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ABSTRACT 

The method proposed i s a gene ra l i za t ion of the method 
described in [ 1 ] . I t i s represented in terms of the rkmilton-
ian formalism with a l l the advantages a r i s i n g from i t . A com­
p le t e p resen ta t ion of the method i s given in the paper [ 2 ] . 

1 - FORMULATION OF THE PROBLEM 

Consider an autonomous general ized conservat ive mechani­
cal system with J+1 degree of freedom, depending on K parame­
t e r s , with the rfamiltonian H(z",p"), where z = [ I ] 
x = (xj_, . . . »x J + 1 )

l a re coord ina tes , y = (y1, . . . , y J + 1 ) a re 
— T 

impulses and p = (P j_ , . . . ,P K ) a re parameters, of the system. 
VJe assume tha t the Hamiltonian function H smoothly (in p a r t i ­
cu lar , a n a l y t i c a l l y ) depends upon i t s v a r i a b l e s in the domain 
of t h e i r change under cons ide ra t ion . 

The set of d i f f e r e n t i a l equat ions with such a Hamilton­
ian has an i n t e g r a l H = h, where h i s energy cons tan t . 

D i f f e r en t i a l equat ions themselves have the form: 

Here I 
0 E 

-E 0 

z = IH (1.1) 
z 

i s a un i t s implect ic matr ix , H = 3H/3z~" 
z 
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Let at some fixed va lues of the parameters, p = P be 
known, the i n i t i a l value Z(0,P) for any per iodic so lu t ion of 
the equations (1 .1) having period T(P): 

Z = Z ( t , P ) , Z ( t ,P ) = Z( t+T(P) ,P) . (1.2) 

In add i t ion , the funct ions (1.2) themselves may be determined 
by numerical i n t eg ra t i on of the equat ions (1 .1) over t h e * i n t e ­
rva l t e [ 0 , T ] . 

One formulates a problem of cons t ruc t ing (and then also 
studying the p r o p e r t i e s ) per iodic so lu t ions being the a n a l y t i ­
cal cont inua t ions (with respect to parameters) of the solut ion 
( 1 . 2 ) . I t means t h a t i t i s necessary to find such per iodic 
so lu t ions 

z = z ( t , p ) , z ( t , p ) = z ( t+T(p) ,p ) (1 .3) 

which s a t i s f y the condi t ions of belonging to the family of 
per iodic so lu t ions , generated by the solut ion (1 .2) 

lim z ( t , p ) = zf(t ,P), lim T(p) = T(p) , (1 .4) 
p + P p~->-P' 

2 . LOCAL COORDINATES 

Let us introduce the no ta t ions : 

tr = p - P , C = z - Z (2.1) 

_ We shal l consider in (2 .1) increments of the parameters 
ir and the loca l coord ina tes z. a s independent of small quan­
t i t i e s of the same order of smallness and r e t a i n in the Taylor 
expansions of the r ight-hand s ides of the d i f f e r e n t i a l equa­
t i o n s the f i r s t order terms only . Then one ob ta ins for t. the 
l i nea r canonical d i f f e r e n t i a l equat ions with the Hamiltonian 
( superscr ip t t, in the Hamiltonian i s an index) . 

H = 32H/32z"| , H = 92H/8z" 8p| , (2.2a) 
'0 P 0 

where subscript , "0" implies tha t a f t e r d i f f e r e n t i a t i o n a sub-_ 
s t i t u t i o n z = Z, p = P i s performed, i . e . i t i s set tha t c. = 0, 
TT = 0. 
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The system of d i f f e r e n t i a l equat ions with the Hamilton-
ian (2 .2) i s a non-autonomous one but i t i s admitt ing the 
i n t eg ra l obtained from the energy i n t e g r a l by r e t a i n i n g the 
f i r s t order terms 

HTC + H TT = Ah = cons t . 
z P 

Hz = 3H/3Z | 0 > Hp = 8H/8p"|o 

(2.3) 

(2 .3a) 

Denote 
r ( t ) = | Z ( t ) | = / Z 1 ( t ) Z ( t ) , ( 2 . 4 ) 

i . e . V i s an absolu te value of "the genera l ized" ve loc i ty on 
the t r a j e c t o r y in the phase space. Then V( t ) f 0 over whole 
in te rva l t e [ 0 , » ) . 

