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Abstract

We construct the generalized Witt modular Lie superalgebra W̃ of Cartan type. We give a set of generators
for W̃ and show that W̃ is an extension of a subalgebra of W̃ by an ideal J. Finally, we describe the
homogeneous derivations of Z-degree of W̃ and we determine the derivation superalgebra of W̃.
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1. Introduction

The theory of Lie superalgebras over a field of characteristic zero is very well
developed (see, for example, [4, 5, 10]). But the same is not true for modular Lie
superalgebras. For instance, the classification of finite-dimensional simple modular
Lie superalgebras is not yet complete. As far as we know, the (p, 2p)-structure for
modular Lie superalgebras (analogous to p-mappings for modular Lie algebras) was
introduced by Kochetkov and Leites [6]. Later, Petrogradski [9] studied restricted
enveloping algebras for modular Lie superalgebras, and Farnsteiner [2] worked on
Frobenius extensions and restricted modular Lie superalgebras. In 1997, Zhang [13]
constructed four classes of finite-dimensional Cartan type modular Lie superalgebras
X(m, n, t) and studied their simplicity and restrictiveness, where X is one of the
algebras W, S , H or K.

Derivation algebras of Lie algebras play an important role in the study of properties
of Lie algebras such as filtrations and automorphism groups. Celousov [1] and
Petrogradski [9] investigated derivation algebras of Cartan type modular Lie algebras.
Derivation superalgebras of Cartan type modular Lie superalgebras are becoming a
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subject of interest in the structure theory of Lie superalgebras. Due to the prime
characteristic and superstructure of Lie superalgebras, their derivation superalgebras
are harder to determine. Despite this, the derivation superalgebras of W, S , H, K, HO
and KO have been determined (see [3, 7, 8, 12, 15]).

Our work is motivated by the results and methods for Lie algebras and Lie super-
algebras and is based on certain results on modular Lie algebras and Lie superalgebras
of Cartan type (see [11, 14, 15]). The paper is organized as follows. In Section 2,
we construct the finite-dimensional generalized Witt modular Lie superalgebra. In
Section 3, we give a set of generators for W̃ and show that W̃ is not simple; moreover,
we show that W̃ is an extension of a subalgebra of W̃ by the ideal J. In Section 4, we
establish some technical lemmas and determine the derivation superalgebra of W̃.

2. Basics and construction

Throughout this paper, F denotes a field of characteristic p, greater than 2, and
Z2 = {0̄, 1̄} denotes the field of two elements. We use the notation N and N0 to stand
for the sets of positive integers and nonnegative integers, respectively. For n ∈ N and
α = (α1, α2, . . . , αn) ∈ Nn

0 , we define |α| =
∑n

i=1 αi.
Let O(n) denote the divided power algebra with an F-basis {x(α) | α ∈ Nn

0 }. Put
t = (t1, t2, . . . , tn) ∈ Nn

0 and πi = pti − 1, where i = 1, 2, . . . , n. Let

A(t) := {α = (α1, α2, . . . , αn) ∈ Nn
0 | 0 ≤ αi ≤ πi}.

Then
O(n, t) := spanF{x

(α) | α ∈ A(t)}

is a finite-dimensional subalgebra of O(n).
Let Λ(q) denote the Grassmann superalgebra over F in q variables xn+1, xn+2, . . . ,

xr, where r = n + q. In order to shorten the notation for the Grassmann superalgebra,
we put

Bk = {〈i1, i2, . . . , ik〉 | n + 1 ≤ i1 < i2 < · · · < ik ≤ r}

and B(q) =
⋃q

k=0 Bk, where B0 = ∅. When µ = 〈i1, i2, . . . , ik〉 ∈ Bk, we define |µ| = k,
{µ} = {i1, i2, . . . , ik} and xµ = xi1 xi2 · · · xik , where we adopt the conventions that |∅| := 0
and x∅ = 1. Then the set {xµ | µ ∈ B(q)} is an F-basis of Λ(q).

We now fix two positive integers m1 and m2. We write m := m1 + m2, s := r + m1

and s1 := s + m2. Let

Q(m) = F[yr+1, . . . , ys, ys+1, . . . , ys1 ]

be the truncated polynomial algebra such that yp
i = 1 for i = r + 1, . . . , s1. We let

Π = {0, 1, . . . , p − 1} denote the prime subfield of F and write H := Πm. For every
element λ = (λr+1, . . . , λs1 ) ∈ H, we define yλ =

∏s1
r+1 yλi

i . Then Q(m) has an F-basis
{yλ | λ ∈ H}. The tensor product

G := O(n, t) ⊗ Λ(q) ⊗ Q(m)
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is an associative superalgebra with a Z2-gradation induced by the standard Z2-gradation
of Λ(q). For f ∈ O(n, t), g ∈ Λ(q) and h ∈ Q(m), we write f gh for f ⊗ g ⊗ h. Then

{x(α)xµyλ | α ∈ A(t), µ ∈ B(q), λ ∈ H}

is an F-basis for G.
Let E = 〈n + 1, . . . , r〉 and π = (π1, . . . , πn). Clearly, E ∈ B(q) and π ∈ A(t). For

convenience, we write Y0 = {1, . . . , n}, Y1 = {n + 1, . . . , r} and Y2 = {r + 1, . . . , s}. Let
Y = Y0 ∪ Y1 and S = Y ∪ Y2. When i ∈ Y0 and εi = (δi1, δi2, . . . , δin), we abbreviate x(εi)

to xi. When i = r + 1, . . . , s1 and ε̄i = (δi(r+1), δi(r+2), . . . , δis1 ), we abbreviate yε̄i to yi.
Let D1, D2, . . . , Ds be the linear transformations of G such that

Di(x(α)xµyλ) =


x(α−εi)xµyλ if i ∈ Y0,

x(α)∂i(xµ)yλ if i ∈ Y1,

λix(α)xµyλ if i ∈ Y2.

