ON THE DEFINING EQUATIONS OF ABELIAN
VARIETIES

HISASI MORIKAWA

Dedicated to Professor Noshiro on the occation of his 60th birthday

This article is a continuation and completion of our study in the previous
one [1] in which we gave the defining equations of abelian varieties projectively
embedded by theta functions of level three. These defining equations are
nothing else the canonical generators of theta relations for theta functions
with %—characteristics. In the present article the canonical generators of
theta relations will be given for the wider class of theta functions with rational
characteristics.

Let G be a finite subgroup in Q"/Z" such that the index [G : %ﬁz "Z '] is odd

and H* be the subset in —;)—Z’/Z’ consisting of all the elements ([l;—], ...... ,

I: a?;; )(a’{=0, 1;i=12,...... ,7). Then the canonical generators of theta rela-

tions for theta functions

I QU)= mger(mﬁ—a, m+a)U(m+a) ((aleG)

are the following cubic and quadratic equations:

(*) a1+ R | U) 912 1+161( Q1 U) 916 Q| U)
= 3 71 @)@ IU)R=0

[¢'ledz/z"

(**) a1 18X Q| U)I-[a1+16)( Q| U)
= 2 Palle Qe 145 Q| U)I~e1+1s)(Q [ U) =0

[e*]leH

([a’]E—;—Z’/Z’; [al, [51G)

where the coefficients 71, m(Q)([a’ 1, [e'] E—;’—Z’/Z’), in the cubic equations
do not depend on G.
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TERMINOLOGY AND NOTATIONS
Q" : the coordinate vector space of dimension » over the field of rational
numbers,
Z" : the subgroup of Q" consisting of all the integral vectors, i.e. vectors
with integral coordinates,
Q'/Z" : the residue group of Q" by Z’,
[a] : the class of a vector a in the residue group Q'/Z’
[a] : the class of a rational number a in Q/Z,
H: the subgroup —;’-Z’/Z’ in Q7/Z7, i.e. Hz[([%} ...... ,[—‘?LD

ae{0,1, —13 (lsiér)},

H* : the subset in H consisting of all the elements (l:% R R I: ‘g :D

such that ¢,e{0,1} (1<i<v)

[a’],[8],[¢], ...... : the elements in H,

[a*], [8%]),[c*], ...... : the elements in H*,

G : a finite subgroup of Q"/Z" such that GOH,
|G| : the order of G,
Xia1([@]l€Q"/Z") : a system of indeterminates,
Ttal ([@]€Q7/Z7) : a fixed system of generic solutions for
Xa—X-1a1=0 ([a]l€Q"/Z"),

(Tta 14161 [a*1+0* DB x 22+ = the 27 x 27 martrix of which ([e*],[6*])-component is
Tta 1461 12414104 ([@*],[8.] € HY),

(Tta1+ 6T —la)+HeYaxar = the |G| x27-matrix of which ([a], [6*])-componen is
Tt T-1a1+161) ([@] € G, [67] € HY),

(Ttar e 1+a T Lal~Le1+Ha DB x 2+ = the 27 x 27-matrix of which ([¢*], [d*])-component
is Tial+e1Ha Tla-le1+a), ([a] € G; [c¢*], [d*] € HY),

(Tt 14060 T 114061 o) Ex 2 © the 37 x3"-martix of which ([@’], [6])-component is
Tt T-1a1+101 1161 ([@'],[8'] € H),

4, =det (Tia* 1406417 ~[a* 16D Hr x HY,

4,=det (T a1y ) HxH,

(@ra*110)Ex 21+ - the adojoint matrix of (T(a*1+6*1] ~[a*]+16+ D H* x 5+,

(Ma1 6D Ex 2= (Tt 1T 1+ T ) Ex (T T D e o

(Brar 16D x 11 = (Ttal+i T el 416 VGx e (Tla 16T a1+ ) 71s x 11+

§ 1 Formal theta functinos with rational characteristics.
1.1 We mean by {W(i;a), W(,; bl <i, j<r;a b Q} a system of
indeterminates on which rational numbers operates as follows:
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W(isa)=W(i;ac), W, 1;b0)°=W(,1;bc) (1=<i,j<r;abcc Q).

