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Abstract. We prove that the inclusion of the space of gradient vector fields into
the space of all vector fields on D?> non-vanishing in S' is a homotopy equivalence.
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1. Introduction. The main goal of our paper is to prove some version of the
well-known Parusinski theorem (see [5]), which says that if two gradient vector fields
on the unit disc D" and non-vanishing in S$”~! are homotopic, then they are also
gradient homotopic. In other words, the inclusion of the space of gradient vector fields
in the space of all vector fields on D" non-vanishing in S"~! induces the bijection
between the sets of path-components of these function spaces. In this paper we restrict
ourselves to the two-dimensional case, but we also strengthen the mentioned result via
showing that the above inclusion is a homotopy equivalence (both spaces are homotopy
equivalent to S'). Precisely, this was partially proved in [S] using the argument of
deformation retraction, but this method fails (at least in that form) in the case of
identity components. For this reason we wish to investigate this (more difficult in our
opinion) case here.

It may be worth pointing out that even though Parusinski’s result does not hold
for equivariant maps, his techniques may be still used to study homotopy classes of
gradient equivariant maps (see [1-4]).

The organisation of the paper is as follows. Section 2 contains some preliminaries.
Section 3 presents the so-called Parusinski’s Trick, which allows to replace gradient
vector fields on a two-dimensional disc by pairs of functions on S' without common
zeros and one of which has integral over S' equal to zero. In Section 4 our main results
are stated. These results are proved in Section 5.

2. Preliminaries. Let 7 = [0, 1]. We will denote by D? the unit disc in R?> and
by S! its boundary. We often denote a point in S by its angle 6 € [0, 2]. Similarly,

The second author was supported by the Ministry of Science and Higher Education, Poland, grant no.
NN201373236.

https://doi.org/10.1017/5S0017089512000195 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089512000195

620 P. BARTLOMIEJCZYK AND P. NOWAK-PRZYGODZKI

maps on S! will be identified with 27 -periodic maps on [0, 27]. If ¢ is such a map,
then Im ¢ := ¢([0, 27]). We will consider continuous maps on D> with no zeros on its
boundary and their homotopies, i.e. continuous maps /#: D*> x I — R? non-vanishing
on S' x I. It is well known that homotopy classes of such maps are classified by the
topological degree. Recall that a map f is called gradient if there is a C'-function
¢: D> — R such that f = V. Similarly, we say that a homotopy /: D*> x I — R? is
gradient if h(x, t) = V,x(x, t) for some continuous function x that is C' with respect
to x. Of course, we still assume that f (resp. /) has no zeros on S! (resp. S' x I).

3. Parusinski’s trick in the plane. Let J denote the space of all continuous maps
on the unit disc in R> non-vanishing on its boundary, i.e.

Vv =C%D? S";R? R*\ {0})

and G denote the subspace of V' consisting of gradient maps, i.e. G={f € V|
f is gradient }.
We will also need the following mapping spaces:

V= C%S"; R\ {0}),
G:={(f,e)eV|3In: 'S Rsuch that f = n'}.

All the above function spaces are equipped with natural compact-open topology.
It is well known that path-components (homotopy classes) of V" and V are classified
by the topological degree. Let us denote the path-component consisting of maps of
degree k by Vj and Vi. Moreover, let Gy = G N Vi and Gy = G N V.

We will make use of the following easy consequence of the above definitions.

PROPOSITION 3.1. If (f.g) € V, then (f.g) € G ifffOz”f ds =0.

Let 7 (resp. v) denote the unit tangent (resp. normal) vector field on S'. Consider
the following natural mapping, P: Vy — Vi

Pw) = (f. 9,

where vl ¢ =f - T + g - V. Observe that for v € G we have

dep 0
por=riow= (2. 2)

in particular P(v) € G. The following result can be found in [5, Lemma 1].
THEOREM 3.2 (Parusinski’s trick in the plane). The following diagram commutes

G —— Vi

mgkl lp (3.1)

k-1 —— Vi1,

where the horizontal arrows are inclusions and the vertical arrows are homotopy
equivalences.
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4. Main result. Let us formulate the main result of this paper.
Main Theorem. The horizontal inclusions in diagram (3.1) are homotopy equivalences.