Here ∂i is the derivation of Λ(q) such that ∂i(x j) = δi j for i, j ∈ Y1. Then D1,
D2, . . . , Ds are derivations of the superalgebra G. Let

W̃(n, t, q, m) =

{ s∑
i=1

fiDi

∣∣∣∣ fi ∈G
}
.

For a superalgebra (or a superspace) L = L0̄ ⊕ L1̄, we write h(L) = L0̄ ∪ L1̄ for the
set of all Z2-homogeneous elements of L and write |x| for the Z2-degree of a given
homogeneous element x. It is clear that |Di| = ı̃, where

ı̃ =

0̄ if i ∈ Y0 ∪ Y2,

1̄ if i ∈ Y1.

Set
W̃γ = spanF{x

(α)xµyλDi | |µ| + ı̃ = γ}

for γ ∈ Z2. Then W̃ =
⊕

γ∈Z2
W̃γ. The following formula holds in W̃(n, t, q, m):

[ f Di, gD j] = f Di(g)D j − (−1)| f Di ||gD j |gD j( f )Di (2.1)

for f , g ∈ h(G) and i, j ∈ S . It follows that W̃(n, t, q, m) is a finite-dimensional Lie
superalgebra contained in der G. We abbreviate W̃(n, t, q, m) to W̃ and call W̃ a
generalized Witt modular Lie superalgebra of Cartan type.

Let
Gi = spanF{x

(α)xµyλ | |α| + |µ| = i}.

Then G =
⊕ξ

i=0 Gi is a Z-graded associative superalgebra, where ξ =
∑n

i=1 πi + q. Set

δ( j, Y2) =

1 if j ∈ Y2,

0 if j < Y2.
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Let
W̃i = spanF{x

(α)xµyλD j | j ∈ S , |α| + |µ| + δ( j, Y2) − 1 = i}.

Then W̃ =
⊕ξ

i=−1 W̃i is a Z-graded Lie superalgebra.

L 2.1. Let f ∈G. If Di( f ) = 0 for all i ∈ Y, then f ∈G0.

P. Without loss of generality, we may assume that f has the form f = x(α)xµyλ.
For any i ∈ Y0 ∪ Y1, our assumption forces α = 0 and µ = ∅. Thus, f = yλ ∈G0. �

3. Structure of W̃

L 3.1. Let
M1 = {x(kiεi)D j | i ∈ Y0, j ∈ Y, 0 ≤ ki ≤ πi},

let
M2 = {xlDt | l ∈ Y1, t ∈ Y2}

and let
M = M1 ∪ M2 ∪ W̃−1 ∪ W̃0.

Then W̃ is generated by the set M.

P. Let X be the subalgebra of W̃ generated by M. We proceed in several steps to
show that W̃ = X.

Step 1. We show that xπyλD1 ∈ X. In order to prove the result, we first show that

x(π1ε1+···+πtεt)D1 ∈ X

by induction on t, where t ∈ Y0.

If t = 1, then x(π1ε1)D1 ∈ M1 ⊆ X. Suppose that x(π1ε1+···+πt−1εt−1)D1 ∈ X. We can easily
verify that

x(πtεt)x1D1 = [x(πtεt)D1, x(2ε1)D1] ∈ X.

Moreover, we get

x(π1ε1+···+πtεt)D1 = 1/2[x(π1ε1+···+πt−1εt−1)D1, x(πtεt)x1D1] ∈ X.

The induction is completed and xπD1 ∈ X. Since

x1yλD1 = [yλD1, x(2ε1)D1] ∈ [W̃−1, M1] ⊆ X,

we see that
xπyλD1 = 1/2[xπD1, x1yλD1] ∈ X.

Step 2. We now show that xπxEyλDi ∈ X for i ∈ S . We consider three cases below.
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Case 1. Suppose that i ∈ Y0. We first show that xn+1 · · · xkD1 ∈ X by induction on k,
where k ∈ Y1. If k = n + 1, then xn+1D1 ∈ W̃0 ⊆ X. Suppose that xn+1 · · · xk−1D1 ∈ X.
One can easily verify that

x1xkD1 = [xkD1, x(2ε1)D1] ∈ X.

Moreover,
xn+1 · · · xkD1 = [xn+1 · · · xk−1D1, x1xkD1] ∈ X.

The induction is completed and xED1 ∈ X.
Since

xEyλD1 = [xED1, x1yλD1] ∈ X,

we see that
x1xEyλDi = [xEyλD1, x(2ε1)Di] ∈ X

for any i ∈ Y0. Moreover,

xπxEyλD1 = 1/2[xπD1, x1xEyλD1] ∈ X

and
xπxEyλDi = [xπD1, x1xEyλDi] ∈ X

when i , 1.

Case 2. Suppose that i ∈ Y1. By Case 1, we deduce that

xπxEyλDi = [xπxEyλD1, x1Di] ∈ X.

Case 3. Suppose that i ∈ Y2. Noting that xlDi ∈ M2 for any l ∈ Y1, we deduce from
Case 2 that

xπxEyλDi = [xπxEyλDl, xlDi] ∈ X.

Step 3. We shall show that
x(α)xµyλDi ∈ X

for any i ∈ S by induction on (|π| + |E|) − (|α| + |µ|), which we call t.