Consequently, for each point of the t r a j e c t o r y the re 
e x i s t s a tangent in the phase space and_ one may a s soc i a t e 
with the so lu t ion under cons idera t ion Z ( t ) a mobile (accomp­
anying) coordinate system one ax i s of wh îch i s d i rec ted along 
the vector of the general ized ve loc i t y Z ( t ) and the o the r s 
are s i tua ted_ in the hyperplane normal to the t r a j e c t o r y in a 
given point Z( t ) a t fixed t . 

Let S denote any matrix of t r a n s i t i o n to a new coord i ­
nate system and l e t i t s columns be r e c i p r o c a l l y orthogonal 
vec to r s composing a canonical ( s implec t ic ) b a s i s . Moreover, 
l e t matrix S have the following composition: 

S = (R,s , - I R , - I s ) , R ( s 1 , . . . , s J ) , SR=(R,-IR), 

dim R = 2(J+l )xJ , STS = E, STIS = I, 

( 2 . 5 ) 

( 2 . 6 ) 

— 1 -
where s = -̂ Z i s a un i t vector of the tangent to the t r a j e c ­
tory at a given p o i n t . I t would be_noted tha t from the equa­
t i ons of motion (1.1) i t follows - I s = 1/V H = 1/V grad H. 
Vfliich impl ies t ha t the un i t vector - I s i s orthogonal to the 
hypersurface H = h which i s i n t e g r a l one. 

Denoting by w a vector of loca l coord ina tes in the new 
system of the coord ina tes : 

w = 
u 

V 

u = 

t m u -J t m v 

dim n 

dim m. 

dim n = J , v ' 

dim m = 1 , v ' 
( 2 . 7 ) 
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where u = coordinates and v = impulses. From geometrical po­
int of view i t implies that m i s a displacement along the 
trajectory, mv JLS a displacement orthogonal to the hypersur-
face H = h and n and n are displacements along the normals 
with respect to the trajectory on the tangent_hypersur­
face. Therefore, we shall cal l the displacements n and n 
the normal, mu the tangential and m the energetic ones.v 

Connection between the old and new coordinates i s given by 
formulas: 

= Sw = Rn + smu = IRnv Ism ( 2 . 8 ) 

The integral (2.3) in the new variables will be written as 
follows: 

Vmv + Hpir = Ah ( 2 . 9 ) 

By virtue of canonical form of the transformation (2.8), 
the differential equations for w are canonical. We reduce the 
order of the system at the expense of the integral (2.9) ex­
cluding variable mv. As a result of such reduction we obtain 
a canonical system of differential equations with J degrees 
of freedom and the Hamiltonian 

H^ln 1 -T „ - —T — 
I^n + n IXĴTT n = (2.10) 

and an additional differential equation 

% = V m u + hn ° + V ' 

i i . i 

(2.11) 

where 

Hn -
T 

zz h + X V h = n S£ I(IH I + H )s, Tt zz zz ' 

h V h n H p + V̂ 
1 - T , 

h 2 = V s ( I Hzz I + Hzz) s -Hp + s IHzp' 
— T 

*P 

In (2.10)-(2.12) for uniformity we have additionally in­
troduced the following notations: PK+1 = h, v ^ = Ah, 
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H = - 1 , H = 0 ( i n f a c t we have i n t r o d u c e d t h e energy 
PK+1 z p K + l 

c o n s t a n t i n t o t h e v e c t o r of p a r a m e t e r s , having i n c r e a s e d i t s 
d imens ion by 1 , and t h u s o b t a i n e d a p o s s i b i l i t y t o c o n s i d e r 
n o n - i s o n e r g e t i c d i s p l a c e m e n t s ) . 