Let I be the ideal in the polynomial ring Z[{W(i; a), W(j, ; b)}] generated by
Wi 00—1, W, 15 0)—1, W(5; na)—W(; a)", W, 15 nb)—W(,1; b)",
Wi a)W(is b)—W(i; a+bd), W, 1 W, 1 b)—W(, I; atd),

W, 1; b)—W(l,j; b)
(1<i,j,l<r;abeQ; n=1,2,3,...... )

Denote by U¢ and @} the images of W(i; a) and W(j, I; b) in the resdue ring
B=Z[{W(i; a), W(j,1; b)J)/I, respectively. Then it follows

P G R S,
Ug:l,qu::l’ Ui*=U;...... U, Qi’=Q) ...... ij,, UsU=U%", ?.LQ?.L=Q?.’?
1=i,5,l<r;ab=sQ; n=1,2,3,...... )

Using the briel notations

we have the following multiplicative rules:

Ula)=U(ca), Qa,b)’=Q(ca,b)=Q(a,b)
Ul@)U(b)=U(a+b), Qa+b,ct+d)=Q(a,c)Q(b,c)Q(a,d)Q(b,d)
(a,b,c,d=Q"; c € Q).

Denote by Hom (Q"; G..)(B) the group of all the homorphisms of Q" into the
multiplicative group of units in the ring B. Then U and Q(a) (a=Q") may
be regarded as the elements in Hom (Q"; G,) (B) such that

U:c—Ule)
Qa): c— Qa)c)=Q(a,c) (c= Q).

The product Q(a)U and Q(a)@Q(b) mean the elements in Hom (Q", G,,) (B)
defined by

Q@)U : ¢ — Qla, c)Ulc)
Q(a)Q(b) : ¢~ Q(a, c)Q(b,c)=Q(a+b,c) (c€ Q"),

i.e. Qa)Q(b)=Q(a+b).

1.2 Similarly as the classical case first of all we shall introduce the theta
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functions with rational characteristics:
(1) IHAQIU)= 3 Qm+a,m+a)Um+a) (al € Q"IZ7)

The function 9.@|U) does not depend on the choice of the representative a
of [a]. The theta zero values are also defined by

(2) Ia(Q)= 3 Qm+a,m+a) (al€ Q|2
The theta zero-value 9.)(@Q) is regarded as the specialization of 9.)(Q|U)

with respect to the replacement of U(d) (b € Q") by 1.
From the definitions (1) and (2) it follows the following formulae:

(3) I QIQV)=Q(L, 1)'U()*9al(QIU) (L€ 2Z7)
(4) QU =9-1aQ V)

(5) I Q1Q(B)U)=Q(b, 6)'U(b)*Ia+(Q | U)

(6) Nl Q) =91l Q)

(7) Iat+51(Q)=Q(b, b) Ia(Q|Q(D)).

The products of Ia(Q|U), Is(Q) ([al,[6] € Q"/Z") can be defined as series in
U and @, hence the polynomial ring Z[{9)(Q|U), 9:(Q)}] is well-defined.

For each subset in Q"/Z" denote by S* the subset in Q" such that S*>Z” and
the image S*/Z" coincides with S. Let us give the abstract definition for
formal theta functions.

DerFiniTION 1. Let # be a positive integer and S be a finite subset in
Q’/Z". Then a formal series ¢(U)= Z]S ImU(m)? is called a jformal theta function
meS*

of type (n; S) with coefficients in a ring A if 2mQ(m, m)" (meS¥) belong to A and
¢(U) satisfies the difference relation:

(8) e(RU)=QL 1)U eU) (e Z).
We mean by M,(n; S) the A module of formal theta functions of type (n; S).

ProrosiTion 1. Let » be a positive integer and S be a finite subset in
Q’/z". Then for any field & it follows

AimM(n ; S)=]~L—S|=n'15|

where HﬁS} be the cardinal of the subset {[6]|#[6] S} and |S| is the cardinal
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of S.

Proof. Let by, ...... , buris) be a system of representatives of inS in
Q" and ZS 2mU(m)? be a formal theta function of type (u; S) with coeffi-
meS*

cients in k. Put
nr|S|
2 AmUm)E= 33 37 An+eaU(n(l+56,)).
meS* i=11eZ"

Then by virtue of the difference relation (8) it follows

3 dnsnalU (n(l45)FQUn(I+5.), B)?
= QUh, By V(R 3 darsaU (148 (ke 27)

Hence
IZZ] In+6)Q(R, B)"Q(I+b,, R)**U(l+h+b,)*"
g
=l§l}na+h+boU(l+h+b,;)z" 1leZzZ).

This means

In(+5)Q(Ry )" Q (R, L+ 6,)2™ = An(t+n+b)

n5:Q(b,, b)) "Q(h+b;, h+b,)" = Anth+b)

(LheZ; 1<i<n"|S|).
Therefore
IEZ;jnamU (n(l+6,))

=2 Q(b, 817" 3 QU+, 14+5,)"U(L+5,)"
Q(b;, b,)" "19[bl](Q“|U")
=2n5.Q(nb, nb,) "+ I Q" |U™)

= Anb,

This means that the partial sums 3} An+s0U(n(I+58,)) (1 <i <n"|S|) belong
1=2Z

to My(n; S). Since I (Q"|U") (1 =<i=n"s) have mutually different terms in
U and they are elements in My(n; S), we conclude that 9 (Q™|U™) (1<i<wn"s)
form a base of M(n; S). This proves Proposition 1.