Let t = 0. By Step 2, we see that xπxEyλDi ∈ X for any i ∈ S . Let t ≥ 1. Suppose that
the result is true for t − 1. We consider the two cases |α| < |π| and |α| = |π| separately.

If |α| < |π|, then there exists k ∈ Y0 such that x(α+εk)xµyλ ∈G. By our inductive
hypothesis, x(α+εk)xµyλDi ∈ X. Moreover,

x(α)xµyλDi = [Dk, x(α+εk)xµyλDi] ∈ X.

If |α| = |π|, then |µ| < |E| since t ≥ 1. Consequently, there exists k ∈ Y1 such that
xk xµ , 0. By our inductive hypothesis, x(α)xk xµyλDi ∈ X. Moreover,

x(α)xµyλDi = [Dk, x(α)xk xµyλDi] ∈ X.

Hence, W̃ = X and the proof is completed. �
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L 3.2. Let l = |H| = pm and let

∆ =

{ l∑
i=1

aiy
λi

∣∣∣∣ λi ∈ H, ai ∈ F,
l∑

i=1

ai = 0
}
.

Then ∆ is an ideal of Q(m) and Q(m) = ∆ ⊕ F1.

P. Suppose that f =
∑l

i=1 aiyλi ∈ ∆ and g =
∑l

j=1 b jyλ j ∈ Q(m), where ai, b j ∈ F

and λi, λ j ∈ H. Then
∑l

i=1 ai = 0. Write h := f g =
∑l

k=1 ckyλk , where ck ∈ F, λk ∈ H.
Then ( l∑

i=1

aiy
λi

)( l∑
j=1

b jy
λ j

)
=

l∑
k=1

ckyλk

and we conclude that
l∑

i, j=1

aib jy
λi+λ j =

l∑
k=1

ckyλk .

Since yλi+λ j , 0, we see that

l∑
k=1

ck =

l∑
i, j=1

aib j =

( l∑
i=1

ai

)( l∑
j=1

b j

)
= 0.

Hence, h ∈ ∆ and ∆ is an ideal of Q(m).
Let f =

∑l
i=1 aiyλi be any element of Q(m). Then f −

∑l
i=1 ai · 1 ∈ ∆ and we

conclude that Q(m) = ∆ + F1. Clearly, ∆ ∩ F1 = {0}. Hence, Q(m) = ∆ ⊕ F1. �

L 3.3. Let
Γ = spanF{gh | g ∈ O(n, t) ⊗ Λ(q), h ∈ ∆}

and let

J =

{ s∑
i=1

fiDi

∣∣∣∣ fi ∈ Γ, Dik · · · Di2 Di1 ( fi) ∈ Γ ∀ik ∈ S , 1 ≤ k ≤ s
}
.

Then Γ is an ideal of G and J is an ideal of W̃.

P. Let f ∈G. Without loss of generality, we may suppose that f = g′h′, where
g′ ∈ O(n, t) ⊗ Λ(q) and h′ ∈ Q(m). Suppose that gh ∈ Γ, where g ∈ O(n, t) ⊗ Λ(q) and
h ∈ ∆. Then

f (gh) = (g′h′)(gh) = (g′g)(h′h) ∈ Γ

by Lemma 3.2. Similarly, (gh) f ∈ Γ. Thus, Γ is an ideal of G.
Now suppose that A =

∑s
i=1 giDi ∈ W̃ and B =

∑s
j=1 f jD j ∈ J, where gi ∈G, f j ∈ Γ

and Dik · · · Di2 Di1 ( f j) ∈ Γ. By (2.1), we see that

[A, B] =

s∑
i, j=1

giDi( f j)D j −

s∑
i, j=1

(−1)|giDi || f jD j | f jD j(gi)Di.
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By our assumption, Dik · · · Di2 Di1 ( f j) ∈ Γ. Putting k = 1, we deduce that Di( f j) ∈ Γ.
Consequently, giDi( f j) ∈ Γ and f jD j(gi) ∈ Γ. Moreover, we can easily deduce that

Dik · · · Di2 Di1 (giDi( f j)) ∈ Γ, Dik · · · Di2 Di1 ( f jD j(gi)) ∈ Γ

by induction on k. Hence, J is an ideal of W̃. �

Suppose that

X =

{ s∑
i=1

giDi

∣∣∣∣ gi ∈G, ∃k ∈ {1, . . . , s} such that ik ∈ S and Dik · · · Di2 Di1 (gi) < Γ

}
.

It may be verified that X is a subalgebra of W̃. In particular,{ s∑
i=1

giDi

∣∣∣∣ gi ∈ O(n, t) ⊗ Λ(q)
}

is a subalgebra of X.

T 3.4. The algebra W̃ is an extension of a subalgebra X by the ideal J.

P. Let
∑s

i=1 fiDi be any element of W̃, where fi ∈G. Without loss of generality,
we may suppose that fi = gihi, where gi ∈ O(n, t) ⊗ Λ(q) and hi ∈ Q(m). It follows by
Lemma 3.2 that

fi = gi(h′i + ai1) = gih
′
i + aigi,

where h′i ∈ ∆, ai ∈ F. Thus,

s∑
i=1

fiDi =

s∑
i=1

(gih
′
i)Di +

s∑
i=1

(aigi)Di

=
∑

Dik ···Di2 Di1 (gih′i )∈Γ

(gih
′
i)Di +

∑
Dik ···Di2 Di1 (gih′i )<Γ

(gih
′
i)Di +

s∑
i=1

(aigi)Di

∈ J + X.

