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Abstract. Let G be a semisimple real algebraic group defined over @, I' be an arithmetic
subgroup of G, and T be a maximal R-split torus. A trajectory in G/I" is divergent
if eventually it leaves every compact subset. In some cases there is a finite collection
of explicit algebraic data which accounts for the divergence. If this is the case, the
divergent trajectory is called obvious. Given a closed cone in 7, we study the existence
of non-obvious divergent trajectories under its action in G/I". We get a sufficient condition
for the existence of a non-obvious divergence trajectory in the general case, and a full
classification under the assumption that rankgG = rankr G = 2.
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1. Introduction

Let G be a semisimple real algebraic group defined over Q, I' be an arithmetic subgroup
of G, and A C G be a semigroup. The action of A on G/I" induces a flow on G/T". The
ergodic theory of these flows is extensively studied and so is the behavior of a generic
trajectory. Some sets of exceptional trajectories are related to classical problems in number
theory (see [KSS]). A special class of such exceptional trajectories are the divergent
trajectories. It was proved by Dani [D] that these trajectories are related to singular systems
of linear forms, which are studied in the theory of Diophantine approximation.

A trajectory Ax in G/I' is called divergent if the map a — ax,a € A, is proper. In some
cases one can find a simple algebraic reason for the divergence. For example, consider
the space of unimodular lattices SL4(R)/SL;(Z) with the action of a one-parameter
diagonalizable subgroup {a; : t € R}. It follows from Mahler’s compactness criterion that
if one can find a non-zero vector v € Z¢ such that

llaix - vl —> 0,
t—00

o
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then the trajectory {a;x : t > 0} is divergent. There are more complicated cases in which
one has a sequence of different non-zero vectors v, in Z4 such that ||a,v; || — 0ast — oo.
Such trajectories are also divergent but the divergence is not due to one vector v.

Given A, some natural questions are: Are there divergent trajectories for the action of
A on G/T'? Can one always find a simple reason for the divergence?

For the case discussed in the above example a classification was proved by Dani
[D]. He showed that if d =2 all divergent trajectories are ‘degenerate’ and if d > 3
then there exists a ‘non-degenerate’ divergent trajectory. What is the difference between
these two cases? It seems that the heart of the matter is the rational rank of G. In
[W1] it was conjectured by Weiss that if A is a diagonal subgroup, then the existence
of divergent trajectories and of ‘non-obvious’ divergent trajectories depends only on the
relation between the dimension of A and the rational rank of G. See Definitions 1.2
and 1.3 for the definitions of obvious and degenerate divergent trajectories, respectively,
and [TW, W1, W2] for results regarding the conjecture.

Assume that rankgG = rankg G = 2. Let A be a two-dimensional closed cone in G
(see Definition 1.4 below). Then there are obvious divergent trajectories under the action
of A. We will show that the existence of non-obvious divergent trajectories under the
action of A depends on its intersection with some chambers which are defined using the
Q-fundamental weights of G. See §1.1 for the definition of the Q-fundamental weights.
These results generalize Corollary 4.7 and Theorem 4.8 in [W1].

We now introduce the terminology and notation we need for stating our main results:
Theorem 1.6, which provides a criterion for non-existence of non-obvious divergent
trajectories, and Theorem 1.7, which provides a criterion for existence of non-obvious
divergent trajectories.

1.1. The main results. Let G be a semisimple real algebraic group defined over Q and I
be an arithmetic subgroup of G (with respect to the given Q-structure). Denote by 7 the
quotient map G — G/T", g — gI.

Definition 1.1. Letx € G/T" and A C G. A trajectory Ax is divergent if for any compact
subset K C G/T there is a compact C C A such that

he A\C = hx ¢ K.
The easily described divergent trajectories are defined as follows.

Definition 1.2. Let g € G and let A C G be a semigroup. A trajectory Aw(g) C G/I' is
called an obvious divergent trajectory if for any unbounded sequence {a;} C A there are a
subsequence {a,’(} C {ax}, a Q-representation ¢ : G — GL(V), and a non-zero v € V(Q)
such that

/ — 0.
Q(akg)v k—+00

A proof that an obvious divergent trajectory is indeed divergent can be found in [W1].
The notion of degenerate divergent trajectories was defined for one-parameter semi-
groups of G in [D]. It is similar to the definition of obvious divergent trajectories, but under
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the consideration of a more restricted class of representations. So, the set of degenerate
divergent trajectories is a priori smaller than the set of obvious divergent trajectories. The
following is a generalization of this definition for any semigroup of G.

Definition 1.3. Let g € G and let A C G be a semigroup. A trajectory Aw(g) C G/I' is
called a degenerate divergent trajectory if for any unbounded sequence {a;} C A there are
a subsequence {a;} C {ax}, a Q-representation ¢ : G — GL(V), and anon-zerov € V(Q)
such that:

1) olaggv — 0
k——+00
(2) G =1{g € G:o(g)vis ascalar multiple of v} is a parabolic subgroup of G.

Let g be the Lie algebra of G. Equip g with a Q-structure which is Ad(I")-invariant. Fix
some rational basis for g and denote its Z-span by gz. Let S be a maximal Q-split torus
and let 7 be a maximal R-split torus which contains S. Denote by t and s the Lie algebras
of T and S, respectively.

Definition 1.4. A semigroup A C T is called a closed cone if there are a connected sub-
group Ty C T, finitely many characters Aq, ..., Ay € T*, and non-negative py, ..., p
such that

A={aecTy:Vi=1,...,k Ai(a) = pi}.

It is shown in [W1] that obvious divergent trajectories for the action of closed cones are
determined by finitely many rational representations and finitely many rational vectors.

Denote by ®g the set of Q-roots in s*. Denote by W (®Pg) the Weyl group associated
with @, i.e. the group generated by the reflections w;,, A € P, defined by

w, (X)) =x — (X, M)A (L.1)

for any characters yx in s* ({-, -) will be defined in §2.1).
There exists a subset Ag C Pg such that any A € ®g can be expressed uniquely as a
linear combination

A= Z Mg (Mo (1.2)
aeAg
in which each my(A) € Z and either all my (1) > 0 or all my(A) < 0. The set Ag is
called a Q-simple system and each @ € Ag is called a Q-simple root. For A1, A2 € 5%,
we write A| > Ao if A1 — A2 can be written as a linear combination of Q-simple roots with
non-negative coefficients, and A1 > Ay if A > Ay and A1 # Ap.

Fix
Ag ={ag, ..., ar} (1.3)
Let x1, ..., xr € " be the Q-fundamental weights of g,i.e.forany 1 <i, j <r,
(Xi, otj) = 6ij (1.4)
(Kronecker delta).

For A € t*, denote by A| the restriction of A to s.
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FIGURE 1. Depiction of AT (as defined in Theorem 1.6) and A, (as defined in Theorem 1.7) for the
standard basis of g

Remark 1.5. According to [Borl, §8.5], there exists ty such that t is a direct sum of {
and s. Thus, for any character x € s*, one can define ¥ € t* uniquely by x|s = x and

Xl =0.
Let || - || be a norm on .