Lemma 1. For any prime number p

(9) det (9(a'1416+) Q)9 (o 1+6) Q)1 x £ =0 mod p,
where (Ia+1+16*1 Q) I~[a*1+16°U Q) e+ x 11+ 15 the 27 x 2"-matrix of which [a*]x[b*]-element
15 a1+ Q) Iar1+5+1( Q).

The proof of Lemma 1 will be given in the next paragraph.
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ProrosiTioN 2, Let k be a field such that 91o1+1a)(Q | U)Ier141aX Q1 U) ([t HY)
belong to M(2; 2[a)). Then Ic1+al Q| U)9-1e141a) Q1) ([¢*] € H*) form a base of
M(2; 2[al).

Proof. Since dim,M,(2; 2[al)=2", it is sufficient to shows that
e 1+al( @ |U) 9-101+1a @ |U) ([e*] € H*) are linearly independent over k.  From
(7) it follows

e+ Q) I+ 1+16°1( @)
=Q(b*—a, b*—a) e +a1(R | Q(6* —a) I~ +a)(Q | Q(6—a))

This means that 9per+5Q)9-[e1+6+(Q) is the specialization of
Qb*—a, b*—a)? I 1+a(@1U) I-[c1Ha(Q1U) induced by the replacement:
U —Q(b*—a). Hence the relation

det  (Ie1+161Q) I-la1+6+A Q))& x 1+ £ O mod p

implies that Y1+ @|U) 9-1e141a( @ |U) ([e*]1 <€ H*) are linearly independent
over k.

§ 2. Defining equations of canonical elliptic curves.

2.1 The most beautifly explicite expressions of plane cubics are Hessian
canonical forms: X3+X3+X3—3rX, X, X,=0. If =1, the Hesse’s canonical
cubics are non-singular and conversely, for the classical case, any non-singular
plane cubic is projectively transformed to a Hesse’s canonical cubic.

We shall first recall that the projective locus of the formal thetas 9(Q|U),
19[%](Q|U), «9[:31 (Q|U)) 1is a Hese’s canonical plane cubic.

LemMA 2
QP Iy @ )
A(Q)=det (19[,}]@)2, 0@ @) 0 med

In(QY, Iy (@) I (@)

4,@) =det | (@ (@) Ia(@’ | 20 mod p,
g[é](Q)i o), 19[,1,]((»2)a

7(Q)=9(Q) Iy (I Q) +291(@))* 20 mod p,

Sor any prime number p.

Proof. From the expansions
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I Q)=142Q+......
Iy @=Q%1+Q +.....,

it follows

5@ =1+ ...
4,Q)=1+3Q%+......
I0(Q) (@1 =@+ ... 20  mod p,
I Q) +294 (@) =1+......
r(Q=Q%+......

ProrposiTiON 2.  Let K be a field containing ¢(Q) and q be the ideal in
K[ Xqo3, X[%], X[:31 ]] generated by the cubic from

XXy X1~ 7(Q)(Xoor+ Xy + X1y,
Then K[ Xy, X[é], X[%]]/q is canonically isomorphic to K[9(Q|U), 19[%](Q|U),
1()[%](QIU)] by the mapp (Xiop X[%], X[%])—’(s[OJ(QlU), 19[§](Q|U), 19[%](Q|U)).
Proof. By virtue of Lemma 2 (901Q|U)3, 19[%](Q|U)2, 19[-_31](Q|U)3) is a
base of formal theta functions of type (3;[0]). Since the product Ip(Q|U)

I (QIV)I1(QIU) is a formal theta function of type (3; [a]), there exists a
unique system (Ao}, Ay 1[%]) such that

19[0](Q|U)19[_,§](Q|U)19[ ‘](QIU)

3

=200 @ |U)* +Ap419141(Q | U)3+l[:§1.]19[%](0 U
1 / — 1 _l — — —
Replacing U = Q(a )U(a’— = —3—>, we observe that ,z[o]—z[%]—z[%]—r(Q).