It is clear that X ∩ J = {0}. By Lemma 3.3, W̃ is an extension of X by J. �

4. Derivation superalgebra of W̃

Let L =
⊕

i∈Z Li be a Z-graded superalgebra. Let x ∈ L. If there exists i ∈ Z
such that x ∈ Li, then we call x a Z-homogeneous element and i the Z-degree of x.
As usual, the derivation superalgebra of W̃ is a Z-graded Lie superalgebra, that is,
der W̃ =

⊕
t∈J dert W̃, where

dert W̃ := {ϕ ∈ der W̃ | ϕ(W̃i) ⊂ W̃t+i}, J = {−ξ − 1, −ξ, . . . , ξ, ξ + 1}.
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Set

τ(i) =

πi if i ∈ Y0,

1 if i ∈ Y1.

Define a linear mapping ρi : G→G such that

ρi(x(α)xµyλ) =


x(α+εi)xµyλ if i ∈ Y0 and α + εi ∈ A(t),
x(α)xixµyλ if i ∈ Y1,

λ−1
i x(α)xµyλ if i ∈ Y2 and λi , 0.

We use the convention that ρi(x(α)xµyλ) = 0 for α + εi < A(t) or λi = 0.

D 4.1. An element f of G is said to be of Di-type if Dτ(i)
i ( f ) = 0 for i ∈ Y and

Dp−1
i ( f ) = f for i ∈ Y2.

L 4.2. Suppose that f ∈G.

(i) If i ∈ Y2, then f is of Di-type if and only if λp−1
i = 1.

(ii) Di( f ) is of Di-type for any i ∈ S .

P. Part (i) is obvious.
We now consider part (ii). For i ∈ Y , it is clear that

Dτ(i)
i (Di( f )) = Dτ(i)+1

i ( f ) = 0.

For i ∈ Y2, we may assume that f = x(α)xµyλ. Since λp
i = λi, we see that

Dp−1
i (Di( f )) = Dp

i ( f ) = λ
p
i x(α)xµyλ = λix

(α)xµyλ = Di( f ).

Hence, Di( f ) is of Di-type. �

L 4.3. Suppose that i, j ∈ S and i , j. Then:

(i) if f ∈G is of Di-type, then Diρi( f ) = f ;
(ii) we have the equality

Diρ j = (−1)ı̃ ̃ρ jDi.

P. To prove (i), suppose that i ∈ Y2 and f = x(α)xµyλ. Since f is of Di-type, we
deduce from Lemma 4.2(i) that λi , 0. Thus,

Diρi( f ) = Di(λ−1
i x(α)xµyλ) = x(α)xµyλ = f .

The remaining cases where i ∈ Y0 ∪ Y1 are similar.
Part (ii) is obvious. �

L 4.4. Let ft1 , ft2 , . . . , ftk ∈G, where t1, t2, . . . , tk ∈ S . If ft1 , ft2 , . . . , ftk are of
Di-type and Di( f j) = (−1)ı̃ ̃D j( fi) for any i, j ∈ {t1, t2, . . . , tk}, there exists f ∈G such
that Di( f ) = fi for all i = t1, t2, . . . , tk.
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P. We use induction on k. Let k = 1 and f = ρt1 ( ft1 ). It follows from Lemma 4.3(i)
that Dt1 ( f ) = Dt1ρt1 ( ft1 ) = ft1 .

Suppose that there exists g ∈G such that Di(g) = fi whenever i = t1, t2, . . ., tk−1. Let
f = g + ρtk ( ftk − Dtk (g)). By our inductive hypothesis and Lemma 4.3(ii), we deduce
that

Di( f ) = Di(g) + Diρtk ( ftk − Dtk (g))

= fi + (−1)t̃k ı̃ρtk (Di( ftk ) − DiDtk (g))

= fi + (−1)t̃k ı̃ρtk ((−1)t̃k ı̃Dtk ( fi) − (−1)t̃k ı̃Dtk Di(g))

= fi.

We have to show that Dtk ( f ) = ftk . By Lemma 4.2(ii), Dtk (g) is of Dtk -type.
Consequently, ftk − Dtk (g) is also of Dtk -type. By Lemma 4.3(i),

Dtk ( f ) = Dtk (g) + Dtkρtk ( ftk − Dtk (g)) = Dtk (g) + ( ftk − Dtk (g)) = ftk

and our result follows. �

L 4.5. We have C(W̃) = 0, where C(W̃) denotes the center of W̃.

P. Let D ∈C(W̃) and write D =
∑s

k=1 fkDk, where fk ∈G. For any i ∈ S ,

[D, Di] =

[ s∑
k=1

fkDk, Di

]
= −(−1)| fkDk |ı̃

s∑
k=1

Di( fk)Dk = 0.

This implies that Di( fk) = 0 for all i ∈ S .
Moreover, by Lemma 2.1, we see that fk ∈G0 for all k ∈ S . For j ∈ Y and t ∈ Y2, m ∈

Y0, one calculates

[D, x jD j + ytDm] =

[ s∑
k=1

fkDk, x jD j + ytDm

]
= f jD j + ftytDm = 0.

It follows that f j = ft = 0 and D = 0. �

L 4.6. Let L be a centerless Lie superalgebra. Let ϕ ∈ h(der L), x ∈ L0̄ and
x1 ∈ L. If there exists k ≥ 1 such that (ad x)pk

= ad x1, then ϕ(x1) = (ad x)pk−1ϕ(x).