Our main result provides a necessary condition for the existence of non-obvious
divergence trajectories under the action of closed cones in 7 on G/T".

THEOREM 1.6. Assume that rankgG = rankrG = 2. Let

ot ={ret:xi(t) =0, wy (x1)(t) =0},

At = exp(a+).

Then, for any closed cone A D A, there are only degenerate divergent trajectories for the
action of A on G/T..

Our second result provides a sufficient condition for the existence of a non-obvious
divergence trajectory under the action of closed cones in 7 on G/I'. In particular, it shows
that when rankgG = rankgr G = 2, any closed cone which does not satisfy the assumption
of Theorem 1.6 does not satisfy its conclusion as well. See Figure 1.

THEOREM 1.7. Assume that rankgG > 2. Let € > 0 and let

ac ={ret: x1(t) = €lrll, x2() = ellz|l},
Ae = exp(ae).

Then, for any unbounded closed cone A C Ae, there exists a non-obvious divergent
trajectory for the action of A on G/T.

Remark 1.8. A different choice of a simple system or a different indexing of it in (1.3)
will result in a different closed cone in Theorem 1.6. In particular, when rankgG = 2,
the two indexing options of the standard basis will result in two different closed cones
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FIGURE 2. Depiction of AT (as defined in Theorem 1.6) for the two indexing options of the standard basis of g,

which are not images of each other by the action of the Weyl group. The Weyl group acts
simply transitively on simple systems. Thus, up to the action of the Weyl group, these two
examples give all the closed cones which may appear in Theorem 1.6. See Figure 2.

Remark 1.9. Tt follows from [BT, §2.15] that G is an almost direct product of its Q-almost
simple Q-factors. By [BT, §5.11], the relative root system of each (Q-almost simple
Q-factor is irreducible. Hence, if ® is a reducible root system of rational rank two, then
up to a finite index G is an almost direct product of Q-subgroups of G, each of rational
rank one. In that case, Theorem 1.6 follows from [D, Theorem 6.1]. Hence, in the proof of
Theorem 1.6 we may assume that @ is irreducible.

1.2. Structure. Theorem 1.6 is proved in §5. We start by looking at a divergent trajectory
under the action of a closed cone. In §4 a compactness criterion that can be deduced from
[TW, §3] is stated. Using the compactness criterion we can attach to each element in the
cone its ‘reason for divergence’. The rank assumption in the theorem implies that there
are essentially two such reasons. We denote elements in the corresponding sets by 91, 07.
Then, up to a compact set, 01 and 0, form a cover of Lie(A). We then use a topological
property of 9; in order to prove the existence of an unbounded connected component in
02. This topological property is stated in Theorem 4.9. As an important step in the proof
of Theorem 4.9, in §3 we prove Theorem 3.1 regarding the norm of the image of a highest
weight vector. In the proof of Theorem 4.9, we also use properties of real representations
which are proved in §2.2 as well as corollaries of the compactness criterion. Once we know
that there exist unbounded connected components in 91, 02, we use Proposition 4.8 to find
a ‘nice’ vector in each unbounded component. By using similar arguments if necessary,
we then show that there is a finite set of representations and vectors (which were chosen to
satisfy the second condition of Definition 1.3) which ‘cause’ the divergence, proving that
the trajectory is a degenerate divergent trajectory.

Theorem 1.7 is proved in §6. This proof can be read independently of previous sections
(apart from notation which appears in §2 and §4).
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2. Preliminary results
2.1. Real representations. Denote by ®g the set of R-roots. For A € &g, denote by g;
the R-root space for A.

Let « be the Killing form on g and 6 be the Cartan involution associated with «. For
A € t5, let 1, € tbe determined by A(¢) = k (¢, t) forall ¢ € t. For A, A, € t*, let

(A1, A2) = k(tays tay)-
Let p : g — gl(V) be an R-representation of g. For A € t*, denote
Vopr={veV:Vtet p(t)v=Ar()v}.

If V, 5 # {0}, then X is called an R-weight for p. Denote by ®, the set of R-weights for p.
For any A € ®,, V, , is called the R-weight vector space for A, and members of V, ; are
called R-weight vectors for A.

Roots and weights are related by

@) Vox CVosrty, reDPgr, x € Dy 2.1

For any A, u € t*, denote

A,
O ) = 2%. 2.2)

By [BT, §5], for any A € ®p, real representation p, and p € @,
(A, u) is an integer. 2.3)
The Lie algebra sl(2, R) has a basis H, X, Y which satisfies
ad(H)X =2X, ad(H)Y =-2Y, ad(X)Y =-H. 24

LEMMA 2.1. [Bou2, §VIIL.1.2] Let (V, p) be an irreducible real representation of
502, R) with dimension k. Assume that V is generated by an element v € V such that
p(Y)v =0and p(H)v = \v for some A #= 0. Then —A =k — 1.

The following lemma follows from the proof of Proposition 6.52 in [Kn].

LEMMA 2.2. Let A € @R and E € g, be non-zero. For some ¢ > 0. the elements X = cE,
Y =0X, and H = (2/(A, M)ty satisfy (2.4). In particular, v = RH & RX ® RY is a Lie
subalgebra of g isomorphic to s[(2, R).

LEMMA 2.3. Let (p, V) be a finite-dimensional real representation of g, A € Og, u € O,
E e gy, andv eV, . Assume that . — j & ®,. Then (A, u) < 0 and, if

p(E)v=0 (2.5)
for some non-negative | < —(A, u), then E =0 orv = 0.

Proof. According to [Ha, Lemma 10.3], A — u ¢ @, implies that (A, u) < 0.
Assume by contradiction that there exists / < (A, ) such that (2.5) is satisfied. Let
X, Y, H, v be defined as in Lemma 2.2 for E.
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Denote
W = spang{v, p(X)v, ..., p(X)lilv}.

It follows from (2.1) and A — p ¢ &, that p(¥Y)v = 0. Thus, W is invariant under the
action of v. Therefore, (p, W) is an irreducible real representation of v with dimension /.
In addition, we have p(H)v = w(H)v and

2 , A
n(H) =k (ty, H) = «(ty, tx)—2(u ) = (A ).

GV T
Hence, by Lemma 2.1, we get —(A, u) =/ — 1, which is a contradiction. O
LEMMA 2.4. Let A, u € ®r, X; € g5, Xox € gox, and X, € gyu. Assume that h — . ¢
Or U {0}. Thenl = — (1, u) > 0 and

1

— e ad(Xkad(x)! "% x, =0, 2.6
]k! 20! ad(X2;)"ad(Xy) " (2.6)

k<[}
implies that X; = X2, =0or X, =0.

Proof. 1t again follows from [Ha, Lemma 10.3] and A — u ¢ @, that (A, u) < 0.