2.2 We shall generalize Hessian canonical plane cubics to the elliptic
curves in projective spaces of even dimension.
Putting

(ﬁtauol(Q), By 131(Q) )
Pravi1, (@) Aravg), (31(@)

=( "9[a](Q)[__a](Q)1 3[a+%](Q)"9[_a+%](Q) )
g Q-0 @) Iayg( @9 Q)
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_( II(Q)?, 19[%](Q)2 \7!
19[%](Q)2, 19[0](Q)19[%](Q)

we have the next Lemma:
LemMmA 3. Let [a] be an ¢lement of odd order in Q|Z. Then it follows

e (R @)
det ( Bia of Bray 31 ) £0  mod p
Brail (@) Proey, 1@
Sfor any prime number p.
Proof. Since 4,(Q)#0 mod p, it is sufficient to show that

( 19[4](Q)29 'g[a+%](Q)‘9[u—§](Q) \)
\ Far i@ Ia-y( Q)9 Q)
= 9 (@9, (QF— I,y @920 mod p.

det

From the expansions in @

Q¥+...... for a<%’
9 (@)= s
et 2Q%+...... for a:%

Q(a+a‘g 3+ ...... for :21__4_ a <_é_,

Ia:31(@)=( 2t + ... for =%,
QU9 y . . for %< a é-é—,
QU3 .. for a= 61 <a< ; ,

i —1

g[a_%](Q)z 2Q1+ ...... for a=—6_,

Q(1+a—§)2—|— ...... for p?l—"—a< —61 )

it follows
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Q... for —1 <a<0
a? 1
Q) —Ipauyg(Q)P={ Q¥ +enve. for 0<a <5
oot gy Lol
Q 3 or 3 <a< 9

This means

a1 QNI QP — 90, 1@ % 0 modoyp

for [a] = [—Tl]’ [0], [%] On the other hand

(3[0].[01(@’ By, 111(@) ) _ ( 1 0)
By, (@) B, (@) 0 1

hance we have Lemma.
For the sake of simplicity we mean by the same symbol 7(Q), (@)

By, 15(Q) the images 7(Q)®.1, ﬁ[a],[o](Q)®Zl> Bray, 11 Q)®21 in the tensor product
Z[r(Q), ,B[a]‘[%](Q)]ngF (p), where GF(p) means the prime field of characteristic
P.

TuEOREM 1. Let n be an odd positive integer and K be a field containing y(Q),

1 . .
By o @) By 111(Q) ([a] e —3TZ/Z). Let q be the ideal in KH X

5. -212) ]

generated by the homogeneous elements:

3 3

3
X [01+[b]X[ 11+ X[%‘r]Hbl_ r(Q) (X[01+[b]+ X[%v]+[b1+ X[%‘—]Hbl)’

X [21+[8] X—[a]+[b]_‘3[a], [%](Q) X[b]_‘B [a], [0] (@) X[%]Hb]X—[%]Hb]

(tal, 161 e—31772/z).
Then KI:[X[d]l[a]E —:%—Z/Z}:I/q is isomorphic to K[{QM(QIU)I[a] = %;Z/ZH by
themap X, ~9_(QIU) (lde 5-21Z),

Progf. Let p be the kernel of p in K[[X[a]l[a]e%zw]]. Then by

virtue of Proposition 2 p is a prime ideal such that p,=pNK[X

or Xy A
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is a principal ideal (X ]X[ ]X[_l] (Q)(X +XE%]+ X[“%])) and further more

3
p0=qu[Xm, X[%], X[%]]. Denote by = ] the image of X[a] in the residue algebra

K[{X[all[ale »31n—Z/ZH/pO and by p and q the images of p and q in K[{ z |

[a]
ladle -—Sln—Z/Z ]:I, respectively. We whall divide the proof into the three steps.

Step 1°: Let us first prove p:q

Since 8[a]+[b](Q|U) =Q(b, b) U(b)? QIQ )U), it is sufficient to prove that

9, QIU9_ @IV =p, (@9 QU

8, {QIQII @IV) (ld e —3-212),

The products BIa](QlU)S_[a](QIU) ([a]e%Z/Z) are theta functions of type
(25 [0]) and {9 [OJ(QIU)Z, 8[%](Q]U)8[%](Q]U)} is a base of formal theta functions

. : _ 1 1 1\
of type (2;[0]). Therefore, since ‘9[4 +[%I](QlU)—Q(?, ?> U <T> Stc](Ql

Q <—é—> U), we have a system of constants (2 ) such that

[al.[07 Z[a],[%r]

9, (QI9__(QIU)=1 QU

[a], [O] [01
i 111 @I Q1)

[a]+[ 1 ](Q l U)‘g [a]+[§-](Q ! U) =2[a].[0]8[§-](Q l U)2
i, 13770 @IUIRID)
Putting U(c)=1 (c€ Q), we have =By [o](Q) and 213178, [%](Q),

Since 9 (QIU)=Q(b,b)U ()9 (Q|Q(1)U), we have 9 (QIU) IV,
[a+b] [«] [o+5] [o-5]
QIU)=7(Q) (S[b](QIU)3+ 19[,,+%](QIU)3+ «9[,,43](6? [U)3.
This proves p2q.
Step 2°: We shall next prove that p®KK (ac[0 ? oLy x[%l]) =q®KK(x[0], By x[__sl]),
where K(xm, By x[%]) is the quotient field of K[acm, By x[__;]]. Let s[a] be

