, = {Z orex - P € Co(Fy), ox = 0 off Fk};

to see the surjectivity, note that if ¢, € Co(F,) vanishes off F}, setting ¢, = 0 in F,\(F,U
Fy) gives a continuous function on the closure of (F, \(FJUFk))UFUk, which by Urysohn’s
Lemma extends to a continuous function on F, which vanishes off . We can now define
isomorphisms g, of X, = 3(';” onto X, = i'f" by

g,,(Z ¢k€k) =D Ve

and verify that Equations (6.1) and (6.2) both hold, so that (A, ) represents (A, @), as
claimed. n
This proposition completes the proof of Theorem 6.3.
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7. The Dixmier-Douady classes of N-principal systems. If (A,G,@) is an
N-principal system (so that G is abelian), then the dual system (A X, G, G, &) is an
N*-principal system [13, §2]. In this section we shall show how to compute the Dixmier-
Douady class §(A X, G,G,&) € ﬁé((A Mo G)A,S) from 6(A, G, ), and, in particular,
how to determine the spectrum (A X, G)" and the Dixmier-Douady class (A X, G). We
saw in [17] that the principal bundles p: A — A/G and g: (A X4 G)" — A/ G determine
O(A X, G) modulo classes pulled back along g from H%(A,S). After deriving our for-
mula, we shall show that it is consistent with the restrictions imposed by [17], and that it
generalizes the one obtained in [12, 3.5] for the special case in which A=Y / N for some
principal G-bundle Y.

Just to be sure of our conventions, we recall how H Yz, g) is identified with the
collection of isomorphism classes of G-bundles. Given {s, } in Z'(%, G), representing
weH(Z, G), we define a corresponding G-bundle by forming the quotient space

7.1) F,=][U xGn~,

1€l
in which (i, z, r) is identified with (j, z,rs,(2)), and G acts via s - (i,z, ) = (i,2,s7).

LEMMA 7.1. Let G be an abelian group, let T be a locally compact paracompact
space which is a G /N-bundle over Z, and let W = {N,},c; be an open cover of Z. If
(\v)isin Zé(p~l ), 5), then forn € N, A\, (-, n) is constant on G-orbits, and there is a
cocycle {7,’)} inZ'(N, f[) such thaﬂz (p(x)) = X\, (x,n). The map (\,v) — [“/3] induces
a homomorphism b: Hx(X, S) — H'(Z, 9§[).

PROOE. Because N acts trivially on 7, and G is abelian, the cocycle identity Equa-

tion (5.1) implies that A, (-, n) is constant on orbits (cf. Corollary 4.12). The last assertion
follows similarly from Equations (5.3) and (5.4). (]

LEMMA 7.2. Suppose that G — N has local sections, p:T — G is a principal
G/N-bundle, and (A, G, @) is locally Morita equivalent to (CO(T), G, T). Then (A, G, @)
is an N-principal system, and the quasi-orbit map q: (A X G)" — T/G is a principal
N-bundle satisfying [q] = b(6(A, G, ).

PROOF. Corollary 4.5 says that (A, G, «) is N-principal, and hence it follows from
[13, Theorem 2.2] that the quasi-orbit map g is a principal N-bundle. To compute transi-
tion functions for g, we use [17, Proposition 2.6], and resume the notation of Lemmas 6.1
and 6.2. Let v': N — UM(AF") be the local Green twisting maps obtained from u' by iden-

tifying L((EE,)CO(F,)) with M(AT"). Then for x, y,z € l%'jF”, Equations (4.2) and (6.1) imply

OV () - 8y(2) = (v’,, AF,/<gu(x),8u0’)>) - 8y(2)
= u},(24(0) (840 84(D)coir,
= Xy (s n) - g, (%) co(r, (> 2))
=7y ()gy(v), (% y) - 2)
= ’7,,(-)(n)(v£,AFU<x, ¥) - 8gy(2).
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Thus v, = 7,(-)(n)v,, and [17, Proposition 2.6] implies that {7,} is a cocycle in
Z'({N,},S) representing [q].