Note that if 2A ¢ g, we can deduce the conclusion of the lemma from Lemma 2.3.
Hence, we may assume that 2A € ®g. According to (2.3), (2, i) is an integer. By the
linearity of (-, -) and (2.2), we have (A, u) = 2(2A, ). Thus, [ is even. If [ = 0, then (2.6)
implies that X,, = 0. Thus, we may assume that/ > 0. Then, according to [Boul, §V1.1.3],
l € {2,4}.

First we will prove that for any X, € g,, X2; € gox, and X, € gy,

ad(X2,) X, + ad(XA)2XM = 0 implies that X = X5) =0or X, =0. 2.7)

Assume by contradiction that there exist 0 # X, € g, and X3, € gox, X, € g, not both
zero, such that ad(X2;) X, + ad(XA)ZXM = 0. Then

ad(0X,)(ad(X2,) X, + ad(X;)?X,) = 0. (2.8)

By the assumption, A — u ¢ ®g, which implies that 2A — u ¢ ®g. Hence, ad(6X )
commutes with ad(X,) and ad(X», ). Therefore, (2.8) implies that

ad(X;)ad(6X,) X, + ad(X;)?ad(6X,) X, = 0.

By Lemma 2.2, the definition of ¢,,, and the anti-symmetry of the Lie brackets, we arrive at

0 = ad(X2:)1, + ad(X3)?1,
M) (2X2), + ad(X2) X5)

=2(x, )Xo

Thus, X5; = 0. Now, according to Lemma 2.3, either X; =0 or X, =0, which is a
contradiction.
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Assume that X € g, X2) € gox, and X, € g, satisfy (2.6). If | = 2, then (2.6) implies

that
ad(X21) X, + tad(X3)?X, = 0. (2.9)

By replacing X with LZX a1 the conclusion of the lemma follows from (2.7).
If I = 4, then (2.6) implies that

3 ad(X20)? X, + 1 - ad(X23)ad(X3)2 X, + 4 - ad(X;3)* X, = 0. (2.10)
One can find ¢y, ¢ > 0 such that the left-hand side of (2.10) is equal to
1 @d(X22) + crad(X;)?) (ad(X2) X, + c2ad(X3)2 X ).

Thus, by replacing X, with ,/c1 X, or /c2X;, the conclusion of the lemma follows
from (2.7). O

2.2. The fundamental weights. Recall that Ag is a Q-simple system and x1, . . ., x, are
the corresponding Q-fundamental weights (defined in §1.1).

As in the previous section, ®p is the set of R-roots. According to [Borl, §21.8], there
exists an R-simple system Ar C ®g such that the order on @ defined using this simple
system satisfies

o> B =als > Bls. (2.11)

Denote by <I>§ the set of positive R-roots, i.e. the roots A € ®g such that A > 0.

If the only multiples of a Q-root A in ®g are &4, then A is called reduced. If all A € &g
are reduced, then @ is called reduced.

For any o € Ag, let

®y ={B € Pr : Pgisreduced and B|s > o, or Pg is non-reduced and B|s > 2o}

(2.12)
and
Xa = Y_ B. (2.13)
BeDy
LEMMA 2.5. Foranya € Ag, B € ®f,
>0 ifpls=a,

=0 otherwise.

{(Xa> B) {

Proof. LetB e QE{E be such that 8|5 # «. Then, equation (1.1) implies that for any 1 € ®q
we have wg (L) € ®,. Hence, wg leaves @, invariant. Thus, (2.13) implies that wg(x«) =
Xo- If follows from (1.1) that (x4, 8) = 0, proving the second part of the lemma.

Let B|s > o. Then, for any A € ®, either wg(X) € ®, or wg(r) < A. Therefore,

wg(Xa) < Xa- (2.14)

The first part of the lemma now follows from (1.1). O]
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Remark 2.6. In a similar way to Remark 1.5, one can deduce from Lemma 2.5 that for any
1 <i <r, xq is a scalar multiple of x;.

LEMMA 2.7. Assume that rankgG = 2, and P is irreducible. For any w € W (®q), there
exist a, b, not both positive, such that w(x1) = ax1 + bwy, (X1).

Proof. Letw € W(®). Since the statement is satisfied for the identity elementin W (®g)
and for wy,, we may assume that w is neither of them.

We say that a weight is dominant if it is a non-negative linear combination of the
Q-fundamental weights.

It is known (see [Hu, §13.2]) that any rational weight is conjugated under the Weyl
group to exactly one dominant weight. Since x; is a dominant weight, there exist ay, by,
not both positive, such that

o(x1) = aix1 + bixa. (2.15)

Note that {wy, (x1), x2} are the fundamental weights with respect to the simple system
g, (A). Thus, in a similar way to (2.15), one can get that there exist az, b2, not both
positive, such that

o(x1) = a2we, (X1) + b2x2. (2.16)
Using (1.4), it can be checked that for some ¢ > 0,
X2 = c(@q, (x1) + X1)- (2.17)
It follows from (1.4), (2.15), and (2.16) that

a1 = (w(x1), a1)

= —<CD(X])7 _al)
= —(w(x1), wq, (1))
= —aj.

Hence, b1, b, are not both positive. Without loss of generality, assume that b1 < 0. Then,
by (2.15) and (2.17), we arrive at

w(x1) = (a1 + cby) x1 + chiwe, (x1)
with ¢b; < 0. O

2.3. Strongly rational representations. Leto : G — GL(V) be an R-representation and
p g — gl(V) be its derivative. It will be convenient notationally to refer to ®, as ®,
and for any A € ®, to V), as V, ; (in the notation of §2.1). Moreover, elements of ®, are
called R-weights for o, for any A € ®,, V,, ; is called the R-weight vector space for A, and
members of 'V, are called R-weight vectors for A.

An R-weight x for g is called an R-highest weight for ¢ if any A € @, satisfies A < x.

Definition 2.8. A finite-dimensional R-representation ¢ : G — GL(V) is called strongly
rational over R if there is an R-highest weight for ¢ and the R-weight vector space for the
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R-highest weight is of dimension one. It is called strongly rational over Q if it is strongly
rational over R, defined over Q, and the R-weight vector space for the R-highest weight is
also defined over Q.

Fora € Ag.letuy = @), g, 91 do = dim 1y, and g : G — GL( N g) be the do th
exterior power of the adjoint representation (see §2.2 for the definition of ®, and [Sp, Yo,
HK] for the definition and properties of the exterior power). For any o € Ag, g is strongly
rational over Q with R-highest weight ¥, and V,, 7, is the set of all non-zero vectors of
the form

XiAN---ANXgq,, whereforall 1 < j <d,, there exists § € ®, such that X; € gg
(2.18)
(see (2.13) and Remark 2.6). We denote by p,, the derivative of g,.

LEMMA 2.9. [Kn, Proposition 2.62] For any reduced root ) € O, there exists w €
W (®PRr) such that . € w(AR).