Thus, we have o b t a i n e d t h e e q u a t i o n s p o s s e s s i n g a r e ­
markab le p r o p e r t y : The e q u a t i o n s fo r normal v a r i a b l e s ( 2 . 1 0 ) 
a r e independen t of t h e t a n g e n t i a l and e n e r g e t i c v a r i a b l e s . 

3 . PREDICTOR-CORRECTOR METHOD 

An algori thm for f inding the so lu t ion (1.3) i s r ea l i zed 
in two s t ages . F i r s t ( p r ed i c to r ) we find l i nea r d i s p l a c e ­
ments with respec t to increments of the parameters of the 
i n i t i a l cond i t ions and the period and then, ( c o r r e c t o r ) , for 
taking in to account the nonlinear charac te r of influence of 
the parameter increments, we cons t ruc t a convergent i t e r a ­
t i o n procedure for f inding the isoparametr ic co r r ec t i ons to 
the i n i t i a l condi t ions and the per iod . 

Now we present the p red i c to r pa r t of the method. 
We introduce displacements C ( local coord ina tes ) accor­

ding to formulas (2 .1) and then the normal, t angen t i a l and 
energe t ic displacements by formulas from sect ion 2. As a r e ­
su l t we der ive equations (2 .9 ) - (2 .11 ) . All the c o e f f i c i e n t s 
n. m and m in these equat ions have the period T. 

Writing the period T* of the des i red so lu t ion in the 
form 

T* = T + T, (3 .1) 

and assuming C,t and n to be q u a n t i t i e s of the same order 
of smal lness . 

Then from conditions of p e r i o d i c i t y of the solut ion 
(1.3) for normal and t a n g e n t i a l displacements we find the 
following boundary cond i t ions : ' ' ' ' 

n(0) = n(T) + s£(0)AZ , (3.2) 

mu(0) = mu(T) + V(0)x + s~T(0)AZ (3 .3) 

Here AZ = Z(T) - Z(0) . This quan t i ty a t the predic tor stage 
i s equal to zero , but i t wi l l be a non-zero one a t the co r ­
r ec to r s t age . 

Making use of independence of the boundary value prob­
lems (2 .10) , (3 .2) and (2 .11) , (3 .3 ) , t h e i r l i n e a r i t y a s well 
as the fac t t h a t displacement m (0) may be set equal to zero 
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( s i n c e d i s p l a c e m e n t a l o n g t h e o r b i t d o e s not change i t ) one 
d e r i v e s 

n ( 0 ) = - [ N ( T ) - E ] _ 1 En (T) + ST(0)AZ] 

T = _ i . [M T (T)n(0 ) + m p (T) + 1 ^ ( 0 ) / S ] . 

where q u a n t i t i e s i n t h e r i g h t - h a n d s i d e s a r e e v a l u a t e d by i n ­
t e g r a t i n g t h e f o l l o w i n g Cauchy p r o b l e m s : 

1 ^ , Z (0 ) = Z ( 0 , P ) , 

IHnN, N(0) = E, 

J- M + N T h n M ( 0 ) = 0 , 

I ( H n n p + Y^ ¥), n p ( 0 ) = 0, 

} mp+ h n V h2 ¥- m p ( 0 ) = °-

F i n a l l y , from ( 2 . 9 ) one f i n d s t h e i n i t i a l v a l u e m v ( 0 ) 
for t h e e n e r g e t i c d i s p l a c e m e n t and by fo rmulas ( 2 . 8 ) , ( 2 . 1 ) , 
( 3 . 1 ) t h e i n i t i a l v a l u e s of z ( 0 ) and t h e p e r i o d T* . 

The d e r i v e d s o l u t i o n , however_wi l l b e _ p e r i o d i c o n l y a p ­
p r o x i m a t e l y , i . e . t h e d i f f e r e n c e s z (T*) - z ( 0 ) w i l l be non­
ze ro but smal l q u a n t i t i e s of t h e second o r d e r w i th r e s p e c t t o 
i n c r e m e n t s of t h e p a r a m e t e r s TT .Moreover , t h e d e r i v e d (due t o 
p r e d i c t o r ' s work) i n i t i a l v a l u e s a r e not s i t u a t e d on t h e g i v ­
en i n t e g r a l s u r f a c e H = h* . 