THEOREM 7.3. Let (A, G, ) be a dynamical system, in which A has continuous
trace, G is abelian, and the spectrum p:T — T/G is a paracompact principal G | N-
bundle. Suppose that (A, ) is locally Morita equivalent to (Co(T),T), and that both
G— G/N and G — N have local sections. Then the quasi-orbit map q: (A X, G)" —
T/G is a principal N-bundle, and ((A Xo G, G, dr) is locally Morita equivalent to
(Co((A X o G)A),%). Let W = {N,},c; be any open cover of T /G which is fine enough
to ensure there are equivariant projections wep ' (N) — G/N, there are continu-
ous functions s,;: N, — G such that s,(z)N = w,(z)_'wj(z), and there is a represen-
tative (\,v) € Z%;(p“l(‘)l),é') for 6(A, G, «). Then there are equivariant projections
U,:q"(N,) — N such that 7’3(q(7r)) = U,(ﬂ)‘lcf,(n), and 5(A X4 G,G, &) = [)A\,ﬁ]
where (\,7) € Zé(q'l(?l),ﬁ) is defined by

(7.2) /\AU(TF,X) = x(s,,(z)), and
(1.3) Do) = Ap (€2, 5, i(€(2)) o) (ne (),

where we have written z = q(1), ny(z) = s,(sx(Dsu(2) ', and ¢,(2) is defined by
w,(c,(z)) =N.

PROOF. Lemma 7.2 implies that g is a principal N-bundle with q] = b((S(A, G, 0())
= [7¥"]. Therefore open covers W' = {N!},¢; of T/G satisfying the requirements of
the proposition do exist. Since the class of (X, P) is invariant under refinement, we may
assume that ' is locally finite and that there is an open cover 3 = {N,},¢; such that
N, C N/. Refining 9 as necessary, we may assume that there exist {F,}, (¥,,u'), and
gy, as in Lemma 6.1. We also define local trivializations for p by h,(x) = (p(x), w,(x)).
Similarly, we put Q, = ¢~ '(N,) and ¢,(7) = (q(7r), (7,(71‘)).

We begin by building the appropriate local modules. For each i we need an A" x,,
G —p, Co(Q,) imprimitivity bimodule ¢, but we shall actually construct a C.(G,Aly —
C. (N, x N) pre-imprimitivity bimodule G? and complete. We view C, (N, x N) as a dense
subalgebra of Cy(Q,) using the Fourier transform: if » € C,(N, x N), then b represents
the function b € Cy(Q,) defined by

5(¢71(2,7)) = /N b(z, n)Y(n)dn.
Recall from [2; §6] that )} = C(G, X)) is a pre-A** Xo G — Co(F,) X, G-imprimitivity

bimodule. To ease the notation, we shall write B, for A" x, G and D, for Cy(F,) %, G.
Then the inner products are given by the formulas

(7.4) s{&,m)(r) = /G Ar,<§(s),u',(7](r71s)>>ds
(&, (D (2N = /G (&) 6Pk (hy (2, 5tN)) ds.
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The left action of B, on ?), is the integrated form of the covariant pair (V', M,) where
ViE(s) = u(€G7's)). and M(@)é(s) = a - £(s),
fors,t € G, £ €2, and a € AF'. The right action of D, is determined by

n-6) = [ n(s)-o(srs () ds

forn €9 and ¢ € CA(G X F)).
Next we observe that 3? = C.(N,xG)isa pre—D,—Co(N, X N)-imprimitivity bimodul¢
with inner products

(7.5) D,(f,g>(r)<hfl(Z,SN)) = /];]f(z,snfl)g(z, r~tsn=1)dn
(f.8)coon(@n) = _/Gf(z, s~Dg(z, s 'n)ds,

and actions given by

(7.6) ¢ f(z,8) = /qu(r, h,‘I(Z’ SN))f(Z, rls)dr

(1.7) fbzs) = ‘/Nf(z,sn")b(z,n)dn.

Note that the completion 3, of ,3? is isomorphic to the imprimitivity bimodule tensor
product Co(N,) @ W, where 8, denotes the usual Co(G/N) x; G — C*(N)-imprimitivity
bimodule [19; §7] and Co(N,) is viewed as a Co(N,) — Co(N,)-imprimitivity bimodule in
the standard way.

Our modules will be given by the module tensor product G, = ¥), ®p, ,. Notice that
on elementary tensors,

(1.8)
<<€ ®f’ n & g>>C()(Q:)(Z’ I’l)

= (0. &), £, &)o@ 1),
which by Equation (7.5) is

= /G (1, €)p, - f(z:5 Dg(zs™'n)ds,
which by Equation (7.6) is
= /G/o <7},E)D,(r)(h,"(z,r‘N))f(z, r s Ndrg(z,s 'n)ds,
which by Equation (7.4) is
= [ L L . &)y (b Gots M-
fz,r s gz, s 'n)dtdrds
= ./G‘/G/G@(tr), ) ey ('@ 1sT'N)-
fr s Dg(z,s 'n)dedrds
= [ L ts e, g™ mmm)e:
(' zoasTIN)) de dr ds
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The module G, is the completion of the algebraic tensor product G?O = C(G,X) ®
C.(N, x G) with respect to (-, - )¢, (0, We can view G as a subspace of ¢ = C (G x
N, X G, X,), and using Equation (7.8), we may extend (-, -)c,(o, to a pre-inner product
on G if £,1 € GV, then

(1.9)

(& ooz = /0/0 /(;<£(tr, wrts oz s ) (b otsT'N)) dr drds.