LEMMA 2.10. Leta € Ag, w € W(DR), A € PR, Xi € gi, Xox € goa, and v € Vy 4(3,)-
Assume that o(Xo) + A € Op,. Thenl = —(w(xa), A) = 1 and

1 1

R o (X22)* pu (X3) "0 =0 (2.19)
K .

k<(%

implies that X; = X5 = 0orv =0.

Proof. First note that by Lemma 2.9 we may assume that w is the identity.
Since ¥ is the highest weight, we may deduce that —X € <D§ and so

Ju— A ¢ Do, (2.20)

By [Ha, Lemma 10.3], we have (x4 + X, 1) < 2, which, using (1.1) and (2.2), implies that
(Xa» A) < —1.By Lemma 2.5, we then get

—Als > 2. (2.21)

Assume by contradiction that there exist X, € g, X2 € gox, not both zero, and a
non-zero v € Vj, such that (2.19) is satisfied.
If X5, =0, then by Lemma 2.3, (2.19), and (2.20), we get a contradiction. Thus, we
may assume that X5, # 0 (and then ®¢ is non-reduced).
It follows from (2.18) that for some Y1, ..., Yy, € g,
v=YI A AYy,.

Moreover, for any 1 <i < d,, there exist B; € ®, such that ¥; € gg, (there might be

Bi = Bj fori # j).
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For 1 <i <d,, denotel; = (B;, A). Thenl = Z?i] [; implies that

1 1 k -2k
> T3 e pa(X) ™ 0
k<[i/2]
dy (2.22)
/\ i _r (X2  pe (X)) 72y,
k U — 2k)! Po(A2)) Pa A\ i
i=1 k<[l
According to Corollary 4 in [Sp, §7], vy, . . . , v, satisfy vy A - - - A v, = 0 if and only if

they are linearly dependent. Therefore, (2.20), (2.22), and the linear independence of the
weight spaces imply that there exist 1 < i < d, and a non-zero Y € gg, such that

S L)y =0, (2.23)
k! (; —2k)!
k=<[l;/2]

Since @ is non-reduced, (2.12) implies that §;|s > «. Since 3o ¢ P (a basic property

of a root system), using (2.21) we may deduce that §; — A ¢ ®r. Thus, (2.23) is a
contradiction to Lemma 2.4. O

3. Highest weight representations

We preserve the notation of §2.
Let o : G — GL(V) be an irreducible finite-dimensional R-representation of G.
There is a direct sum decomposition

@ Voi 3.1

rED, R

Forany A € ®, R, let ¢y : V — V, , be the projection associated with (3.1).
The goal of this section is to prove that the norm of the image of a highest weight vector
can be estimated by looking at a small subset of its coefficients.

THEOREM 3.1. Let o : G — GL(V) be a strongly rational over R representation with an
R-highest weight x, and || - || be a norm on V. Assume that either ®r is reduced or 0 = 0g
for some B € Aq (see §2.3). Then there exists ¢ = c(o, ||-|l) > 0 such that any g € G and
v € Vp y satisfy

lo(@vll <c- max @y (e(@v).
weW(Pr)

For the rest of this section assume that o is strongly rational over R and either @ is
reduced or ¢ = gg for some B € AR.

Denote by yx the highest R-weight for o. Let p : g — gl(V) be the derivative of o.

Let ||-]| be anorm on V.

PROPOSITION 3.2. [Borl, §14.4] Assume that ¥V = {Ay, ..., g} C <I>§ is closed under
addition, i.e., if ., u € WV and A+ n € ®p, then A + u € V. Denote ny = @?:1 Ohis
Ny =expny and, for 1 <i <d, denote N; = exp g,, (note that Ny does not depend
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on how the elements of ¥ are ordered). Then
Ny =N1-Ny---Ng={ny-ny---nqg:n; €Nj}.
Letn = @Aed>]1§ 95, N =exp(n), and B = Ng(N). Then B is an R-Borel subgroup.

LEMMA 33. Let w € W(®R), n €N, § =w()), a € Ag, and v € V,¢ be non-zero.
Assume that ¢,,&(@m)v) =0 (see (1.1) for the definition of wy). Then, for any
keN,

Pk (@(M)V) = 0. (3.2)

Proof. Assume that oF = {A1, ..., Ag}. Since @ﬁ is closed under addition, we may use
Proposition 3.2 to write

n =exp(Xy) exp(X2) - - - exp(Xa), Xi € gy;-

By the definition of the exponential map, for any X € g we have

o]

1 k

o(exp(X)) = p(X)". 33)
k=0

It follows from (2.1) that for any ki,..., ks € N, p(XDk - p(X kv is an R-weight

vector for & + kA1 + - - - + kgAq. Hence, for any p € @,

_ 1 k1 ka
AEOLE > o E TAC VRO O A C R
n=&E+kr +- - +kgrg
ky,.o.., kg €N

Assume that o = A;, 2a = A and, without loss of generality, assume that j < i. Since o
is an R-simple root, (3.4) implies that for any / € N,

¢eria(0mV) = D p(X ) p(Xp)' v (3.5)

11
! _ |
Wy KL= 20!

(if 200 ¢ DR, then X; = 0).
If £+a¢ ®,, then p(X;)v =0, and (3.2) can be deduced from (3.5). Assume
otherwise.
If @ is non-reduced, then equation (3.5) and Lemma 2.10 imply that X; = X; = 0.
Assume that ®¢ is reduced. Then X ; = 0. The maximality of yx, the assumption & +
a € ®,, and Lemma 2.9 imply that § — a ¢ ®,. Then, according to Lemma 2.3, X; = 0.
In both cases X; = X; = 0 and so (3.2) can be deduced from (3.5). O]

According to [Borl, §11.19], the Weyl group satisfies W (®Pr) = Ng(T)/Zs(T). For
w € W(PR), let @ be a representative of w in Ng(T'). For any A € ®, and w € W(PR),
we have

P@) Vo = Vowin)- (3.6)
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THEOREM 3.4. (Bruhat decomposition) [He, §1X.1] We have
G= |4 nNaos,

weW (dg)
where |4 denotes a disjoint union.
Fix an order &% = {Aq, ..., A4} so that
any | <i < j <d satisfies A; # Aj. (3.7)
For w € W(®R), let
hedf () +1e P} =7, .., AL )

where the indexation is the one induced from the indexation on CD]?{E’ and let

Uw = exp(gxry) - exp(gig) - - - exp(@ag, )-

PROPOSITION 3.5. Let w € W(®R), n € Uy, and v € V, ,(y). If 0 is not the identity and
v is non-zero, then there exists @' € W (®r) such that o' (x) #w(x) and Vo' () (@(m)v) #0.