P. The proof is similar to that of [11, Lemma 8.1, p. 191]. �

L 4.7. Let ϕ ∈ h(dert W̃), where t ∈ J and t ≥ 0. Then there exists A ∈ W̃t such
that ϕ(Di) = ad A(Di) for all i ∈ S .

P. Let ϕ(Di) =
∑s

k=1 fkiDk, where fki ∈G. This implies that |ϕ| + ı̃ = | fki| + k̃.
Since [Di, D j] = 0 for any j ∈ S , we see that[ s∑

k=1

fkiDk, D j

]
+ (−1)|ϕ|ı̃

[
Di,

s∑
k=1

fk jDk

]
= 0.
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It follows that
s∑

k=1

[(−1)|ϕ|ı̃Di( fk j) − (−1)(| fki |+k̃) ̃D j( fki)]Dk = 0.

Since |ϕ| + ı̃ = | fki| + k̃, we see that

Di((−1)|ϕ| ̃ fk j) = (−1)ı̃ ̃D j((−1)|ϕ|ı̃ fki). (4.1)

For our purposes, it is enough to suppose that fki is of Di-type. We treat the three
possible cases separately.

Case 1. Suppose that i ∈ Y0. Since (ad Di)πi+1 = 0, we deduce from Lemma 4.6
that (ad Di)πi (ϕ(Di)) = 0. This implies that (ad Di)πi (

∑s
k=1 fkiDk) = 0. It follows that

Dπi
i ( fki) = 0.

Case 2. Suppose that i ∈ Y1. Putting j = i in (4.1) enables us to deduce that Di( fki) = 0.

Case 3. Suppose that i ∈ Y2. Since λp
i = λi, we see that

(ad Di)p(x(α)xuyλD j) = λ
p
i x(α)xuyλD j = λix

(α)xuyλD j = ad Di(x(α)xuyλD j).

It follows that
(ad Di)p−1(ϕ(Di)) = ϕ(Di)

by Lemma 4.6. Consequently,

(ad Di)p−1
( s∑

k=1

fkiDk

)
=

s∑
k=1

Dp−1
i ( fki)Dk =

s∑
k=1

fkiDk.

This implies that Dp−1
i ( fki) = fki. Hence, fki is of Di-type for all k, i ∈ S .

Equation (4.1) shows that {(−1)|ϕ|ı̃ fki | i ∈ S } satisfies the conditions of Lemma 4.4.
Thus, there exists gk ∈G such that Di(gk) = (−1)|ϕ|ı̃ fki. This implies that ı̃ + |gk| = | fki|.
Note that |ϕ| = |gk| + k̃. Write

B := −
s∑

k=1

gkDk ∈ W̃.

One deduces that

[B, Di] =

s∑
k=1

(−1)(|gk |+k̃)ı̃Di(gk)Dk =

s∑
k=1

(−1)|ϕ|ı̃Di(gk)Dk =

s∑
k=1

fkiDk = ϕ(Di).

Since W̃ is Z-graded, we may suppose that B =
∑ξ

l=−1 Bl, where Bl ∈ W̃l. It follows
that ϕ(Di) = [Bt, Di]. Thereby, we find A = Bt ∈ W̃t such that ϕ(Di) = ad A(Di) for
i ∈ S . �
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Write
Θ := Q(m)m2 = Q(m) × Q(m) × · · · × Q(m).

For
θ = (hs+1(y), hs+2(y), . . . , hs1 (y)) ∈ Θ,

define

θ̃ : H −→ Q(m), λ 7−→

s1∑
j=s+1

λ jh j(y).

For λ, η ∈ H, we are able to verify that

θ̃(λ + η) = θ̃(λ) + θ̃(η).

For θ ∈ Θ, define a linear mapping Dθ : W̃ −→ W̃ such that

Dθ(x(α)xµyλDi) = θ̃(λ)x(α)xµyλDi ∀i ∈ S .

L 4.8. For any θ ∈ Θ, we have Dθ ∈ der0̄(W̃).

P. For i ∈ Y0 and k ∈ Y2, a direct computation shows that

[x(α)xµyλDi, x(β)xνyηDk] = x(α)xµxνyη[yλDi, x(β)Dk].

Consequently,

Dθ[x(α)xµyλDi, x(β)xνyηDk]

= Dθ(x(α)xµxνyηyλDi(x(β))Dk − x(α)xµxνyηx(β)Dk(yλ)Di)

= Dθ(x(α)xµxνyλ+ηDi(x(β))Dk) − Dθ(λk x(α)x(β)xµxνyλ+ηDi)

= θ̃(λ + η)x(α)xµxνyη(yλDi(x(β))Dk − x(β)Dk(yλ)Di)

= (θ̃(λ) + θ̃(η))x(α)xµxνyη[yλDi, x(β)Dk]

= (θ̃(λ) + θ̃(η))[x(α)xµyλDi, x(β)xνyηDk]

= [Dθ(x(α)xµyλDi), x(β)xνyηDk] + [x(α)xµyλDi, Dθ(x(β)xνyηDk)].

Hence, we conclude that Dθ ∈ der0̄(W̃). The argument for the remaining cases is
similar. �

L 4.9. Let ϕ ∈ h(der W̃). If ϕ(D j) = 0 for all j ∈ S , then there exists θ ∈ Θ such
that ϕ(yλDi) = Dθ(yλDi) for any λ ∈ H and i ∈ Y.

P. We proceed in several steps.

Step 1. Let ϕ(yλDi) =
∑s

k=1 gkiλDk, where gkiλ ∈G. Since [D j, yλDi] = 0 for j ∈ Y , we
see that

[ϕ(D j), yλDi] + (−1)|ϕ| ̃[D j, ϕ(yλDi)] = 0.