Notice that if ¢ € C.(GxN,xG, X,) then there are compact sets K C G and K’ C N, such
thate € K, K = K~!, and supp & C K x K’ x K. Then supp((&, £)c,0) € K’ x K* NN,
and

(& eworteml NIEIR, [, [, [, drdrds < €2,

It follows that convergence in the inductive limit topology in GO C(G XN, xG,X)
implies convergence in the (semi-) norm on ¢ induced by (., >> ¢o(0,)» and we can there-
fore view (&, as the completion of G¥ with respect to the inner product determined by
Equation (7.9).

Similarly, the B,-inner product extends to all of G? = C(G XN, xG, X,), and satisfies
(7.10)

B,((ﬁ,n)}(r)(hfl(z, vN)) = /(,/(,[v A,‘,<§(s, s 'lvnh, u',(n(r’ 't z,t"vn"l))>dtdsdn.

There is a subtlety in this calculation: g{&,n)(r) is an element of A", which is deter-
mined by its images in the primitive quotients A¥:(r) for t = h,"'(z, vN). To avoid the
question of defining elements of X, by their images in the correspondmg quotients, we
observe that if x,y € X, and f € Cy(F),), then

AT Y XD = 4r X Y)OF ().

Using this trick, we can compute the left-hand side of Equation (7.10) for &, 1; of the form
x®f,y® g, much as before. (One might be surprised to notice that the right-hand side
of Equation (7.10) depends on the functions

(z,vN) — /{(s,z,s’lvN)ds;

this arises because vectors of the form - ¢ @ f — n @ ¢ - f have length zero with respect
to (-, ), and hence are modded out when completing G9.)

For £ € G)) = C(G x Ny X G, % "), we define &, (¢) € G

Ry()(r,z,5) = )\ (hfl(z, rsN), rs)gU (i(r, Z, ss,j(z))).

We wish to show that £, induces an imprimitivity bimodule isomorphism x,, of ij,, onto
G,F”. We claim that to do this, it is enough to check the following:

(1) fy(My(a)- ) = M) - 7y (&),

(2) £y(VI(©) = Vi(Ry(©).

3) (Ry(©). Ry(D )o@ n) = & [, (& n) ez n), and

(4) Ry(€-b) =Ry(&)- 6(;’”‘(1)(17),
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where a € Afv, ¢,n € %}Ff b € CAN, x N), and & (b)(z,n) = Y(n)b(z, n).
To verify the claim, we first observe that property (3) will imply that &, preserves the
Co(g~'(V,))-inner products:

(RO Ry eyi0p (9@ ) = [ (&R D)o V()
= /N<<§ n) o) @ mYy (@)Y (n) dn
= (&9 (270 @)).

It follows that £, extends to an inner product preserving map «, from CFJF” onto G,F".
On the other hand, (4) implies that x,, is Co(q’l(l\-l,,))-linear, and therefore that x,, is an
isomorphism of Hilbert Co(q“ (N,,))-modules. Since (1) and (2) imply that x,, is Afv %,
G-linear, it must also preserve the left inner product, and is actually an isomorphism of
imprimitivity bimodules.

Fortunately, (1) follows readily from the fact that g,(a - x) = a - g,,(x) fora € Afv and
X € ij”.