Proof. Arguing by contradiction, assume that there exist w € W(®r), 1 #n € U, and
0 % v € Vyu(y) such that any ' € W(PRr), o' (x) # w(x) satisfies @u(y) (0(n)v) = 0.
Denote & = w(x). Let A € dbﬁ be a reduced R-root which satisfies & + A € O, .
According to Lemma 2.9, there exists s; € W(®R) so that A € s1(ARr). Then s1(x) is the
highest weight according to the order defined by s;(AR). Let v; = Q(E]@_l)v € Vo100
and g = ncbifl ; then
o(n)v = o(g)vi. (3.8)
Replace Ar with s1(ARr). By Theorem 3.4, g = nas2b, where ny € N, s € W(PR), and
b € B (note that here CD]E is defined using s1(AR)). Since s1(x) is the highest weight,

according to the new order, 0(b)vy € Vj 5, (y). Then there exists a non-zero vector vy €
Vo.s251(x) such that

o(g)v1 = o(n2)va. (3.9)

It follows from (3.3) and ny € N that ¢y, () (e(n2)v2) = v2. Thus, by (3.8) and (3.9),
251 () (@(M)V) = v2. Since @y, (@(m)v) = 0 if s(x) # &, and vy is non-zero, we can
deduce that 5751 (x) = &. Since § + A € ®, g, by Lemma 2.10(i) and the assumption, we
have @, (£)(0(n2)v2) = 0. Then it follows from Lemma 3.3 and equations (3.8) and (3.9)
that s 15 (0(n)v) = @g423(0(n)v) = 0. Hence, any positive real root A satisfies

Pe+a(e(m)v) = 0. (3.10)
By the definition of U,,,
n=exp(Xy) - - - exp(Xkw)), Xi € gao.

We will now show by induction on i that X; = 0. Let 1 <i < k(w) and assume that
X1 =---=X;—1 =0. As in the proof of Lemma 3.3, it follows from (3.3), (3.7), and
the induction assumption that

Pe0(@(n)v) = p(Xi)v.
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Since v # 0, by (3.10) and Lemma 2.3, it follows that X; = 0. Thus, n is the identity

element, which is a contradiction. O
Letki,ky e N, I =(ly, ..., L) € RE. We say that f : RE — R¥2 is I-homogeneous
if for any x1, ..., x;, € R,a >0,
f@ixy, ... aMxg) =af(a, ... x).

Let ||-||; be the following quasi-norm on Rk
Il = max il x = G ) € R

LEMMA 3.6. Letki,kr eN, [ € leﬁ, and assume a norm on R*2. Let f: RFt — RF2 pe

a continuous [-homogeneous function. Then there exists ¢| > 0 such that for any x € R¥1,
cr- LN = llx s

If f(x) =0, x € RK, only when x = 0, then there exists c; > 0 such that for any x € R,
lxlls < ca- L fF Ol

The proof of Lemma 3.6 is left as an exercise for the reader.

LEMMA 3.7. [Kn, Theorem 2.63] The R-Weyl group acts simply transitively on R-simple
systems. That is, if A and A’ are two R-simple systems for ®g, then there exists one and
only one element w € W(®R) such that w(A) = A’

PROPOSITION 3.8. Let w € W(®OR). For any c1 > 1, there exists co > 1 such that if n €
Uwp, 0 # v € Vp o(y) satisfy

<cp- , 3.11
jomax | l@s ()|l < ci - vl (3.11)
then |lo(m)v]l < c2 - ||v].
Proof. Let{Eq, ..., Er} be abasis for ng which satisfies the following. Forany 1 <i <
d,thereexists 1 < j(i) <k, j(0) = 1,suchthat{E;;_1), ..., Eji)}isabasis for g,. Let

e € Vy.w(y) be of norm one. By the definition of strongly rational over R representations
and (3.6), the vector e spans V, ().

For1 <i <d,denote[; =) mg(A;) and, for 4 € ®,, denote

aEAR

po= ! if u < w(x),
n= .
> weap Ma(p —@(x)) otherwise,

where for an R-weight A, m (1) is defined as in (1.2). For u € ®,, define f, : RF 5> R
by

SuGxet, oo x0) = lou(e(exp(x1 Ey + - - - + X Ej1y)

o oexp(j@-nEja-1)+- -+ xEx)e)| .
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If u > w(y), it follows from (3.3) that

1 bl
fuxt, ..o x0) = E b b o~ Eji -y + -+ xjapEjan)
! !

Yin

>

o0 -1 Eji—1) + -+ X Ejin) e

where the sum is over all iy < --- < i, such that biA;; + - -+ byA;, = pn— w()).
Since u < w(x) implies that f,(x) = 0, we may deduce that each f,, is a continuous
I = (1, ..., lx)-homogeneous function for any u € ®, R.

Let

{1, oo g} ={s(0) s € W(PR), s(x) # o)}

and f:RF - RM be defined by f = (frg>e oo fukl)- Then f is a continuous
I-homogeneous function and, by Proposition 3.5, f(x) = 0 implies that x = 0. Hence,
according to Lemma 3.6, there exists ¢, > 0 such that for any x € R,

lxll; < 5 ILfF O (3.12)
There exists a = (ay, ..., ax) € R such that
n=exp(@ E1+---+a;jEjn) - -exp@ja-nEja—1y +- -+ arEp).

Since e spans V, 4 (y) and is of norm one, and by the linearity of the representation, for

any 1 € ®,,
e e@W)l = vl - | fula) ™. (3.13)
Then, by (3.12) and the assumption,
1
lali <cy- I f@ll < ¢ - TR vl = ¢ - cr. (3.14)

Assume that &, = {u1, . . ., ik, }. We may apply Lemma 3.6 to f' = (fy,, ..., kaz)’
which is also a continuous /-homogeneous function, in order to deduce that there exists
c/1 > 0 such that for any u € ®,, x € Rk,

I fu @Ol < ) - llxll. (3.15)
Without loss of generality, assume that for any u € V,

lull = max [l @)l (3.16)

ﬂeq)g,R

Denote ¢; = max,ed, (c/l . c/2 . cl)lﬂ. Then, by (3.13), (3.14), (3.15), and (3.16),
lom)vl = max [lg,(e(m)v)ll
/‘LG(DQ,R
= [[vll - max || fu(@)||"
ned,

<c2-|vl. O

Proof of Theorem 3.1. Denote by c the constant ¢, which satisfies the conclusion of
Proposition 3.8 for ¢y = 1.
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Lets € W(Pp) satisty
lesx) (@@l = wenv}%m low i) (@ (@)l

By Theorem 3.7, there exists s; € W (®Ppr) such that s; (Ar) = —s(AR). According to the
order defined using s1(AR), the R-highest weight for o is s1(x). Moreover, s(x) is the
R-lowest weight for ¢ according to this order, i.e. every R-weight of ¢ is of the form
s(x) + ZaeAR mqa with non-negative integers mq. Let v' = o(51)v. Then v’ € V5 ()
and

o(g)v = o(gs; .
Hence, by replacing Ar with s1(AR), x with s1(x), v with v/, and g with gEl_l, we may
assume that

llog (e (V) = pouax | 1000 (e(@v)l, (3.17)

where £ is the R-lowest weight for o.
According to Theorem 3.4, g = nwb, where n € N, w € W(PR), and b € B. Since x
is the highest weight, there exists v € V, 4 (5) so that

o(g)v = oM. (3.18)
Since & is the lowest weight, n € N, and ¢z (0(g)v) # 0, by (3.3) we may deduce that
w(x) =§.
Order <I>§ = {1, ..., Mg} sothat
(1, k) = B A )

Using Proposition 3.2 with ¥ = &, we may write
n=exp(Xi)---exp(Xa), Xi€gy.

