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STABILITY OF FUNCTIONAL DIFFERENTIAL EQUATIONS
OF VOLTERRA TYPE

M. RamA MoHanAa Rao AND P. SRINIVAS

The Liapunov-Razumikhin technique has been employed to study

Lp—stability properties of solutions of functional differential
equations of delay type where the delay becomes unbounded as

t > +° . These results have been applied to investigate

sufficient conditions for Lz—stability of Volterra integro-

differential equations.

1. Introduction

The Liapunov second method involving an energy like function has come
to be a powerful tool in the qualitative study of ordinary differential
equations. Over the years, this method has also been extended to
functional differential equations by various authors. While Liapunov
functions are employed in the study of ordinary differential equations,
more generally Liapunov functionals are used in studying functional
differential equations (ef. [4], [10]). As Volterra integro-differential
equations can also be treated as functional differential equations,
Liapunov functionals have been constructed exclusively for Volterra
integro-differential equations by Burton ([1], [2]) in order to study the
stability and uniform stability properties of Volterra integro-differential

equations. As distinguished from this line, Razumikhin [7] obtained
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stability properties of functional differential equations using Liapunov
functions rather than functionals. This technique of Razumikhin involves
an estimation of the derivative of the Liapunov function along the
solutions of the given equation on a certain set in which the solutions
satisfy a specific inequality. In recent years, a good number of papers
(C£31, (5], [6]1, (8], [9]) have appeared employing this technique and
various results have been reported. In particular, Seifert [8], [9] and
Grimmer and Seifert [3] have studied the properties of solutions of
Volterra integro-differential equations - such as boundedness, stability,
asymptotic stability and uniform stability - by studying the corresponding
properties of functional differential equations. In this paper the
Liapunov-Razumikhin technigue is further explored to obtain Lp—stability

of the zero solution of a functional differential equation. This result

has been applied to obtain sufficient conditions for L2-stabi1ity

properties of solutions of a Volterra integro-differential equation.

2. Preliminaries

In this section the employed notations are explained and then it is
indicated how a Volterra integro-differential equation can be thought of as
an ordinary differential equation involving an interval of delay which
becomes unbounded as ¢t + +° . In addition, two results of Seifert [§] are
stated which ensure the stability of the point & = 0 and boundedness of

solutions, for a functional differential equation.

For an element x of A s by Izl wve mean the usual euclidean norm.

We denote by zt(') a function continuous on the interval 0 <8 =<t <
to R' and by S, ve mean the set {xt(')} for all such functions. If

z(s) is a function defined and continuous on 0 s <® to -4 , then for

each ¢t , 0 =t% <o | this function defines a member xt(') of St given

by z{s8) , 0=8 <® ., Ve call this function xt(°) a segment of x(s)

For fixed t 2 0 , let F(t, xt(°)) be a function on St to 7 .

For each function x(8) continuous on 0 =g < ® ¢to Rn , we assume that

F(t, xt(°)} is continuous in ¢ , where xt(') is a segment of z(s) .
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By a solution of the equation (functional differential equation)
(2.1) z'(t) = Ft, =,(+)) ,
we mean a continuously differentiable function x(8) on 0 <8 <o such
that (2.1) is satisfiedon 0 =t <o for xt(-) a segment of z(s) .
Let z(¢, xo) be any solution of (2.1) existing for all ¢ = 0 such that
x(o, xo] =z, -

A special case of (2.1) is the Volterra integro-differential equation
t
(2.2) x'(t) = Hﬂr(t)) + [ g(t, s, x(s)]ds ,
o]

for t =0 . Here H(xz) is continuous on K& and glt, 8, x) 1is
continuous on R+ x R+ X Rn .

It can be noted that if x(t) is a solution of (2.2), then it is also

a solution of (2.1) where
t
Ple, €00) = 562 + | gles o, Elo))as
0

and xt(-) is a segment of x(8) , 0 <8 <&,

DEFINITION 2.1. The point x = 0 for (2.1) is stable if given
€ > 0 there exists a 6 = §(e) > 0 such that if |x0| < 8 , then every

solution x(t, xo) of (2.1) is defined for all ¢t = 0 and satisfies

|x(t, xo)l <eg for £20.

DEFINITION 2.2. fThe point « =0 for (2.1) is IP-stable
(0 <p <®) , if it is stable and if there exists a 60 > 0 such that

fm |z (¢, xo)lpdt < o
0

vhenever |z | < 8y -

We shall now state the following results due to Seifert [§] which are

useful in our subsequent discussion.
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LEMMA 2.3 ([81). Let there exist functions u(s), v(s) and f(s)
continuous for s = 0 and such that u(0) = v(0) =0, u(s) <is
inereasing, f(s) >s for s >0, and suppose V(t, x) is a real-valued

continuous function in (t, x) for t =20 and x in D, an open subset
of A containing the zero vector. Let V satisfy

(1) ullz]) s W¢, 2) sv(|z|) for tz0, x €D,

no*

<o,

for any solution x(t) of (2.1) for which x(s) is in D and
Flv(z, =(£))) > v(s, x(s)) for 0ss=t.

Then the point x = 0 <is stable for (2.1).
LEMMA 2.4 (([8]). Let there exist a function V satisfying the

hypotheses of Lemma 2.3 except now that D =R' and u(r) +© as r >,
Then the solutions of (2.1) are bounded.