Next, consider (&, (V’[(i)), n)coco (2, n). Writing ¢,(z) for b, (z, N) and " for ()",
this expands to

N RYCERTEN

: <8q (“’; <§(ffltr, 2 r"s‘lsq(z)))) (2, s‘ln)> (ts‘l . c,(z)) dtdrds,

Co(F)

which, using Lemma 6.2(1), the identity (f - x, y)(£) = f(){x, y)(?) forf € Co(F,), x,y €
X,, and the cocycle identity Equation (5.1), is equal to

/G/G/G)\y(f“ts“ -c,(z),fflts‘l)

: <u’£ (gu(é(f“rr,z, r“s"s,,(z)))),n(r,z,s“n)> (157" () dedras,

Co(F)

which equals (V/, (f%,,(f)), n) o0,z n). It follows that (2) holds.
Recall that ), (¢, sn) = 7, (2)(m)A,(t,5). Thus, if &1 € G, then

1y

(Fy(©. Ay Yaies@m = 1@ [ [ [ (g,(e(mzr s 5,)),
8y (n(t, z,s“ns,,(z))) >C0(F,)
=@ [ [ [ (&(rzr s s,),
n(t, 2 s"ns,,(z))>co(m(ts" : c,(z)) dtdrds,
which, replacing s by s,(z)s and using s,(z) - ¢,(z) = ¢,(z), equals
@) [ [ [zt zs " e (57 - @) drdrds

=Y, @& n)cy0) (@ n)
= &w_,jl(;)(«é’ 77>>C0(Q,))(Zs n).

(ts7" - c(2)) dedrds
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This verifies (3). )
Now suppose that b € C.(N, X N) and £ € @2. Then by Equation (7.7),

Ry(€ - b)(r,z,8) = Ay(rs - ¢,(2), rs)g,j<§ . b(r, zZ, ss,J(z)))

= /NA,j(rs -¢,(2),15)gy <§(r, Z ss,](z)n_‘)>b(z,n)dn,
which, using A, (¢, sn) = 7,(2) (M)A (1, 5), is

= /N Ay(rs - ¢(2), rsn‘l)g,j ({(r, zZ, sn”ls,j(z)))’)’,j(z)(n)b(z, n)dn
= [ Ry©zsn )& (o (b),n) dn
= Ry(&) - &, (D)1, 2,9).

This verifies (4), and proves the assertions about x,,.
Next we define an action v' of G on §,: for € € @?, let v’x(g)(r, z,8) = x(rs)&(r, z,s).
It is easy to verify that

B{V, ©) VL)) = X (1) (& n)(r) = &,(s{& )0,
(v (77)>>én<Qi)<¢:l(x7 7)) = (¢, 77>>éo(Q,)(¢z-‘(Z/Y>2|N)>

= A {&m)E, i) (¢ '@ M), and
Ry (D€ D) (r2,9) = x(5,@) () (Ry (€)1, 2, 9).

It follows that V' extends to an action on all of ¢,. (Note that xy +— v, is continuous in
the inductive limit topology, and therefore strongly continuous.)

The N*--principal system (A X, G, G, &) is locally Morita equivalent to the system
Co((A Xq G)",7) by Corollary 4.5, and at this point we have explicitly found a cover
9, modules C,, actions v', and isomorphisms x, as in Lemma 6.1. The last equation
above shows that the invariant A associated to this data as in Lemma 6.2 is given by
Equation (7.2).

Before we verify Equation (7.3), we need an observation. Suppose that ¢ € Co(F))
and that £ € Gg. Define £,& € Gg by the formulas

&i(r,z,8) = ¢ - &(r,z,5), and
€x(r,z,5) = qb(h,"(z, rsN))g(r, 2, 5).

It is immediate from Equation (7.9) that (&1, 7)) c,c0) = (€2 1) c,c0,) for all 7 in G2, and

bt
therefore that [€,] = [£,] in GTv.
The second component of our invariant is the function p,: Fx — T defined by

.F Fljk .Fyk

uk _ .
hlj Oﬁjk = Py By

which we can compute from the relationship
(7.11)

(& mi () eon (@' @M) = oy (6, @) (&m0, (01 ).
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If n € G, then

Ry (R ) (12,9) = My s - @), gy (R (. 2.55,2))

= )\U(VS < ¢(2), rs))\jk (VSSU(Z) : Cj(Z)» rSS(/(Z))

“ 8y (g/k (T)(r’ 2, Slj(z)sjk(z))))
= )\U(rs ¢ (2), rs) Ak (rs - ¢,(2), rs) k (c,(z), s,](z))
Vgt gm(’l(n z, .ﬁs,k(z)n(,k(z))),

which is equivalent in G to

Ny (15 - €D rs) a5 - (@), 1) A (€02 85 D) v s - @ (m(r 2550 @) )
which by Equation (5.2) equals
Me(€i(@), 5@ )i (@) A (s - (2. 7s) g (n(r, 22 55w (DDnp(2))

= Mi(€i(@), 5, @) v (@)Y (np(2) R (1, 20 51 (2) ).