For k(w) +1 <i <d, we have § + A; ¢ ®,. Then, by (3.3), we have exp(X;)v = v. Let
n' =exp(X1) - - - exp(Xi(w)); then

omv' =o', (3.19)
By (3.17), (3.18), and (3.19), we have

AW, _ /NS
llps (e(rHV)| = wervr;agém lwx) (@mHV)|.

Since @z (o(n")v") = v', Proposition 3.8 implies that
e[| < ¢ llgs (@) (3.20)
Now (3.18), (3.19), and (3.20) imply the conclusion of the theorem. O

The following example shows that the reals in Theorem 3.1 cannot be replaced with the
rationals and hence that the assumption on the real rank of G in the proof of Theorem 1.6
is critical.
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Example 3.9. Let

Lo (P Oy (0 -1 (V2 0 Lo (0 V2
o) "Thoo) T o0 —v2) T2 o)
One can check by direct computation that D = Q-1+ Q-i + Q- j + Q- k is a central
division algebra over Q. Since D ®g R = M (2, R), the matrix algebra M (3, D) is
naturally imbedded in M (6, R). Denote by G the real algebraic group defined over Q

by

G(Q) =SL3(D) = {g € M3, D) : det(g) = 1}.
Then G = SL¢(R) and
g ={X € M(3, D) : trace(X) = 0}.
Then
S = {diag(sy, 51, 52, 52, 53, 83) : S1, 52,83 € R, s51-52-53 =1}

is a maximal Q-split torus in G. Let o : G — GL( /\8 g) be the eighth exterior power
of the adjoint representation. Then o is a strongly rational over Q-representation. Denote
0= 8 8 ). There exists an order on the rational simple system so that 12s; is the Q-highest

weight and
001 001 00 00k
v=1000A[000)AJ000)A[000
000 000 000 000
010 0i0 00 0k0O
ALOO0O0IAL000)AL000IA|000
000 000 000 000
is a Q-highest weight vector. Let
1 0 0 00O
001 0 00O
10100 0O
£ 1o 001 0 of
00 0 010
00 0 0 0 1

Then it can be directly checked that o(g)v is a QQ-weight vector for —6s3. Since
{w(12s1) : 0 € W(Pg)} = {1251, 1252, 1253},
we get that

max v)|| =0
oo b0 lPw(x) (@(@)V)I

even though o(g)v is a non-zero vector.
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4. Compactness criterion
Recall that Ag = {«1, . . ., &} is a Q-simple system for the rational root system ®q.

Let B be a rational basis for gz such that Bg C gg for any 8 € &g U {0} and B =
L‘U,se@Qu{O} Bg.

Forl <i <r,let

u= €P e P=New),

Be@q, f=q;
and B; = |4 p=a; Bp- Then Py, ..., P, are the maximal Q-parabolic subgroups of G
containing B (see §3 for the definition of B), uy, ..., u, are the Lie algebras of their
unipotent radicals, and By, . . ., B3, are bases for ug, . . . , u,.

Definition 4.1. For a neighborhood W of zeroin g, g € G, and 1 <i <r, we say that
q € G(Q) is (W, i)-active for g if

Ad(gg)B; C Ad(g)gz N W.

The following useful criterion is similar to the one proved in [TW, Proposition 3.5] and
can be deduced from its proof.

PROPOSITION 4.2. (Compactness criterion) There exists a finite subset Co C G(Q) which
satisfies the following. A subset A C G /T is unbounded if and only if for any neighborhood
W of zero in g and g € G, n(g) € A, there are 1 <i <r, and q € I'Cy which is
(W, i)-active for g.

Remark 4.3. Since Cy is a finite subset of G(Q), by changing I3 we can assume that Co
only contains the identity.

Let up = Dpeo o. >0 9p- A subset of g is called horospherical if it is contained in a
@Q-subalgebra conjugate to nyg.

PROPOSITION 4.4. [TW, Proposition 3.3] There exists a neighborhood Wy of zero in g
such that for any g € G, the span of Ad(g)gz N Wy is horospherical.

PROPOSITION 4.5. [KW, Proposition 3.5] Let1 <i <r.Ifv C gis conjugate tou; and
v C ng, then v = u;.

PROPOSITION 4.6. There exists a neighborhood Wy of zero in g such that any neighbor-
hood of zero W C Wy satisfies the following. Let A C G be a connected setand 1 <i <r.
Assume that for each g € A there exists y, € I' which is (W, i)-active for g € G. Then, for
any g, h € A, we have yg’lyh e P

Proof. Let Wy be as in Proposition 4.4 and W C Wj.
Let g € A. By the continuity of the adjoint representation, there exists a neighborhood
H of g such that forany h € H,

Ad(y,)B: C span(gz N Ad(h™")W).
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This implies that
Ad(hyg)u;, Ad(hyp)u; C span(Ad(h)gz N W).

By Proposition 4.4, the span of Ad(h)gz "W is contained in a conjugate of nyg.
Then Proposition 4.6 implies that Ad(hy,)u; = Ad(hys)u;. Therefore, yg_lyh is in the
normalizer of u;, which is P;. Since A is connected, the conclusion of the proposition

follows. O

We use the notation of §2.3. To simplify some of it, in this section we denote d,, by
d; and gy; by o; for any 1 <i < r. Note that if ®¢ is not reduced, then ug,, . . . , u,, are
proper subalgebras of up, .. ., u,..

Forany 1 <i <r,let CDgtl, be the set of all real roots which lie in the span of Ag\{c;}.
Then, for any 1 <i <r, P; is the subgroup generated by Z(S) and exp(gg) for any
B € QJSQ_ (see [Borl, §21.11]) . By the definition of ®,, and dbgt_, 1 <i<r,itiseasy to
see that for any B € @, A € CDg[, c1 > 0, and ¢ > 0 we have ¢18 + c2A € Oy,;. Hence,
forany 1 <i <r, the maximality of P; implies that

P = Ng(uy,). 4.1
Forany 1 <i <r,letV; = /\d" g and
vi=X1A--NXg €V,
where

(X1,...,Xg) = U B =: B, (4.2)
BeDy,
is a basis for ug,; (v; is uniquely determined up to a sign).
Fix a norm on g.
The following corollary can be deduced in a similar way to [KW, Corollary 3.3] using
Proposition 4.2, Proposition 4.6, and (4.1).