3. Main results

In this section we shall first obtain a general result yielding
Lp—stability of the point x = 0 for the functional differential equation

(2.1). Then this result is applied to investigate sufficient conditions

for L2—stability properties of solutions of an integro-differential

equation.

THEOREM 3.1. Suppose V : B x ' > R* is a continuous function

satisfying the following conditions:

() ullz|) = v(t, =z} < v(|x]) for all (t, x) € B* x B* where
U, v R » R" are continuous funetion such that
u(0) = v(0) = 0 and uls), v(s) are increasing to +» as

s 1increases to +» ;

(ii) V' (¢, z(t)) = -cl=(£)|P, p>0, ¢ >0, whenever
Fvie, =(£))) > v(s, z(s)) for s in any neighbourhood
(¢-n, t) , n >0, and f(s) <s any continuous function
for s =0 such that f(s) >8 for s >0 .
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Then the point x = 0 1is P-stable for (2.1).
Proof. Define
t
r(t) = v(¢, =(t)) + C fo |z (s, 1‘0) Pds .
Clearly »r(0) = V(O, xo) and »r(t) is positive. We claim that
r(t) = r(0) for all ¢ =0 . Suppose not. Then there exists a Zl >0
such that r(zl) > r(0) . Since »r(t) is a continuous function of ¢t ,

there exist a tl >0 and a t2 > t. such that r(t) < r(0) on

1
[0, tl] R r(tl) = »(0) and r(t) > r(0) on [tl, t2) . Therefore for

some t* € (tl, t2] there exists an n > 0 such that

(3.1) r'(s) >0 for s € (t*n, t*] .
Further for ¢#*n < s < t* , we have

(3.2) r(s) < r(t*)

From the hypotheses and Lemma 2.4 it follows that

Ozzgw fz(t, x0]| < Ml[xo)

vhere Mi(x ) is a positive constant and x[O, xo) =z, . From the

0 0
continuous dependence of solutions on the initial values, we get

Ml(xo) =M for |x0| <1 where M 1is a positive constant independent of

xo . Hence the monotonocity of v yields that

v(lx(t, xo)l] =v(M) for t=20, Ixol <1.

Let € >0 be given. We may assume that € so small that wu(e) < v(M) .

Then there is a positive number a = a(g) such that
(3.3) flg) >s +a for s € [u(e), v(M)] .

From the hypotheses and Lemma 2.3 it is clear that the point « = 0 is

stable for (2.1). Therefore, for a given L = (a/2nC)l/p

30 > 0 such that

, there exists a
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Ixo'| < EO implies |z(¢, x0)| <L for t=0.

In particular for s € (t*-n, t*) and |x0| <8, = min[8_, 1] we have

0’

P _a_
|x(s’ xo)l < 2"0 M

This implies that

+*
P Ca
(3.4) c L |=(x, =) [Pdr < 55 (£4-8)

<af2 <a.

From (3.2) and the definition of r(t) we get
£4
(3.5) V(E*, z(£9) + C f (. 2p) [Pdt > Vs, =()) -
s
For a given e >0 choose a §, = Gl(e) > 0 such that 0(61] < u(e)

Since x =0 of (2.1) is stable, it is clear that
u(Gl) < V(t, xz(t)) = v(M) . Hence, from (3.3), (3.4) and (3.5), we have

Fv(e*, =) > v(e*, =(t*) +a
t#
> v(t*, x(t*) + ¢ f EICNEN' |Pdr
8

> V(s, z(8)) .

Thus condition (Z7) of the hypotheses gives

V' (%, x(t4) < -clz(t*)|P

which in turn implies »’(t#*) < 0 contradicting (3.1). Therefore there
exists no Zl > 0 such that r(zl) > r(0) . Hence r(t) = r(0) for all

t = 0 . Thus we have
t
v, z(t)) + ¢ I |z (T, :x:o) |Par < v(o, xo)
0

and therefore

t > N
fo |z (T, ) [Fdr < = 7o, z.)
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for I:col < 8, . This together with the stability of x =0 for (2.1)
proves the theorem.

APPLICATION. We shall consider the special case of (2.2):

t
(3.6) z'(t) = Ax(t) + h(x(t)) + f glt, s, z(s)}ds , t=zo0,
0

vhere A 1is a real 7n X n constant matrix, h(x) is continuous on A

and satisfying

(3.7) |n(z)| = ulz|
+ +

and g(t, s, £) is continuous on R X R X A' for 0<s<t<o and
satisfies
(3.8) lg(t, s, )| = k(t, 8)|x|

t
with f K(t, 8)ds +0 as t >,

0

THEOREM 3.2. Suppose that
(t) A is a stable matriz,

(i) (3.7) and (3.8) hold.

Then for sufficiently small w, x =0 of (3.6) is [P-stable.
The proof is analogous to the one given in [9, pp. 294-296] with a
choice of f(s) = qzs where ¢ > 1 and hence omitted.
EXAMPLE 3.3. Consider the scalar integro-differential equation
t
©'(t) = -2z(t) + f et %05 (5)ds .
0

Choose V(zx) = &me and f(s) = qzs where q > 1 . Here
e—5t+2s .

K(t, 8) = Thus all the conditions of Theorem 3.2 are satisfied.
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