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A PROBLEM OF COMPLETE INTERSECTIONS

LORENZO ROBBIANO

Let X be a non-singular projective surface in P\ (k an algebraically
closed field of characteristic 0) and C an irreducible curve, which is a
set-theoretically complete intersection in X is it true that C is actually
a complete intersection in X ?

In this paper we give a positive answer even in a more general
hypothesis.

We note that a similar question does not arise for a variety X with
dim X ψ 2. In fact Lefschetz theorem says that, if X is a non-singular
projective variety which is a complete intersection in Pξ and such that
dim X > 3, any positive divisor on X is a complete intersection in X.

On the other hand, if X is a non-singular conic in P\ and P SL point
on X, then P is a set-theoretically complete intersection but not a com-
plete intersection in X.

As to the surfaces, it is a well known fact that on a "general"
surface of degree > 4 in P | any curve is a complete intersection, but
there are surfaces whose Picard group is different from Z (e.g. non-
singular quadric and cubic surfaces) (see [4]).

Nevertheless no example is known of an irreducible curve on a non-
singular surface in P\, which is a set-theoretically complete intersection
in X, but not a complete intersection in X (see [1]), and in fact we are
going to prove that such an example cannot exist.

For this we make use of the techniques developed by Grothendieck
to prove Lef schetz theorem (see [2] and [3]).

We now state the following

THEOREM. Let k be an algebraically closed field of characteristic 0
and let X c Pf be a non-singular projective surface, which is a complete
intersection. If C is an irreducible curve on X, which is a set-theoreti-
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cally complete intersection in Z, then C is actually a complete intersec-
tion in X.

Proof. We shall give the proof in several steps.

Step 1. Pic (PN) ~ Pic (A), where PN stands for Pξ and P» denotes
the formal completion of PN along Z.
The proof is in [3] Ch. IV (essentially Th. 1.5 and Th. 3.1).

Step 2. Z is protectively normal.
The proof is in [6] n. 77, 78, p. 272-273.

Step 3. Pic (Z) is a finitely generated group.
Indeed H\X, Θx) = 0 (see [6] n. 78 p. 273-274), hence Pic0 (Z) is just a
point and, calling NS(X) the Neron-Severi group of Z, we get Pic (Z)
= NS(X) which is finitely generated by classical results.

Step 4. Pic (Z) is torsion-free, hence by step 3 Pic (Z) is a finitely
generated free group.
Let y be the sheaf of ideals defining Z and call Xn the scheme
(X,ΘpNIZrn). We can use the exact sequences

where * denotes the multiplicative group of units and the first map sends
x to 1 + x (for more details see [3] Ch. 4 p. 179 and [2] Exp II p. 124).
We get long exact sequences

. TJl(pN dfn-l IόfnΛ PicΓ Z ) ^n ~O\n (Ύ \

But ern-ι\J"a ~ 0 Φz(mύ for suitable integers ra* (see [3] proof of

coroll. 3.1. p. 180). Hence H\PN, Fn~ιI J"») = Hι(X,^n-ι/^rn) ^ 0 (see [6]

n. 78 p. 273-274).

On the other hand H\PN, zrn~ι j J~n) is a vector space over a field of

characteristic 0, hence torsion-free. If Tn denotes the torsion subgroup

of Pic (ZJ and T = T19 we get Tn = Tn_x = . . . = T. Hence T =

Tors (lim Pic (ZJ) = Tors Pic (A) = Tors Pic (PN) = 0.

Step 5. lim Pic (ZJ - Pic (ZWo) for nQ > 0 .

From the proof of step 4 we get that Pic (ZJ - Zpn(pn = rank (Pic (Xn))),

the canonical map Pic (ZJ -^> Pic (Xn-i) is injective, and coker'ψn is

torsion-free. Hence via φn Pic (Xn) is a direct factor subgroup of

Pic (Xn-i) and therefore φn must be an isomorphism for n large.
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Step 6. [ΘΣ(Ϊ)\ belongs to a basis of the free group Pic (Z).
If Se is an invertible sheaf on a scheme, we call [if] its class in the Picard
group. It is well-known that Pic (PN) ~ Z is generated by [OpN(l)] since
by the previous steps we can write the following exact sequence

Z ~ Pic (PN) ~ Pic ( O ~ Pic (XJ -^> > Pic (Z) ~ Z '

where the maps are canonical, the composite map from Pic (PN) to Pic (X)
sends [(9PN(Ϊ)] to [0X(1)] and, since Pic(ZJ is a direct factor subgroup
of Pic (Xn-i), we are through.

Step 7. If if is an invertible sheaf on X, q,n integers and [gif]
then there exists an integer r such that n = qr and [if]

Indeed, by step 6, [0X(1)] belongs to a basis of Pic (Z) let

[0*(D], [if2], [if3], , [if,] be such a basis, then [if] = r\Oz(XJ\ + Σ r ,^,]

hence \qSe\ = [0x(gτ)] + J] [rM^i]. But [gjSf] = fc(n)] and therefore

gr = n, Ti = 0.
Step 8 (conclusion). Let C be an irreducible curve on Z, which is

a set-theoretically complete intersection in Z, and let ΘX(C) be the as-
sociated invertible sheaf. Then Θx(qC) ~ Θx(n) or, which is the same,
[qOz(P)] = [0*(w)]. By step 7 we get [^(C)] = [0z(r)] combining with
step 2 we are done.

COROLLARY. Let k be an algebraically closed field of characteristic
0 and let A be the homogeneous coordinate ring of a non-singular pro-
jective surface which is a complete intersection in Pf. Then if A is
almost factorial, A is factorial.

Proof. We recall that a ring A is called almost factorial ("f astf aktoriell"
in German) if A is a Krull domain and the divisor class group C(A) is
torsion (see [7]) and that for investigating C(A) it is sufficient to con-
sider homogeneous ideals (see [5] n° 2). Let now $β be a homogeneous
prime ideal of height 1. Since A is almost factorial, $β = V(F), F being
a suitable homogeneous element. The irreducible curve associated to $β
is therefore a set-theoretically complete intersection, hence a complete
intersection by the theorem, and so Sβ is principal.
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