COROLLARY 4.7. For any € > 0, there exists a neighborhood W of zero in g such that if
W C We is a neighborhood of zero and y € T is (W, i)-active for g € G, then

loi (gy)vill < e.

PROPOSITION 4.8. There exists a neighborhood Wy of zero in g such that any neighbor-
hood of zero W1 C Wy satisfies the following. Let g € G, 1 <i <r, ¥ C ®,,, and A be a
connected subset of T such that ag is (W1, i)-active for any a € A. If for any neighborhood
W of zeroin g and A € WV there is a € A such that ag is (W, i)-active and A(a) > 1, then
there exists y € T" such that

0i(gy)vi € @ Voi -

Aedy \W

Proof. Let Wy be as in Proposition 4.6. For A € ®,, let ¢, : V; — V,, 5 be the projection
associated with the direct sum decomposition V; = @Ae%. Voir-
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Let A € W. By Proposition 4.2, Proposition 4.6, Corollary 4.7, and the assumption, there
exist y € I" and a sequence {a;} C A such that
Maj) = 1 and |lgi(ajgy)vill — 0. (4.3)
j—o00

Since any norm on a finite-dimensional vector space is equivalent to the sup-norm, there
exists ¢ > 0 so that

loi(ajgy)vill = c - llgr(oilajgy)vi)ll = c - Aaj)les(oi(gy)Ivill. 4.4
Equations (4.3) and (4.4) prove the conclusion of the proposition. O
THEOREM 4.9. Assume that rankg G = rankgG = 2 and Oy is irreducible. For any g €

G, there exists a neighborhood Wy = Wy(g) of zero in g such that any neighborhood of
zero W C Wy satisfies the following. Let a be a connected subset of

a- ={tet: x1(t) =0, wy, (X)) <0} 4.5)
such that exp(a)g is (W, 1)-active for any a € a. Then there exists x € {x1, wa, X1} such
that all a € a satisfy x(a) < 0.

Proof. Let the notation be as in the proof of Proposition 4.8.
Assume that B = {X1, . .., X4} and denote the Z-span of
(X, /\---/\X,'dl l<i;<---<ig 2=d}CWy

by V1(Z). Then, 01(g)Vi(Z) is a discrete subset. Therefore, there exists €y = €p(g) > 0
such that
forall v € 01(g)V1(Z) lv]l > eo. 4.6)

Let ¢ satisfy the conclusions of Theorem 3.1. Let W satisfy the conclusion of
Corollary 4.7 for € = €p/2c. Without loss of generality, assume that W C Wy. Then,
according to Corollary 4.7 and Proposition 4.6, there is y € I" such that for all a € a,

€0
llei(exp(a)gy)vill < € = 20 4.7)
For any A € ®,,, we have
@i.(e1(exp(a)gy)vi) = exp(r(a))@.(e1(gy)Ive). (4.8)
Lets € W(Pp) satisfy
s (e1(@y)vll = max  |[@w ) (01(gyIvDll.
weW (P)
Then, by Theorem 3.1 and (4.6),

€0
losxn (@1 (gyIvll > = 4.9)

By Lemma 2.7, there exist by, ba, not both positive, such that s(x1) = b1 x1 + bawe, (x1)-
If by < 0 and there exists @ € a such that wy, x1(a) = 0, the, by (4.5), s(x1)(a) > 0. Using
(4.8), we arrive at

los (e1(exp@gyIvl = ll@sy) (e1(gy) vl
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But then, using (4.7) and (4.9), we obtain a contradiction. Hence, all a € a satisfy
wq, x1(a) < 0.In a similar way, if b, < 0, then all a € a satisfy xj(a) < 0. O]

5. Proof of Theorem 1.6
We keep the notation of §4.
For the proof of Theorem 1.6, we will need the following results.

THEOREM 5.1. (Lebesgue) [Ka, Theorem 4.3] Let the two-dimensional unit cube 7 =
[0, 1% be covered by a pair of closed sets X1, X>. Fori = 1,2, let Fl-+ and F;” be the
facets of I defined by x; = 1 and x; = 0, respectively. Then some connected component of
X, i € {1, 2}, intersects both the corresponding opposite facets F l.+ and F;".

THEOREM 5.2. (Riemann) [G, §II] Let D denote a simply connected domain in C that
has more than one boundary point. Then there exists an analytic one-to-one mapping of D
onto the disk {|z| < 1}. If the boundary of D is a piecewise smooth curve, then the mapping
extends in a unique analytic one-to-one way to the closure of D.

Replacing Ag with —Ag, we may assume that
at ={ret: () <0, v (x1)() < 0).

Recall that AT = exp(a™). Let AT C A C T be a closed cone and let g € G. Suppose
that Am(g) is a divergent trajectory. We need to prove that it is an obvious divergent
trajectory.

Let W) satisfy the conclusions of Proposition 4.8 and Theorem 4.9. Let W; be an open
neighborhood of zero in g so that its closer satisfies W; C Wj.

Fix a norm on g and denote

at(r,R)={aeca :r <|a| <R},
at () =faea’:al=r),
+ 3

aj (1) = {a € a* : ||all = r}.

According to Proposition 4.2 and Remark 4.3, there exists a compact subset C C A such
that for any a € A\C there are 1 <i <r and y € I" which is (Wy, i)-active for ag. For
i =1, 2, denote

0; = {a € a: 3y € T whichis (W, i)-active for exp(a)g}.

Then there exists o > 0 such that 91, 9, is a cover of a™ (rg). Moreover, it follows from
Definition 4.1 that for i = 1, 2 the set 9; is open in a = log(a) and satisfies

0; C{a € a:3y eI whichis (W, i)-active for exp(a)g}. 3.D)
We first claim that

for all > ro 3P an unbounded connected component of 9, such that P N aa' (r) #0.
(5.2)
Assume otherwise. Let r; > rg. Since 0 is an open set and a™ (ry, r| + 1) is a compact
set, there are only finitely many connected components of 9, which intersect a® (ry, r; + 1)
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and the set
S1 = {P is a connected component of 0, P N a('; (r1) # 0}

is finite. Let Ry > max(|la| : 3P € S| s.t. a € P). Then there is no connected component
of D, which intersects both ag(r;), ag(R).
The boundary of a™ is the union of the following two rays from the origin:

{aca®:xi1(a) =0} and {a € a* : wy, x1(a) = 0}.

Denote

h(r,R) ={a €a®(r,R): x1(a) = 0},

L(r,R) ={a € a™(r, R) : wg, x1(a) = O}. (5:3)

Fix a homeomorphism from a*(r;, Ry) to the two-dimensional unit cube Z which
sends [1(r1, Ry), [b(r1, Ry) to FT, F" and ag(r1), ap(Ry) to F;, F,". Then we may apply
Theorem 5.1 with 9, 0, as the cover of a™(r{, Ry) to deduce that there is a connected
component of 9| which intersects both [{(r, R1), [(r1, Ry), which is a contradiction to
Theorem 4.9, proving (5.2).