. . . 1 - .
the image of 2 _ in the residue algebra K[{xml[a] e -S—n—Z/Z ]]/q. Then it

[2]
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follows
E[a1+[b]E—[a1+[b]=ﬁ[a], [OJ(Q) Ez[b] +‘S[al,[%](Q)E[bl+[%]§[bl~[%v]
1
<[a], (0] e.gzzw).
Since

By ol @ By @ )_ (1 0)

Pt @> Bry, (@) 0 1

the map: (x[ol, 1y x[%]) —y(E[OJ, E[%], E[%]) induceds an isomorphism of

K[z o x[%], x[%]] to K[f[0 ’ E[%], 5[_31]]. Therefore K[& .S[%], 6[%1]] is isomorphic

o7
to K[19[0](Q|U), 19[%](Q|U), 19[:31_](QIU)]. The products of theta functions

9.(Q |U )9_[a](Q |U) and 9

Y |U)9

[a]i[%](QlU) <[a]e %Z/Z) are not zero

and satisfy

9,(QIN9_ (@QIU) =B (@) (QIUP+8, Q9 (QIUI9_ 1, QIV)

e QUM o, QUUI =8, (@), QIU)?

1
+8,, 1@, (QIU)9_(Q1U) (lal e Wz/z)

Hence the elements

2
ﬁ[a]. [OJ(Q) 52[01+‘B[aL[%](Q)‘S[élé—[%]’ ‘B[a]. [OJ(Q) ¢ [%]+B]a1,[%](Q)5[015—[%}

are not zero in K[¢ o E[%], E—[%]]‘ Therefore E[a]E_[a] and E[a] i[%]f_[a] <[4

non-zero elements in K[’g“m, 5[%], {-‘_[%]] and thus E[a] <[a] e % Z/Z) are non

zero divisor in the algebra K[{f[all l[dl ~317Z/Z }] We shall prove that there

exists a system of non-zero elements { f[a] [b]} in the field K(S[O], {-‘[%], {:[:31 ]] such

1
fl[al [ﬂ]E[a]

are

1 L _ h
([a] IS WZ/Z 3 1=1,2,3,...... ) Assume fhm— f Hal [G]E[a]

that ¢

a1
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(1< h=<1) with non-zero elements fh[ 1] in K(E 5[1], £ 1]]

Then it follows:
Chrtar thorta)™ Shiapal ha)—ta)

2

- ‘B[a]. [OJ(Q)Sh[a]Jr‘B[aL [-«'g](Q)Sh[a]i[%]e—h[a]—[—;]

and thus
h-1_ Sh[a]+[;]§h[a] [gls—h[a] 2
S<h+1>[a1f <h-1>[a1.[a]5[a] "<‘3 [a].[ol( )+‘9 ][§]<Q) h[a] el ) H[a), [a]E[a]
-1 Eh[a1+[p;]5h[a] [g]5~hca1 ne1
5<h+1>[a1—f (h~1)[a]<ﬁ[a],[OJ(Q)+‘B[GL[3]( ) £ >§[a]

h[a] —h[a]

This proves E =f <[a]E——Z/Z [=1,2,...... ) Let [a] be a gene-

I[a] [a] [a]

rator of 3—Z/Z. Then, since the theta function s[a](QIU)L is a formal theta
n

function of type (I3 I[al), the theta functions 9 (QIU), 9 (QIUV, ... ,
9,,(QIU)" are linearly independent over K(9 (QIU), 9,,(QIU), 9-1(QIU)).
Hence & ea, ...... , Ea] are linearly independent over K(&M, Sy E_[%])

and the equation X"—f7! =(0 is an irreducible equati ver K(¢ ,
q fn[a] (e ducible equation o (E[o]

6[1 E_

e This means that the algebra K¢ oy 5[ 17 E[ ]) H |[a]l € nZ/Z]:I

[z%])'

is isomorphic to K(.fm, 5[’5, 5[:31])[)"]/()(" f;[a] afn []) and thus isomorphic to

K(9,(Q10) 9,(QIU), 9 @IUN[{9,(QIU)Ila] & - -ZIZ]] This proves

_31‘
POM (@ By 2 =9 K (@, By @)

Step 3°: Let F be any non-zero element in p. Then from Step 2° there

exists a non-zero element H in K[x Pt A 1]] such that HFeq. Therefore,

Gr

if q is a primary ideal belonging to the prime ideal p then the element F itself

belongs to q because pNK [x[O], By x[;l]]=(0). Hence it is sufficient to show
B 3

that the ideal q is a primary ideal belonging to the prime ideal p. Let Sy, be
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the affine (3n+1)-affine space with the system (...... D, S ) of coordinates
and V(p) (resp. V(q)) be the affine variety corresponding to the ideal p (resp. q).
Since p is a prime ideal, it is sufficient to show V(p)>V(q). Let s-; and - be

the linear transformation of San+1 such that "_1(X[e])=X_[c] and a[b](X[c])