Next, notice that functions of z pull right through the formula Equation (7.9) for the inner
product, and that, if n € G, m € N, and n™ is defined by n™(r,z,5) = 1(r,z,sm), then
(&™) eson (@' @M) =3m(E e 00 (@) ' @M).

Combining these two observations with Equations (7.11) and (7.12), we obtain
(7.13) k(6,1 @) = M@, 5@y (@) Y ()1 ().

Since p,,,((qs,—'(z,v)) = Pyk (@" (z,'w,k(z))), this gives Equation (7.3).

That the class of (X, p) in Zé((A X G)A,.S) is independent of our choices follows
from part (4) of Lemma 6.2 (i.e., [X, pl = 6(A X4 G, G, &)). This completes the proof of
Theorem 7.3. n

Our next task is to check that Theorem 7.3 is consistent with [17, §4]: since the dual
system (A X4 G, G, &) is N*-principal, and (A X, G) X4 G is isomorphic as a G-bundle
top: T — T/ G, [17, Theorem 4.2] says that (A X, G) should belong to the coset d,([p])
in flz((A X o G)A,.S)/q*(flz(T/G, 5)). Thus we need:

PROPOSITION 7.4.  The cocycle {0} constructed in Theorem 7.3 represents a class
in d,([p]).

We retain the notation of Theorem 7.3, and in addition set x,x = ¥, Y:7,'. Then,
following [17, Equations (4.1)—(4.4)], we choose a cochain p: Ny — T such that
O)yu(2) = Xjk,(z)(s,j(z)), and d,([p]) is represented by the cocycle

(7.14) pu(m) = ou(m) (e (a(m) ) am) (53 (am)) )2t (a(m)-

While this looks very like the formula for 7 with v, replaced by 1,4, there is a subtlety:
although “7/k (p(r)) is by definition an extension of A, (t, Jw to G, Aik(:,8) need not be
constant on G / N-orbits, and therefore may not equal 7. If we want to replace A, by 7,
we have to multiply (A, ) by a coboundary to compensate:

(7.12)
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LEMMA 7.5. Suppose p:T — T/G is a principal G/N-bundle, (\,v) €
Z%; (p”' (), 5), and continue to use the same notation. Then

(7.15) 6y(1) = Ay(t, )7, (p(0)(s) where sN = w,(r)
gives a well-defined continuous function ¢,;: p~"(N,;) — T such that
(7.16) Ay (1, )0, Dy (s~ - 1) =T, (p(1))(5).

If we then set ji = (Vxdydpdy') © ¢, we have

(7.17) Om)y(2) = xpui(@)(55(2))-

PROOF.  If we replace s by sn, the right-hand side of Equation (7.15) becomes

Ay(tsm) Ty (p(0))(sm) = Ay (6 A (1, )7, (P(O) ()T, (p(0)) ().

But on N we have i,j(p(t)) = W’,](p(t)) = MAy(t,-), and hence the right-hand side of
Equation (7.15) is well-defined on p"(N,j) x G /N. To verify Equation (7.16), note that
rN = w,(¢) implies s~'rN = w,(s~! - #), so the right-hand side of Equation (7.16) is

Ayt N @A™ 157 03, () ()T, (p(O) (571,

which reduces to ¥, (p(t))(s) because 7, (p(t))(-) is a homomorphism.
To verify Equation (7.17), we set p = Z/qubU(b]k(bl’k', and observe that {p,} is a

cocycle. Thus (suppressing the variables)
O{pyk © : Pyrt = (o ) (p o)
= [wpoc)™ (vuo s, - ) |l(duoc)  (Gpoc)
[(pr o) (Guoe)ll@uoc)duoc) ']

Now using Equation (5.2) and the observation that s,(z)N = w, (c,(z)), we have

O{pyr © & Pyt = [\r(er sy uilers sy i(ers sy) TN k(e s) ™ T alsy)]
“Dwien )™ Tri(sAa(es 50 Trals0) ™ A 5T () ']
= ikl(S,ijZl)%k(sq)iﬂ(é‘y)rl/\kl(Cz,SU)/\kl(S,;l e sM(cr su) !
= '7k1(Syn,;kl WV ()Y (s~ (e, SySoA (e, )
= ()™ Xor(sy)Ma(Cos my ) Mo S Aacrs s) ™
= X;u(sy)
since Yy = Y = A on N. n