Consequently, it follows by our assumption that ϕ(D j) = 0 that

[D j, ϕ(yλDi)] =

[
D j,

s∑
k=1

gkiλDk

]
=

s∑
k=1

D j(gkiλ)Dk = 0.

We now deduce from Lemma 2.1 that gkiλ ∈G0 for all k ∈ S .
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Step 2. Let ϕ(xiDi) =
∑s

k=1 akDk, where ak ∈G. Since [Di, xiDi] = Di, we see that

[
Di,

s∑
k=1

akDk

]
=

s∑
k=1

Di(ak)Dk = 0.

This means that ak ∈G0 by Lemma 2.1.
Since [yλDi, xiDi] = yλDi, we deduce that[ s∑

k=1

gkiλDk, xiDi

]
+ (−1)|ϕ|ı̃

[
yλDi,

s∑
k=1

akDk

]
=

s∑
k=1

gkiλDk.

This implies that

giiλDi −
∑
k∈Y2

(−1)|ϕ|ı̃akDk(yλ)Di =

s∑
k=1

gkiλDk.

It follows that gkiλ = 0 for all k ∈ S \ {i} and ϕ(yλDi) = giiλDi. We abbreviate giiλ to giλ.
Set hiλ(y) = giλy−λ. Then

ϕ(yλDi) = giλDi = hiλ(y)yλDi.

Step 3. We claim that
hiλ(y) + h jη(y) = h j(λ+η)(y)

for any λ, η ∈ H and i, j ∈ Y .
Suppose that ϕ(xiyηD j) =

∑s
k=1 fkDk, where fk ∈G. Since [Di, xiyηD j] = yηD j, we

deduce that

(−1)|ϕ|ı̃
[
Di,

s∑
k=1

fkDk

]
= (−1)|ϕ|ı̃

s∑
k=1

Di( fk)Dk = h jη(y)yηD j.

This implies that Di( fk) = 0 for all k ∈ S \ { j} and Di( f j) = (−1)|ϕ|ı̃h jη(y)yη. Therefore,
we may assume that f j = (−1)|ϕ|ı̃h jη(y)yηxi + g j, where g j ∈G and Di(g j) = 0. Since
[yλDi, xiyηD j] = yλ+ηD j, we deduce that

[hiλ(y)yλDi, xiy
ηD j] + (−1)|ϕ|ı̃

[
yλDi,

s∑
k=1

fkDk

]
= [hiλ(y)yλDi, xiy

ηD j] + (−1)|ϕ|ı̃
[
yλDi, (−1)|ϕ|ı̃h jη(y)yηxiD j + g jD j +

∑
k, j

fkDk

]
= hiλ(y)yλ+ηD j + h jη(y)yλ+ηD j −

∑
k∈Y2

(−1)(|ϕ|+| fkDk |)ı̃ fkDk(yλ)Di

= h j(λ+η)(y)y(λ+η)D j.
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In the following, we consider the two cases where i , j and i = j separately. If i , j,
then the assertion is obvious. Moreover, we deduce that∑

k∈Y2

(−1)(|ϕ|+| fkDk |)ı̃ fkDk(yλ) = 0.

Hence, if i = j, then the equality hiλ(y) + h jη(y) = h j(λ+η)(y) also holds. We have
established our claim.

Step 4. Since λ, η, i, j have been chosen randomly,

hiλ(y) + h jλ(y) = h j(2λ)(y) = h jλ(y) + h jλ(y).

We deduce that hiλ(y) = h jλ(y). We write hiλ(y) for hλ(y) for any i ∈ Y . Then ϕ(yλDi) =

hλ(y)yλDi. By Step 3, hλ(y) + hη(y) = hλ+η(y). In particular,

hε̄k (y) + hε̄k (y) = h2ε̄k (y) = 2hε̄k (y), h2ε̄k (y) + hε̄k (y) = h3ε̄k (y) = 3hε̄k (y).

Moreover, we see that hcε̄k (y) = chε̄k (y) for any c ∈ Π and k = r + 1, . . . , s1. We
abbreviate hε̄k (y) by hk(y).

Step 5. We now complete the proof. Set

H1 = {λ ∈ H | λk = 0 ∀k = s + 1, s + 2, . . . , s1}

and
H2 = {λ ∈ H | λk = 0 ∀k ∈ Y2}.

For any λ ∈ H, we can find λ
′

∈ H1 and λ
′′

∈ H2 such that λ = λ
′

+ λ
′′

.
Suppose that λt is the first number of λ

′′

which is not equal to 0, where t is one of
s + 1, . . . , s1. Then

hλ(y) = hλ′+λ′′ (y) = hλ′ (y) + hλ′′ (y)

= hλ′ (y) + hλt ε̄t+···+λs1 ε̄s1
(y)

= hλ′ (y) + λtht(y) + · · · + λs1 hs1 (y)

= λs+1hs+1(y) + · · · + λt(λ−1
t hλ′ (y) + ht(y)) + · · · + λs1 hs1 (y).

Set
θ = (hs+1(y), . . . , λ−1

t hλ′ (y) + ht(y), ht+1(y), . . . , hs1 (y)).

Then θ ∈ Θ and
ϕ(yλDi) = hλ(y)yλDi = θ̃(λ)yλDi = Dθ(yλDi).