- 1 ..
= X[ _ ([b], [c]eWZ/Z) Then 7, and - leave the affine varieties V(p)

and V(q) invariant and the origin (0, ...... , 0) belongs to V(p) and V(q). Let
(cenen. D Mg e ) be any point on V(q) which is different with the origin (0,

...... , 0). Let us prove that belongs to V(p). After the transformation by an
element s, We may assume without loss of generality that 7;[0]#:0 and 77[%]#0,

3 3 3 . . . .
because from y[olp[é]y[%]—r(Q)(17[0]4—77[%]—%7;[%1]) the inequality 77[0]7&0 implies
g0 o 7170

Since

a)? —tay Maslard] | ( Byl ® By (@ ) < oy T )

Nasilfar? o317 —(a1 Proy) @) ey @\ gy Moy

and

B @ Bym(@

de > +# 0,
Pray) 0@ Bravyy, 1@

it follows that ”[a]ﬁ_[a]#o or 1;[%%]77_[“%]#0. For each element [4] we choose

an element [/c;] such that [/a\]z[a] mod %Z/Z and 5[2]5_[2]#0. We shall first

show that th i - 1 i -
ere exist non-zero elements g, .~ in the field K(y;m, Ty 77[?1])

- : 1 - -
such that T = 76 <[a]E§;Z/Z ; 1=1,2,3,...... ) Assume Ty

o~ [/(1\]77;] ([a]e?ln-Z/Z ;s h=1,2,3, ...... R l). Then it follows that for each

31 Z|Z there exist [@’] and [¥’] in 1

element [a] In ——
n 3n

Z|Z such that
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Ay A =
e Na1™ Nataltlia 48T ~(a+a/ Hla+b]

2
=8 [a+a’], IOJ(Q)y’Ua+b’]+ﬁta+a'1,[%](Q)’7[ta+b’+=lr]’7[la+b'-§]
=|:ﬁ (Q)< Ta o] —(ia) )2
[a+a’].[0] 1)[1/‘\2]7]_— [l/;]

2

(@) arvr i1 Mearo 41 oy ],7;@].

+ﬁ L / 2 2
[a+a'1,[%] Ty ailp1a)

From the assumption of the inductive we have

1+1
N\ =0 /\
T ehar™ I a2 ta

with a non-zero element g A CIf it follows
2t g Naer X Tl 0

= Tna’day
]
el Mgl ey U

el \'
[e

— Tnall-fia

Yitar e (

et —tia) a1

= '
Tta1™ Iy a1 ey

The coefficients ¢ are uniquely determined provided 7, 0. Let us

ffa}[a] al-[a]
1

3n
above result means that the map: f

assume that [q] is a generator of Z|Z such that S 0. Then the

st Yot e (I1=1,2,3,...... ) is a speciali-

zation on the specialization (E[o], S[%], 5[%%])_*(’7[01’ Ty 77[:31]) over K. Therefore
the map &=(...... s & )=y Y, e ) is a specialization over

K and thus 5 belongs to V(p). This completes the long proof of Theorem.

§ 3. Proof of the main theorem

3.1 In order to prove the main theorem we shall be first concerned with
product of elliptic case.
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Putting
Ftarh o a) Q1o ooeeee QU . Uy) =i£1119[a,](Qi |U,),
r
It oo\ Qu woereer @) = T19,,(Q)

r
LT N ) X O [c,’])(Ql’ """ » Q)= jl;Ilr[aa],[cg](Qi)

Btash oo las D @er*] oo 6D (R , Q)= iI:IIIS[ai], [c,+](Qi)
(lade @iz, 1a/1ie/1 €212, 1e1={10 [5}).

we shall show the next result.

THEOREM 2. Let G be a subgroup in Q"|Z" such that GO H and [G : H] is odd.
Let K be a field containing yi,n (@1 ... s Q1) Brap1e(@u ceven , Q,) ([@leG;
@] [c'leH; [c*]leHY) and q be the ideal in K[{X,;|laleG}] generated by the

homogeneous elements

— 3
X[a’]+[b] X—[a’]+[b] X]b] [chE HT[.,'], ] (Qusevvee »Qr )X[c’]+[b]
X[a]+[b] X-[a]+[b]_[c+]§ﬂ+ﬁ [al [c*](Ql’ """ Q ')X[b]+[c*] X[b]——[c*]

(al,[6] € G; [a'] € H)

Then the map p : X[a] —>8[a](Q,, ...... , QU e ,U,) ([aleG) induces an isomorphism
of K[{X,,] llaleG}l/a onto K[9 ,(Q ...... ,Q,1Us......, U,)|laleG}].