PROOF OF PROPOSITION 7.4. WEe first replace (), ) by the cocycle (A, '), where

Ay, 8) = Xy(t, )8,y (s~ - 1) = T, (p(1))(9)
V(D) = V()6 (DD ()b (D).
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Since (\,v) and (X, 1) have the same class in HZ(T, S), we have [Py] = [74]. (One
could presumably see this directly by writing down a coboundary, but it also follows from
our earlier results: the dynamical systems (A, G, «), (A’, G, «') corresponding to (A, ),
(N, v") are Morita equivalent by Proposition 6.5, so that A X, G = A’ X G by [2, 3],
and [P] = 8(A X, G) is the same as [7’] = §(A’ X G) by Theorem 7.3.) Equation (7.17)
says we can take p,; = yfjk o ¢, when computing d,([pl]), and now formula (7.14) for a
cocycle representing d,([p]) is precisely the formula (7.3) describing 7. u

EXAMPLE 7.6. We now want to work through our constructions in the situation of
[12], where we discussed a family of N-principal systems (A, G, ) for which all the
associated topological invariants could be simultaneously non-trivial. The algebras A are
constructed from a system (D, N, §) which s locally Moritaequivalent to ( Co(T), id), first
by inducing, and then taking a quotient. The formulafor §(A) givenin [12,3.2] was shown
in[17, §5(c)] to be consistent with the results of [17]. However, it was also shown in [12,
3.5] that 6(A Xq G) = g* (5(D)), and we should check that this is consistent with our
Theorem 7.3. The calculation is itself rather interesting: it shows that the complicated-
looking invariant we have introduced is actually computable. We assume as usual that
G — G/Nand G — N have local sections.

As in [12, §3], we start with a principal G-bundle r: ¥ — Z and a locally unitary
action of the subgroup N on a continuous-trace algebra D with spectrum Z—that is, with
a system (D, N, ) which is locally Morita equivalent to (CO(Z), id). The algebra A is the
quotient of the induced algebra

Ind# = Ind$(D, N, 6)
={g € Co(¥, D) : g(ny) = 6,(g(v)) forn € N, y € ¥, Ny — [[g)|| € Co(Y/N)}

by the ideal
10) = {g € Ind @ : g(»)(r(y)) = Oforally € Y};

here we have lapsed into bundle notation, so d(z) makes sense ford € Dandz € Z = D.
The action of G by left translation on Ind 8 leaves /(8) invariant, and hence descends to
an action a« of GonA = Ind6/1(6). For y € Y, the formula M(y)(g) = g(y)(r(y)) defines
an irreducible representation of Ind # which vanishes on /(0), and the map M induces a
homeomorphism of 7 = Y /N onto A [12, 3.1]. We need to compute a representative
(A, v) for 6(A, G, o), and for this we make some careful choices. First of all, we choose a
cover {N,} of Z =Y /G by closed sets, such that {IntN,} is also a cover, and:
(1) r: Y — Zistrivial over N,, so that there are G-equivariant surjections g, of (V)
onto G;
(2) there are D —n, Co(N,)-imprimitivity bimodules F,, and imprimitivity bimodule
isomorphisms /,,: F}N" — Ffv”, so that we can define i,: Ny — T by hg/'fk ohj;:”" =

f - )", and have 8(D) = [l € HA(Z, S);
(3) there are strictly continuous homomorphisms w': N — UM(D") such that 8 =
Adw;,.

We then define v,,: N, — N by

Yy (WYY = (W),
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and [7,] represents Res: D Xy N — Z [10, p. 224]. Since G — N has local sections, we
may further suppose that there exist ,: N, — G satisfying Yy (2) = Yy @)|n-

For future reference, we let p: Y / N — Z be the quotient map for the G / N-action on
Y/N, and define G / N-equivariant projections w,: p~'(N,) — G/N by w,(N-y) = g,(y)N.
Note that if we define s,,: N, — G by g5, = g, then {s, } is actually a cocycle, and hence
the cocycle {n,} appearing in Theorem 7.3 is trivial.