From the commutativity of the diagram, it is enough to show that for all k € Z,
the inclusion i: Gy — Vy is a homotopy equivalence. In fact, for & # 0 this was proved
by Parusinski and we simply repeat his short and elegant argument. But for & = 0 the
proof requires a modified approach.

Maps v € V will be often written in polar coordinates as v(«) = (6(«), r(a)) or
v = (0, r) for short. We use the standard transformation from polar coordinates to
Cartesian ones I1(0, r) := (rcos @, rsin @), which is a local diffeomorphism. We will
need the following simple observation.

PROPOSITION 4.1. The evaluation map e: Vi — S', defined by e(v) = 0(0) for v =
(6, r), is a homotopy equivalence.

Proof. Since the inclusion Map(S!, S') < V is a homotopy equivalence, it is
enough to use the ‘lifting” argument or to apply the homotopy sequence of evaluation

fibration. O

Observe that our Main Theorem is an immediate consequence of the following
result.

Main Lemma. In the following commutative diagram

kc—> Vi

NS

all maps represent isomorphisms in the category HTop.

Proof. For k # 0 it follows from Proposition 4.1 and Corollary 5.4 and for k = 0
from Proposition 4.1 and Evaluation Lemma (Lemma 5.10). U

5. The proof of evaluation lemma.

5.1. Retractions in mapping spaces. Consider a map f: [0, 27] — R such that
£(0) = f(27). We will make use of the following natural notation for functions

[t :=max{f, 0}, [~ :=min{f, 0}

and their integrals

2 2
ct(f) = i ftds, c(f) =— A fmds, ) =) = c(f).
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Recallthat V, = {v: S' — R?\ {0} | degv = k}. By Proposition3.1,G, = {v = (f. g) €
Vi | e(f) = 0}. Set

VE={v=(1g) e Vi | c"(f) > 0and ¢ (/) > 0},
Gt =GNV

LEMMA 5.1. For all k, G is a strong deformation retract of V.

Proof. Consider the retraction R: V,f — g;j given by

min{e= (1), ¢t} ., | mine (). () -
R(v)=R(ﬁg):=< T+ /).
c*(f) ()
Observe that i o R is homotopic to Ide via the straight-line homotopy. g

REMARK 5.2. In [5] Parusinski uses the similar retraction

- +
RW) = R(f,g) i= (,/ AR Zg;fg) ,

which unfortunately does not work for our approach (see Lemma 5.6).

LEMMA 5.3. For all k # 0, Vi = V¥ and, in consequence, G, = G

Proof If ¢t (f) = 0or ¢~ (f) = 0, then deg v = 0, since in this case there is a straight-
line homotopy (with no zeros for ¢ € (0, 1]) between f and some non-zero constant
function through 2 -periodic functions. O

COROLLARY 5.4. For each k # 0, the inclusion G, — Vy is a homotopy equivalence.

REMARK 5.5. Observe that for k = 0 we have Gy ¢ V{f and G| S Gy because two
new non-empty contractible subspaces of G, appear:

Gy ={v=(lg9)€Go|f=0andg > 0},
Gy ={v=(fg)€Go|f=0andg < 0}.

Let us denote by W) the subspace Vi UG, UGy . It is obvious that Wy = {v =
(fre)eVy | ct(f) =0=c(f) =0}. In case k = 0 the retraction from the proof of
Lemma 5.1 can be easily extended from Gy to W). By abuse of notation, we continue
to write R for this extension.

LEMMA 5.6. The map R: Wy — Gy, given by

min{c™(f),c" (1)} o+ min{c™(f),ct ()} p— . #
( S R f’g> ifvevy,

R(v) =
® {v ifvegy UGS

is a strong deformation retraction.
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y ——

Figure 1. Function y.

5.2. Homotopy equivalence between Gy and S'. Let us denote by p: R — [0, 2]
the natural projection p(x) := x (mod 27). We will make use of an auxiliary function
y: [0, 2] — R given by

2s itse[o0,%]
3

(see Figure 1) and its projectionon S',ie.y: S' = S,y =poy.

Observe that (y, 1) € Gy, since f()z” cosy(s)ds =0.