Proof. Step 1°. Let us first prove Theorem under the assumption that
1

Theorem is valid for the special case 72’/Z " with an odd n. Let n bean

odd positive integer such that Gc—l—nZ'/Z', K’ be the field K([p Q1

3 [a] [c*]
...... , Q,)l[a]e__l__z’/z’, [ele H*]) and § be the ideal in K’[{ X |lale
3n [a]
-Bln—Z '/Z’}] generated by the homogeneous elements:
3
Ko X w100 X0 ™ A2 Tt 11 Q0000 @ ») Xieytsy
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Xiarm X ‘["]"'[b]_[a]%m Braatea (@b oo @) Xy X oy
(tal, 8l —-2z"/z"; ['] € H)
3n

Then it follows that q®.K’ —qu’[{ . l[alEGH. From the assumption the

map p: X[a] —+8a] (Q1, ove.. , Q.U ... , U,) ([a]c—:%Z’/Z’) induces an
a isomorpihism of K’[{ X[ a][[a]ewg—IJZ’IZ'}:l/q and K’[{Qm(Ql, ...... , Q.U

...... R U,)I[a]E%Z’/Z’}], hence the restriction of p on K’[{X[ a]l[a]EG}]

induces an isomorphism of K’ [{X[ all[a]e G}1/q onto K[{S[a](QI, ...... ,Q.1U,
U,)|lal € G}l

Step 2°.  We shall prove Theorem for the case G=—31—Z "IZ". Let p; be

the kernel of the morphlsm 0 K I:{ I[a] e —Z/Z ]] onto K [[8 (Q;1U)]
[a]eg—;Z/Z]] such that pi(X, ) 8 (QiIU ) and p be the kernel of the
morphism p:K[{X[a]l[a]EWZ’/Z'}:I onto K[[s[a](Ql, ...... QU s U |

1 T r —
lale 2|2 }] such that p(X )=9_ (@ wwis QU o U,) (lale

—?’LZ’/Z') Let 2 be the morphism of KI:{X[ a]l[a]e%Z’/ZT}] into

Kl:{ l< i<r; [d e —%Z/Z}] such that a(X )=

and p* be the inverse image of the ideal EK[{ " mll#z ; [ale Z/Z]]p,

......

=X X
(21} -....., [a-]) 1L [41] 7.[e.]

by the morphism 2. Then from the definitions it follows that p* coincides

with p. From the definitions of T [b’](Ql’ ...... , ®,) and 19[ ][*](Ql, ...... , Q)
the ideal q is contained in p, hence it is sufficient to show that qDp=p*.
Since

X X
(@1] e [2,D 7 ([B1]eeennn [8,D

= DAL @Ky popa([oig] o[22

X(-[c,+] ........ —[c,])+([%”l’,. ...... [%]) mod q
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and B, ((Q)=B_(,;(Q:), we may conclude that if {[a],[b:]}={lc:], [d:]}
{(1=<i=<r), it follows

X([az], ------- [a.D X([bd. eeeer D ‘X([q], ....... [e:D X([dxl ....... [4.D mod q

‘This means that q contains the kernel of 2 .

By virtue of Theorem 1 the ideal
p; is generated by

3
Xi e Xi, —te1+0 Xi, 11— [C,E% » e (Q4) Xi ey

Xi. [e3-+[8] Xi, —[a]+B] P ﬁ[a]. [c*](Qi) Xi. —[c*1+{8] Xi. —[e*14+[8]
[e*1={10}. [31}

/ 1 ) 1
([a | 522 [}, 0] eﬂz/z).
Since

r([o], e [0, [@/T [0, oo, [OD) (81T, <oes [b,’])(Ql’ """ 4 Q ") = T[a,’], [bi’](Qi)

B 3 ......,[0}, [@:}. [0, ....... [OD, (Ter*D, o..ooes [t'r"])(Ql’ """ Q) =8 [a: [Cz"](Q")

(181 b1 -212; lade—o-21Z, [el={0L [5])),

) . . r . 1
the image of q by 2 generates the ideal iZ}lK[[ Xl‘[a]llqhz, MEWZ/ZH%
and thus cp*q.  This completes the proof of theorem.

3.2 By virtue of Lemma 2 for any prime number p it follows

3
det ("9([411_’_[,11]’ ....... [a'l_*_b,I])(Ql? ---- ’ QT))HXH
= det (8E41'+"1’] (Ql))%Z/ZX%Z/Z ...... det ("9[ary+b'l](Q 'r)).éZ/ZX%Z/Zio
det  (aieqitor a1+, 7 @ +ooon s Q1) It 14151 o[, 14 15,0D @ oo s Qg

......