Now the notation has been set up, we let

glny) = W’,,(g()’)) fory € Y,n € N, and }

Y, = {g € Cy(r '), F) ‘ )
Ny +— ||g(y)|| vanishes at co on ¥~ '(N,) /N

With the natural pointwise actions, and the inner products defined pointwise by
(8. M) = (g, h()), Y, is an Ind(B") —,-1 )<, Co(p~"(N)), Co(N,))-imprimitivi-
ty bimodule (the argument of [15, 3.2(2)] carries over). Further, v{(g)(y) = g(s’l - y)
defines an action of G on ),, which is compatible with the actions of G on Ind(0™) and
Co(p"(N,), C()(N,)), and leaves the submodule

1= {g €Y : g (r(y)) = 0 forall y}

invariant. If
K, = {f € Co(r™ '), CoND) : F(»)(r(»)) = O for all y},

then J, is an /(9™) — K,-imprimitivity bimodule, and the quotient X, = ¥), /J, implements
a Morita equivalence between A? '™ = Ind(6™) /I(6) and Co(p"(N)). Co(NY) / K, =
C(,(p"(N,)). This bimodule respects the left and right actions of C()([f l(N,)), and the
action of G on X, induced by V' gives us an (A7 ™)o@ ') —p ) (Co(p"(N,)),T>—
imprimitivity bimodule (X,, u').

Before defining our local isomorphisms, we note that if M C N,, then

C(p o, o) M = c(p ), Com),

and that we can similarly identify ) with
. M
{g: r ](M)Aa Ff" 1 g(ny) = (wn> (g(v)), etc.}.
Now for g € 9)jN’ we set

vy (@) = T, (i) (4,) " hy(80),

and calculate
V@) = 3, (r3) 7, () (,09) " (y (w4, - 20))

Ty ()~ (3, (r) (4,0) iy (29))
wh - vy (@)(0);

I
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thus v,,:?)} Y — ’))fv’ We verify routinely that v, is an isomorphism of imprimitivity bi-
modules, which is compatible with the actions G by left translation, and maps
the submodule KJN" onto Kfv”; we let g,,:&"]N‘f -— %fv‘f be the isomorphisms of

(A Mo, Ny (co(p“(N,j)),T> “bimodules induced by v,.
To find X, we first calculate on ¥), (or rather, on ?Djv”):
Vio vy (@) = Ty (rm) s~ - 0 hy (s - )
=9, (r) (5)(vy 0 ().
Since ¥, is constant on G-orbits, this formula passes through the quotient map, giving
(7.18) Ay(t.5) = T, (p()(s) fort € p~'(N,) C Y/N.

(Note that Lemma 7.2 says that (A X, G)" has transition functions z — ¥,(z) /N = 7,(2),
which is consistent with the statement in [12, 3.5] identifying (A X G)" with(D x4 N)",
and with the description of (D x4 N)" in [10, p. 224].]) To compute {v; }, we again start
on Yi:

vy 0 (@) = Ty (r1)) (:0)) T (r0)) (2 ) 1y © hpe (1)
= 5, () (@5 (1) )T () (@) st - Pue(2) ]

T (1) (35 (r9) e () (90 )) Tt (r09) () [ - ()]
= 7, (r9) (s (1) ek () (@600 g - Pr (@)

When we pass to the quotient X, N (J)k /) ) "= YNk VIR the pointwise action

of pyu € C(Ny, T) on the Fiv _valued functions in ‘?)k Mok becomes multiplication by the
function i, © r. Since x,x € N+, we have

Xk (FO) (@) = Xk (7)) (Wa (N - 1),

and hence on X; we have g, © gx = vy - g, Where

(7.19) V(0 = T, () (54 (P0) ) xt (PO) (91011t (p0).

(If p, = 1, this formula for a cocycle representing 6(A) is the one appearing in [17,
p- 31, line 6] as a representative for d,([q]). Thus adding [p,x] = 6(D) to the proof of
[17, 5.2] shows that 6(A) = [v] is given by the formula 6(D) + (p*([g]),r), as in [12,
3.51.D

At last we are ready to check that the cocycle in Equation (7.3) also represents the
class g* ((5(D)) = [pyx © gl. If we retain the notation of Theorem 7.3, plug (7.18) and
(7.19) into (7.3), and suppress the variable z = g(), then

Puu(m) = A (e(am). sy (a(m) e (a(m) )

= ijk (sl_] )f?y (Sj/( )thk (Wk (a )) Hyk

= Vulsy) Yy (0 Ty Va T (Wk (Szk : Ck))/h]k-
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Since by definition wy (ck(z)) = N, we have w; (s,k . ck) = sy, and

Duk() = sy Ty (Snsie )T Dbt
= i]k (S]k )/;/'1] (sy Wik (S k-

Thus {0, } differs from {yu,; © g} by a coboundary, and we have verified the formula
8(A X G) = q*(8(D)) of [12,3.5].

8. Concluding remarks.
8.1. When G acts trivially on 7, Equations (5.1) and (5.2) reduce to the assertion that
t — A,(t,-) is a cocycle with values in G, and we have a natural isomorphism

(8.1) [\.v] € HLT,S) — (Iv).[\]) € HXT.$) & H'(T.G).