Let Dy, D, be the sets of all unbounded connected components of 91, 92, respectively.
Let D = Dy U D;. Then by (5.2) D is not empty.

Recall that for i = 1,2, g; : G — GL(V;) is a strongly rational over Q-representation
with a set of R-weights ®,,, an R-highest weight x;, and v; non-zero R-weight vectors
for ;. For A € ®,,, let ¢, : Vi — V), be the projection associated with the direct sum
decomposition V; = EBAE(% Voi -

Leti = 1,2 and P € D;. It follows from (5.1), Proposition 4.2, Proposition 4.8, and
our assumption that Am(g) diverge that there exists yp € I' such that for any unbounded
{ar} C A,

oi(agyp)vi — Oas k — oo.

Denote vp = 0;(gyp)vi. Denote by Wp the set of weights A € ®, such that
w1 (0i(gyp)vi) # 0.

Let

Yi={Vp:PeD}, i=1,2,
and Y =7 UTY;.

Since both @, , &, are finite, Ty, T3 are also finite.

If for any a € a there exists ¥ € Y such that A(a) < O for all A € W, then we are done.
Indeed, let {ax} C a be an unbounded sequence. Since Y is finite, there are i = 1, 2 and

W € T; such that for some subsequence {ay, }, qjﬂk@ = W. Then, for P € D; which satisfies
W = Up, we have

lloi (explax, ) vpll = max(exp(d(ak,)) - llvpll = 0 ask — oo. (5.4)

Note that it follows from (4.1) that the second part of Definition 1.3 is satisfied for any vp,
P eD.
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Iy {tag: t =1} I

g (12)

I {tag: t =1} I

a, (72)

FIGURE 3. Either v has elements of D on both sides, or one of the boundaries of v is a boundary of the cone.

Otherwise, there exists ag € a such that ||ag|| = 1 and for any W € T there exists A € W
such that A(a) > 0.

Denote
a(r, R) ={aea:r < |a| <R},
a(r) ={a € a:lall = r},
ap(r) =f{a € a:lall =r},
and

€o = min{|[|g; (vo)|l : ¥ € T}.

Since ®,,, ®,, are finite sets, and gI" is a discrete set, €q is non-zero.

Let W, C Wy be an open set which satisfies the conclusion of Corollary 4.7 for 0 <
€ < €p. We can repeat the above arguments with W5 instead of Wy (and maybe get a larger
€o). In that case, by Proposition 4.8, any P C D satisfies

PNa(r)) Cf{a€a(r):Yre¥Yp, Aa) < 0}.
Hence, our choice of € implies that
foral P e D, PN{tag:t>r} =0 (5.5)

Since a is a closed cone, there exist [, [ C a, two disjoint rays from the origin, so that
their union is the boundary of a. Let Py, P> € D U {[y, [} be the sets adjacent to the line
{tap : t > r1} on the line ap(r2). Note that by (5.2), we may assume that P; € D. Let v be
the maximal closed connected subset of a(r1) such that {rap : t > r;} C v and v does not
intersect the interior of Py U P,. See Figure 3.

Without loss of generality, assume that P; C 0. As before, since 9, is an open set and
a(ry, r1 + 1) is a compact set, there are only finitely many connected components of 0
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which intersect a(ry, 1 + 1) and the set
S, = {P is a connected component of 01, P Nt N ag(rz) £ GN\{P>}

is finite. Let R, > max(|la| : 3P € $; s.t. a € P). Then there is no connected component
of 91 which intersects both ag(r;), ag(R2).
By the definition of ¢, t N a(r1, Ry) is a bounded simply connected domain. Let

Fy =tNay(r), F'=tNao(Ry),
Fy =tNPiNa(r, Ry, Ff=tNPyNa(r, Ry).

Using Theorem 5.2, one can construct a sequence of sets Iy C v N a(ry, Ry) which satisfy

the following.

(1) The boundary of each I is a disjoint union (up to the end points) of four simple
smooth curves Fli(lk), in(lk) such that for i =1, 2, F,~+(1k) and F; (Ii) are
opposite.

(2) Anyo e {+, —},i €{l1,2},satisfy F? (Ix) — F7 ask — oo.

Moreover, Theorem 5.2 implies that each Iy is conformally equivalent to Z with facets F7,

o € {+,—},i €{l1,2}. Since t is covered by 01 U 02, so is I, k € N. Therefore, for any

k € N, we may use Theorem 5.1 with 01, 02 as a closed cover of I; with facets Fli, in

to deduce that for some i € {1, 2} there exists a connected component P; ; of 9; which

intersects both Fii(lk). Then there exists i € {1, 2} which appears infinitely many times in
the sequence i (1), i(2), . . .. Since a(r;, Ry) is compact, there exists a non-empty limit set

P; x — Ps. Then, by the definition of R,, P3 C 0, and intersects in Since any connected

component of 0, which intersects P is P;, we may deduce that P intersects P; in t, which

is a contradiction to the definition of t.

6. Proof of Theorem 1.7
Replacing Ag with —Aq, we may assume that

ae = {r € t: xj(t) < —elltll, x3(t) < —ellzll}) (6.1)

for some € > 0.
We preserve the notation of §4.

THEOREM 6.1. [W1, Theorem 4.5] Suppose that G is a semisimple Q-algebraic
group, I' = G(Z), and A C G is a closed cone. Suppose that for i = 1,2 there are
Q-representations ¢; : G — GL(W;) and non-zero vectors w; € W;(Q) such that the
following hold.

(1) For any divergent (in G) sequence {ay} C A, we have ¢;(ay)w; kjo)o 0 for both i.
(2) The groups Q; = {g € G : 0;(g)w; € Rw;}, i = 1, 2, are Q-parabolic subgroups of

G and Q1, Q> generate G.

Then there is x € G such that Am(x) is divergent, but for any one-parameter semigroup
{exp(ta) : t > 0} C A, any Q-representation ¢ : G — GL(W), and any non-zero w €
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W (Q) we have
sexp(ta)x)w +— O.
t— 400

In particular, there are non-obvious divergent trajectories for A.

In the notation of §4, let w; = v; and ¢; = g; for any i = 1, 2. In order to prove
Theorem 1.7, it is enough to prove that vy, v2, 01, and g7 satisfy conditions (1) and (2)
of Theorem 6.1 for any A C A..

Let {exp(ax)} C A be a divergent sequence. Then |lar|| — oo as k — oo. Without loss
of generality, we may assume that the norm defined on t is the sup-norm defined using a
basis which contains only Q-weight vectors. Thus, using (2.18) and (4.5) fori = 1, 2, we
have

—€llal

lloi (exp(ar))vi | = eX @ |ly;|| < e lvill — 0
k— 00

and hence (1) is satisfied.

Since P;, P, are maximal Q-parabolic subgroups of G, according to (4.1) in the notation
of Theorem 6.1 we have Q; = P; @ for i =1, 2. The maximality of Py, P, implies that
condition (2) is also satisfied.
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