=det (9,110, Q0 ey 110 (@) (o) BT b 41}

det (90,1115, Q M 1400, (@ Vi B x gy 2O 0P

Since Ip,1(Q1 ,U,) is the specialization of 9;,(U|Q) over the
replacement Q%=1 (i#j; a=Q). Hence we may conclude that for any prime
p it follows

det (92,,,51(Q)) g %0
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det (19[a"]+[b*](Q)[—a’]+[b+] (Q))H*XH" $ 0 mod p.

Therefore we may put

Tan 1 @ rzser= 109 I 4@ I3y (O s 1t T4y @it
(ﬁ[a], [c*](Q))GX H+ = (8[a]+[c+] (Q)g—[a]-{-[c*] (Q))GXH(‘Q[a"]‘HTb’](Q) "9=[a+]+[bl] (Q) ;;*XH*
Then 7, (@1 vever » Q,) and By Qs veeeee , Q,) are the specializations of

Tta11e1(Q) and B, (@) over the replacement Q%=1 (i#j; a=Q), respectively.

From Lemma 3 for any prime p it follows
det (ﬂ[a]-l-[c*],[d*] (Qb """" > Q"))I-PXH“

=det (ﬁ[aﬂmq. [a*](Ql)){m[%]}x{m[%]} """ det (Bra, 14147, 1a(@ f)){[o],[%]}x{m,[%]}
20 mod p

This means that
det (B0 101 @presrs #0 mod p

and proves Lemma 1 in §1

3.3 Finaly we shall give the proof of the main theorem:
TuEOREM 3. (The main Theorem). Let G be a finite subgroup of odd order in
Q"|Z" such that GDH<=%Z ’/Z’). Let K be a field contaiming 11,1 1(Q)s Bray (@

(lal,[¢'l€ H; [al€ G; [c*le HY) and q be the ideal in the polynomial algebra
K[{ X[,|[aleG}] generated by the homogeneous elements:

— 3
Karm X -t 050 22 1w el @) X

K+t X -taso1™ (32 g Pt e (@) Kooyt Xotergat

((al, [8]€G; [aleH).

Then the map: X7 9a(QIU) ([(aleG) induces an isomorphism of KK{X,,|[aleG}a
and  K[{39,,(QIU)|[al€G}].
proof. Step 1°. Let p be the kernel of the morphism:

X, 9,4(@IU) (d<6).
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Since
3
det (3[a,+b,](Q) s g0, det (3[a++b+](Q)w9[_a++,,+] (@) g0

and

901 @1U)=Q(6,5)U(0) 9,,(Q1Q(B) ),

it follows that {9,4(Q|U)|leleH} and {9,1(QU)|I_[+(Q|U)|[a*]€H*} are
the basis of the modules of theta functions of type (3; [0]) and (2; [0]),

respectively. Hence there exist 2 and g, . such that

a'l[c']

a1 @Iy @I I (QIU) = B A1y iy @IUP =0,

[c'leH

19[a]-l-l.'b](Q‘UM)—-[a]—i-[b](QlU)__-[ Py a1 [c*]g[c*]+[b*](Q‘U) 8—[0*]+[b](Q|U)=0

ctle H*
Putting U=Q(¢/) or U=Q(c*) ([c'leH; [c*]leH*), we have
X 1en™ Tran i Q)
11,101 Brar (@) (@) [¢']€ H [al€G; [c*]le HY).

This proves p>q.

Step 2°. Let k be a subfield in K such that 7, 11 @) By (o4(Q) (@], [']€
H; laleG; [c*]leH*) are transcendental over k& and put Kl:k({r[a’].[c,](Q)’
B o@D and K7 =k{7 ;@ wevees @) By 1o @ ovvs @2))). We denote
by ¢’ and p’ the ideals in K’ [{X[all[a]e G}] such that ¢/=qnNK [{X[a]l[“]e G}
and p'=pnNK" [{X[a]][a]e G}. We mean by q”” and p”’ the ideals in K”[{Xml
[a]leG}] which are the specializations of 9/ and p’ over the replacement Q%=1
(i#j, a=Q). Then by virtue of Theorem 2 we have p”’=q’/. Let q, and p,
be the K’-submodules in q’ and p’ consisting of all the elements of degree #,
respectively. Then it is sufficient to prove p,=q,. Let us denote by qn(=p:)
the K’-submodule of q’/(=y’’) consisting of all the elements of degree ».

Since q”/ is the specialigation of ¢/, it follows

dim,., 9, = dim a7 =dim z,p.

If we denote by g the order of G, then from Proposition 1, Theorem 2 and
Step 1° we have
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g+n—1 . g+n—1 .
gn7=< _dlmKan=< _dlmKqu
n n

n

g+n—1 . g+n—1 .
2( —dim .9, = —dim b, =gn"

n

This means that p,=q, (n=1,2,
of Theorem.
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