If v': G — UM(A") implement & over N, and v,: N, — G satisfy v = 7,u', then
Equation (6.1) implies that A,(z,-) = 7,. (Since v{ € UM(AM), the isomorphisms gy
in Equation (6.1) commute with left multiplication by v;.) Thus the isomorphism Equa-
tion (8.1) takes §(A, G, @) to the pair (8(A),{(«)~"), where {(a) is the obstruction of [10].
The surjectivity in (8.1) is a reformulation of [10, Theorem 3.8], and our Theorem 6.3
says that the pair (5(A),C(a)) determines (A, G, «) up to Morita equivalence.

8.2. Suppose G = Z /27 acts trivially on T}, so that by Equation (8.1),
(8.2) H3 (T.8) = HX(T.S) @ H\(T. 7,).

In this case every system (A, Z», @) in which A is a continuous-trace algebra with spec-
trum 7 is locally Morita equivalent to (C()(T),T). (To see this, note that the non-trivial
automorphism «; is locally inner, hence locally has the form Adu. Since Ad u®> = 1,
u? = f1 for some complex function f, and we can locally replace u by f ~'/2u to see that
(A, Z3, @) is locally unitary—or, in view of Proposition 4.3, locally Morita equivalent to
(C()(T), 7').) Since actions of Z/2 amount to gradings of A, Theorem 6.3 classifies graded
continuous-trace algebras with spectrum 7, and from the isomorphism Equation (8.2),
we recover the main results of [9].

8.3. We have called ﬁé(T, S) an equivariant cohomology group because it is a modi-
fication of the ordinary cohomology group H*(T, S) designed to accommodate an ac-
tion of G. We have not, however, shown that it is part of a larger cohomology theory
in which there is an algebraic apparatus to help us compute. As we have hinted earlier,
there are similar groups in all positive dimensions, and a long exact sequence associated
to a principal G /N-bundle p: T — Z, which reduces to the Gysin sequence of a principal
circle bundle in the case G = R, N = Z. This sequence will resolve some of the obvi-
ous questions about HZ—for example, it will identify the range of the homomorphism
b:H:L — H'(Z, f[) of Lemma 7.1 as the kernel of the homomorphism [¢] — ([p]. [¢])c
of [17]—and will also provide non-trivial information about dynamical systems. For,
example, by taking N = {e}, so that G acts freely, we shall obtain an isomorphism

AT, S) = p*"HX(T/G,S)
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This implies that every system (A, G, ) with spectral system (C()(T),T) is Morita equiv-
alent to the pull-back of a system (B, G, id) with spectrum T/G, and we recover [13,
Theorem 1.1].

There are other questions about H2(-,.S) which the Gysin sequence will not resolve.
For example, what can we say about the homomorphism [\, ] — [r] of 1:1%;(T, S) into
HA(T, $)? This is certainly a question of some interest: a class § is in the range exactly
when there is an algebra A with §(A) = 6 carrying an action of G which is locally Morita
equivalent to (CO(T),T). In [18], we shall prove that, when G = R,N = Zand T'is a
principal T = R/Z-bundle, this map is surjective, and indeed is an isomorphism. More
generally, we show that when G = R¥, N = 7¥ and T is a principal T*-bundle, the
range consists precisely of the classes in H(T, S) which can be realized by cocycles
defined on covers by invariant sets. We shall also consider in detail the case G = T,
N = {e*™/m} where the map [\, ] +— [v] is neither surjective or injective. We hope
that our presentation of these results in [18] will inspire topologists to bombard us with
useful information about HZ.

8.4. In Theorem 7.3, we have shown how to compute the Dixmier-Douady class of the
system dual to an N-principal system (A, G, o) in terms of a cocycle (), v) represent-
ing 8(A X4 G, G, @). It is tempting to ask whether this construction is a special case of
some duality for equivariant cohomomology, which maps Hg; into H. However, while

Lemma 7.1 shows how (\,v) € Zé(T, S) determines a cocycle in Z! (T/G, QQ[), we would
have to choose a principal N-bundle g: Y — T/ G realizing this cocycle before we could
talk about a dual cohomology group Hé(Y, S). When we start with a system (A, G, ),

the spectrum g: (A X, G)" — T/G provides a canonical choice, but we have not been
able to find a purely topological analogue of this construction which would allow us to
discuss duality without reference to C*-algebras.
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