This completes the proof. �

L 4.10. Let A ∈ W̃. If [Di, A] = [y jDt, A] = 0 for all i ∈ Y, t ∈ Y1 and j ∈ Y2, then
A ∈ W̃−1.
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P. Suppose that A =
∑s

k=1 fkDk, where fk ∈G. Then

[Di, A] =

[
Di,

s∑
k=1

fkDk

]
=

s∑
k=1

Di( fk)Dk = 0

and we conclude that Di( fk) = 0. By Lemma 2.1, this shows that fk ∈G0 for all k ∈ S .
Since [y jDt, A] = [y jDt,

∑s
k=1 fkDk] = 0, it follows that f jy jDt = 0. This shows that

f j = 0 for all j ∈ Y2, whence A =
∑r

k=1 fkDk ∈ W̃−1. �

L 4.11. Let ϕ ∈ h(dert W̃), where t ∈ J. Suppose that k ≥ −1 and ϕ(W̃ j) = 0,
where j = −1, 0, . . . , k. If k + t ≥ −1, then ϕ = 0.

P. We let l ≥ k and show that ϕ(W̃l) = 0 by induction on l. By our assumption that
ϕ(W̃ j) = 0, it will then follow that ϕ(W̃k) = 0.

Suppose that l > k and ϕ(W̃l−1) = 0. Lemma 4.10 allows us to deduce that

ϕ(A) ∈ W̃−1 ∩ W̃l+t = 0,

since [Di, A] ∈ W̃l−1 for any A ∈ W̃l and i ∈ Y and [yhDν, A] ∈ W̃l−1 for any h ∈ Y2

and ν ∈ Y1, while ϕ(Di) = ϕ(yhDν) = 0. Hence, ϕ(W̃l) = 0 and we may conclude that
ϕ = 0. �

P 4.12. Let ϕ ∈ h(dert W̃), where t ∈ J and t ≥ 0. Then there exist A ∈ W̃t

and θ ∈ Θ such that ϕ = ad A + Dθ.

P. By Lemma 4.7, there exists A ∈ W̃t such that ϕ(Di) = ad A(Di) for all i ∈ S .
Thus, we may find θ ∈ Θ such that (ϕ − ad A − Dθ)(yλD j) = 0 for any λ ∈ H and
j ∈ Y by Lemma 4.9. This allows us to deduce that (ϕ − ad A − Dθ)(W̃−1) = 0 and
ϕ = ad A + Dθ by Lemma 4.11. �

R 4.13. It is possible to add the following conclusions to Proposition 4.12. If
ϕ ∈ (der0 W̃)0̄, then there exist A ∈ W̃t and θ ∈ Θ such that ϕ = ad A + Dθ. Otherwise
there exists A ∈ W̃t such that ϕ = ad A.

P 4.14. Let Ω = {Dθ | θ ∈ Θ}. Then the following statements hold.

(i) The space Ω is a subspace of der W̃.
(ii) The intersection ad W̃ ∩Ω = {0}.

P. We first prove (i). Since Q(m) is a linear space over F, we see that Θ = Q(m)m2

is also a linear space over F. Suppose that

θ = (hs+1(y), . . . , hs1 (y)), η = (gs+1(y), . . . , gs1 (y))

for any θ, η ∈ Θ. Then

θ + η = (hs+1(y) + gs+1(y), . . . , hs1 (y) + gs1 (y)).
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For λ ∈ H,

θ̃(λ) + η̃(λ) =

s1∑
j=s+1

λ jh j(y) +

s1∑
j=s+1

λ jg j(y)

=

s1∑
j=s+1

λ j(h j(y) + g j(y)) = (θ + η)˜(λ).

We deduce that

(Dθ + Dη)(x(α)xµyλDi) = θ̃(λ)x(α)xµyλDi + η̃(λ)x(α)xµyλDi

= (θ + η)˜(λ)x(α)xµyλDi

= Dθ+η(x(α)xµyλDi)

and we conclude that Dθ + Dη = Dθ+η ∈Ω. Similarly, kDθ = Dkθ ∈Ω for any k ∈ F.
Thus, Ω is a subspace of der W̃.

To prove (ii), let X be an arbitrary element of ad W̃ ∩Ω. Then there exist
B =

∑s
k=1 fkDk ∈ W̃ and θ ∈ Θ such that X = ad B = Dθ. Consequently,

ad B(D j) =

[ s∑
k=1

fkDk, D j

]
=

s∑
k=1

(−1) ̃| fkDk |D j( fk)Dk = Dθ(D j) = 0

for all j ∈ Y . Lemma 2.1 shows that fk ∈G0 for all k ∈ S . Since B ∈ W̃0̄ by Lemma 4.8,
we may assume that

B =

n∑
k=1

fkDk +

s∑
k′=r+1

fk′Dk′ .

Thus,
ad B(xiDi + ytD j) = fiDi + ftytD j = Dθ(xiDi + ytD j) = 0

for any i ∈ Y0, j ∈ Y1, t ∈ Y2. This implies that fi = ft = 0, whence X = ad B = 0. The
proof is now complete. �

P 4.15. We have the equality of sets der−1 W̃ = ad W̃−1.

P. Let ϕ ∈ h(der−1 W̃). We see that

W̃0 = spanF{xiD j, xiDi, xiy
λD j, xiy

λDi, yλDl | λ ∈ H, i, j ∈ Y, i , j, l ∈ Y2}.

Clearly, ad W̃−1 ⊆ der−1 W̃. It remains to show that ad W̃−1 ⊇ der−1 W̃. We proceed in
several steps.