The following definitions will be needed in the proof of Deformation Lemma
(Lemma 5.8). Recall that a homotopy g: X x I — X such that g is the identity map
is called a deformation of X onto Y := {g1(x) | x € X }. Furthermore, if g;(x) = xo
for all x € X, then the deformation g is called a contraction of X to xy. Note that
for a homotopy /#: X x I — X and a deformation g: X x I — X the ‘composition of
homotopies’ g« h: X x I — X given by

1 1
(g * h)(x, l) = h(x, 21) ifte [0’ 51]

g(h(x,1),2t—1) ifse[}.1]
is well defined and continuous.
Let AT :={x€R|cosx>0}and 4~ :={x € R| cosx < 0}. We will denote by

L the space of 2z -periodic continuous functions from [0, 2] to R. We will also need
the following subspaces of L:

L= {p € L]¢p0)=a},
IT={pel|lmpnNAt=0=ImpnA =0},
''={y+aeLl|acR}

By the definition of Z and W), we immediately obtain the following result.

PROPOSITION 5.7. For any r: [0, 2n] — (0, +00),

peTl=@pPogp,r)eW,.

We finish this section with two key lemmas: Deformation Lemma and Evaluation
Lemma.

LEMMA 5.8 (Deformation Lemma). There is a deformation h: L x I — L of L
onto T such that
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1. h(p + ¢) = h(p) + cforallt € I and c € R,
2. (LYY ={y +a} foralla e R,
3. m(Z)cC Zforalltel

REMARK 5.9. Note that from (1), if ¥ = ¢ + 2kn, then h(y) = h(p) + 2kn
and, in consequence, p o [k, ()] = p o [h(p)]. It may be worth pointing out that the
deformation constructed in our proof also satisfies the following condition:

h(LYY c L4forallt e Iand a € R,
but we will not use it here.
Proof. Let, forp € L,

_ max{lp()l | 5 € [0, 27}
T

m(p) :

Consider a finite sequence {k’}>_, of deformations k': £° x I — £° given by the
formulas

¢ (&) forsel0,2— ],

1 —
k'(@, D(s) = {0 for s € [(2 — 0)m, 27],

5 e fors € [0, 7],
ke () = {go(s) + tm(p)y(s) fors e [, 2n],
(g, 1) == (1 — )¢ + tmax{gp, m(¢)y},
K, 1) == (1 = D + tm(p)y,
(g, 1) :=(1 =)+ ty.
Let k := k* % (k* % (k? % k")). By definition,

* Im(k; (¢)) CIm(ky(p)) for0 <1 <15 <1,
e ifp=0,thenk,(p)=0forallrel.

Moreover, we emphasise that the above claim does not hold if we replace the
deformation k by any of the deformations k* x k!, k* x k? % k' etc. Let us define K :=
k> x k. By the above, K is a contraction of £° to y such that for all € 1

Ime C Im(Ki(¢)) or diamIm(K(p)) > 2x.
Finally, we extend K to the deformation /2: £ x I — L by setting
h(g. 1) := K(p — ¢(0), 1) + ¢(0).

It is easy to see that / satisfies the conditions (1) —(3). Il

LEMMA 5.10 (Evaluation Lemma). The evaluation map e: Gy — S', given by
e(v) = 6(0) for v = (0, r), is a homotopy equivalence.

Proof. We show that the homotopical inverse of ¢ is the map d: S' — G, defined
by

d(a)(s) == (¢ +y(s), 1).
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)

N/ 60 = kj(cn)

V \/ v ¢1 = ki(¢o)

¢ ——

\/ ¢y = k%(djl)

0 O3 = K} (o)

g —

0 b4 = ki(03)

0 2
Figure 2. Deformation k ‘step by step.’

Precisely, since ¢ o d = Idgr, it is enough to show that the map T := d o e is homotopic
to Idg,. Using the deformation / from Deformation Lemma and the retraction R from
Lemma 5.6 we define the new deformation H: Gy x I — Gy by setting

H((©®, 1), 1) := RI1(po[h(p)], (1 — Or+1)),

where ¢ € L is any lift of 6 (recall that IT is transformation from polar to Cartesian
coordinates). Observe that if (0,r) € Gy C Wy, then h(¢) € L, in consequence,
o lh(p)], (1 —t)r+ 1) lies in the domain of the retraction R, i.e. the space W.
Moreover, Hy = Idg, and H, = T, where T((0, r)) = (6(0) + ¥, 1). ]
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