For r e f i n i n g t h e i n i t i a l c o n d i t i o n s and t h e p e r i o d one 
u s e s t h e c o r r e c t o r p a r t of t h e p r o c e d u r e . i , , i 

Le t , now ( 1 . 2 ) be a n o n - p e r i o d i c s o l u t i o n of t h e e q u a t ­
i o n s ( 1 . 1 ) but such t h a t i n i t s c l o s e v i c i n i t y i n t h e phase 
space t h e r e e x i s t s t h e p e r i o d i c s o l u t i o n ( 1 . 3 ) c o r r e s p o n d i n g 
t o t h e r e q u i r e d v a l u e s of t h e v a r y i n g i n n e r p a r a m e t e r s and 
t h e c o n s t a n t of energy h* . The g o a l i s t o f i n d t h e mot ion 
( 1 . 3 ) by assuming t h e mot ion ( 1 . 2 ) a s t h e i n i t i a l approx ima­
t i o n . 

We i n t r o d u c e l o c a l c o o r d i n a t e s by fo rmu la s ( 2 . 1 ) , ( 3 . 1 ) 
(where now T = a p p r o x i m a t e v a l u e of t h e p e r i o d , T* = sought 
for v a l u e under t h e same meanings of t h e p a r a m e t e r s ) and s h a l l 
look fo r c o r r e c t i o n s t o t h e i n i t i a l c o n d i t i o n s C_(0) and t h e 
p e r i o d t a t IT = 0 , e x c e p t i n g Ah = h* - H ( Z ( 0 ) , p ) . 

Py i n t r o d u c i n g t h e normal , t a n g e n t i a l and e n e r g e t i c c o r ­
r e c t i o n s by fo rmu la s ( 2 . 8 ) (where m a t r i x S ( t ) i s c o n s t r u c t e d 

Z 

N 

S" 

n 
P 
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as "almost" p e r i o d i c a l , i . e . S(T)-S(0) i s a quant i ty of the 
same order as (2 .1 ) one de r ives the equations ( 2 . 9 ) - ( 2 . 1 1 ) . 

Boundary condi t ions for these equations are derived from 
the requirement of T* p e r i o d i c i t y of the so lu t ion (1.3) and_ 
have the form ( 3 . 2 ) - ( 3 . 3 ) . In these formulas the quant i ty AZ 
is a l ready a non-zero one but we consider tha t i t i s of the 
same order of smallness as T . 

The so lu t ion of the obtained boundary value problems i s 
sought in the same way as in p r e d i c t o r . 

The r e l a t i v e error of the co r rec to r work i s defined by 
the quan t i ty 

£ = | AZ"|/ max | Z ( t ) | (3 .4) 
teCO.T] 

If the obtained quant i ty e t u rns out to be smaller than the 
i n i t i a l l y prescr ibed quant i ty e* then we regard the per iodic 
motion (1 .3) to be found. If the er ror of (3 .4) i s l a rge r 
than t h e prescr ibed one then the cor rec to r work should be r e ­
peated upto at tainment of the inequa l i ty e < e*. In addi t ion , 
one na tu r a l l y should, before the beginning of a new step of 
c o r r e c t o r ' s work, put Z(0) = z ( 0 ) , T = T*. 

I t would be noted tha t a t each s tep of the cor rec tor one 
computes co r r ec t i ons to the i n i t i a l condi t ions and the period 
of the next order of smallness as compared to co r rec t ions of 
the previous s t e p . Therefore , the constructed cor rec tor posse-
ssess a quadrat ic convergence of the Newtonian type , c l e a r l y 
on condi t ion tha t one successful ly chooses the i n i t i a l appro­
ximation generated by the p r e d i c t o r . 
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