Step 1. Let ϕ(xiD j) =
∑r

k=1 akDk and ϕ(xhDl) =
∑r

k=1 bkDk for any h, l ∈ Y \ {i, j},
where ak, bk ∈G0. Since [xiD j, xhDl] = 0, we see that[ r∑

k=1

akDk, xhDl

]
+ (−1)|ϕ|(ı̃+ ̃)

[
xiD j,

r∑
k=1

bkDk

]
= 0.
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It follows that ahDl − (−1)(ı̃+ ̃)(|ϕ|+ı̃)biD j = 0. This means that ah = 0 for every h ∈
Y \ {i, j}. Hence, ϕ(xiD j) = aiDi + a jD j.

Moreover, we may suppose that ϕ(xiDh) = ciDi + chDh and ϕ(xhD j) = dhDh + d jD j,
where ci, ch, dh, d j ∈G0. Since [xiDh, xhD j] = xiD j, we see that

[ciDi + chDh, xhD j] + (−1)|ϕ|(ı̃+h̃)[xiDh, dhDh + d jD j] = aiDi + a jD j.

It follows that ai = 0 and ϕ(xiD j) = a jD j.
In particular, suppose that ϕ(xiDi+1) = hiDi+1 for i = 1, . . . , r − 1 and ϕ(xrD1) =

hrD1, where hk ∈G0 for k = 1, . . . , r. Let ψ = ϕ −
∑r

k=1 ad(hkDk). Then

ψ(xiDi+1) = ϕ(xiDi+1) −
r∑

k=1

ad(hkDk)(xiDi+1) = hiDi+1 − hiDi+1 = 0

and ψ(xrD1) = 0. In the following steps, we shall prove that ψ(W̃0) = 0.

Step 2. We claim that ψ(xiD j) = 0. Indeed, if i < j, then by Step 1 we have

ψ(xiDi+2) = ψ([xiDi+1, xi+1Di+2]) = 0

and it follows that ψ(xiD j) = 0. If i > j, then

ψ(xr−1D1) = ψ([xr−1Dr, xrD1]) = 0.

It follows that ψ(xiD1) = 0. Consequently, ψ(xiD2) = ψ([xiD1, x1D2]) = 0 and it
follows that ψ(xiD j) = 0, establishing our claim.

Step 3. We claim that ψ(xiDi) = 0. Suppose that ψ(xiDi) =
∑r

k=1 ekDk, where ek ∈G0.
Since [xiDi, x jD j+1] = 0 for any j ∈ Y \ {i − 1, i, r}, we see that

[ r∑
k=1

ekDk, x jD j+1

]
= e jD j+1 = 0.

This implies that e j = 0. It follows that

ψ(xiDi) = ei−1Di−1 + eiDi + erDr.

Let i ∈ Y \ {1, r}. By applying ψ to

[xiDi, xiDi+1] = xiDi+1, [xiDi, xi−1Di] = −xi−1Di, [xiDi, xrD1] = 0,

we deduce that ei = ei−1 = er = 0. Hence, ψ(xiDi) = 0 for any i ∈ Y \ {i, r}. We can
similarly verify that ψ(x1D1) = ψ(xrDr) = 0 and we have established our claim.
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Step 4. We claim that ψ(xiyλD j) = 0. Suppose that ψ(xiyλD j) =
∑r

k=1 fkDk, where
fk ∈G0. Now Steps 2 and 3 imply that ψ(xhDl) = 0. Since also [xiyλD j, xhDl] = 0
for h, l ∈ Y with h , j and l , i, we deduce that[ r∑

k=1

fkDk, xhDl

]
= fhDl = 0.

It follows that fh = 0 and ψ(xiyλD j) = f jD j. Since [xiDi, xiyλD j] = xiyλD j, we see that
0 = [xiDi, f jD j] = f jD j by Step 3. It follows that f j = 0 and ψ(xiyλD j) = 0, establishing
our claim.

Step 5. We claim that ψ(xiyλDi) = 0. Suppose that ψ(xiyλDi) =
∑r

k=1 gkDk, where
gk ∈G0. Since [xiyλDi, x jD j] = 0 for any j ∈ Y \ {i}, we see that[ r∑

k=1

gkDk, x jD j

]
= g jD j = 0.

It follows that g j = 0 and ψ(xiyλDi) = giDi. Since

[xiy
λDi, xiD j] = xiy

λD j,

we deduce that
[giDi, xiD j] = giD j = 0.

It follows that gi = 0 and ψ(xiyλDi) = 0, establishing our claim.

Step 6. To complete the proof, we first show that ψ(yλDl) = 0. Let ψ(yλDl) =∑r
k=1 a′kDk, where a′k ∈G0. Since ψ(xiy−λDi) = 0 for any i ∈ Y by Step 5, we may

apply ψ to
[yλDl, xiy

−λDi] = −λlxiDi

to deduce that [
∑r

k=1 a′kDk, xiy−λDi] = 0. It follows that a′i = 0 and ψ(yλDl) = 0. From
the discussion above, we conclude that ψ(W̃0) = 0. Thus, ψ = 0 by Lemma 4.11 and
der−1 W̃ = ad W̃−1. �

We can use a similar method to that used to prove [15, Propositions 3 and 4] to
deduce the following proposition.

P 4.16. Let t ∈ J and t > 1. If there is no k ∈ N such that t = pk, then
der−t W̃ = 0. If there exists k ∈ N such that t = pk, then

der−t W̃ = SpanG0
{ad Dt

i | i ∈ Y0}.

T 4.17. We have the equality

der W̃ = ad W̃ ⊕Ω ⊕ SpanG0
{(ad Di)pki

| i ∈ Y0, 1 ≤ ki < ti}.

P. This is a direct consequence of Propositions 4.12, 4.14, 4.15 and 4.16. �
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