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Using product designs to
construct orthogonal designs

Peter J. Robinson

This paper produces new types of designs, called product designs,

which prove extremely useful for constructing orthogonal designs.
An orthogonal design of order -2t and type

t-2 ,t-2
)

(1, 1,1,1,2,2, 4, 4, ...,2°, 2

is constructed. This design often meets the Radon bound for the
number of variables.
We also show that all orthogonal designs of order 2t and type

t

@1, b, e, d, 2t-a-b-c-d] , With 0<a+b+c+d<2 , exist

for t=5,6 ,and T .

1. Introduction
An orthogonal design of order n and type (ul, Uy wees uy)
(ui > 0] on commuting variables xl, 32, vy Ty is a n xn matrix,
A , with entries from {0, tzl, ooy txz}, which satisfies
A
t 2
A" =y L44n.]I .
i Uti)n

It was shown in []] that I < p(n) , where p(n) (Radon's function)
is defined by
o(n) = 8¢ + 22
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where

n=2%p , b odd, a=be+d, 0=<d<h.
If A and B are orthogonal designs of order #n and types

(“l’ eesy uZ) and (vl’ N vk) respectively, and if

4Bt = pat |

then we say A and B are amicable orthogonal designs of order n and
types [(u1, ceey uz); (v:l’ csey Uk))
In {2], Geramita and Wallis give the following result.

CONSTRUCTION 1.1 (Geramita and Wallis [2]). Suppose there exist
three matrices R, P , and S of order n which give amicable orthogonal
designs

S, aclR + xeP

of types ([vl, ey vk); (ul, uz)) . Then
rle+y 2P Y 3R+y 1‘P S y 5R+y 61;
-y 3R+yhP le-y 2P -y FH—y 6P S

-5 YsR-ygP Y Réy P -y Ry P

Y5yl oS YRYP Yy R-yF
18 an orthogonal design of order un and type
(vl, Vs wees Uy Uy Uys Ups Uys U, u2)
We note that the above matrix can be written in the form

M X R+M,xP+NxS,

where Ml’ M2 , and N are the U4 x 4 wmatrices of the coefficients of
R, P, and S respectively.

In this paper we are interested in generalizing this idea. With this

in mind, we give the following definition.

DEFINITION 1.2. Let Ml’ M2 , and N be orthogonal designs of order
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n and types (al, cens ap), (bl, veey by

n) , and (cl, cees C2)

J
respectively. Then ( l; M2; IV) are product designs of order »n and

types (al, cees a_y b

3 bys ..,bh;cl,...,cj) if

(1) M *»N =M, *xN=0 (Hadamard product),

(ii) M + N and M, + N are orthogonal designs, and

s t _ t
(iii) M1M2 = M2M1 .

Construction 1.1 produces product designs of order L and types
(2,2,1;1,1,1;1) .

2. Constructing product designs

Before we give the main results of this section, we produce two

examples of product designs. For convenience we write the designs Ml’ M2:

and N in the form Ml + 2N and M2 , and replace -a by a .

EXAMPLE 2.1. The following matrices give product designs of order 8
and types (1,1, 13 1,1, 1; 5) ;

Fr:l x, z z; 3 3 2 E.| El Yy O ¥y ]
x, = 53 z 2z 3 & 2 Yp Yy 1}3 0 .

z Ty Ty 5:2 z 2 B 2 0 53 ¥, Yo

53 z x, T, 2z 2 z sz y3 0y, 1._/1

z z z z x X, 2 53 ¥p Y3 O gl
zZ 2z 2z =z :?:2 z, %y 2 . Ys 1?2 ¥y, O

z z =z =z = 53 z 52 0 ¥, ¥, Y5
| = z 2z =z g z T & | gl 0y, gej

EXAMPLE 2.2. The following matrices give product designs of order
12 and types (1, 1, 1; 1,1, 1; 9) .
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F:l:czx3§ 2 3 2 2 3 3 2 {Zly2y30 T
52x15:_c3z Z 2 zZ 2 2 z 2 y2§1053 . .
532.1:1:4:23 2 2 3 2 z 2 3 y30§1y2

z:c3-2:clz zZ z2 z z z 2 3 0173925/1

z 2z z Ezlx2x35 z z 8 3 Yp Y3 ¥4, O

z 2z z 352:015533 z 2 z . y3§20§1 .

z z 3 E5;3z:clx25 zZ z =z yl'O §2y3

2 z 2z 2 zm3_2xlz z 2 2 017ly3y2

Z 2z z 2 2 Z =z lex2x3§ y33711720
Z2 2 2 23 3 2 3 552:::1553 . . 51_1730y2
2 2 2 2 2 % 3 5533.1:1:1:2 g20y3gl
2 2 2 z 2 2 2 & zx352:c];_ Oyaglyi.

The next theorem gives us a way of obtaining product designs from

product designs of smaller orders.
THEOREM 2.3. Let (Ml; ylM3+y2Mh; N) be product designs of order n

03 Cps ...,cj) and let S and le+x2P

be amicable orthogonal designs of order m and types ((u); (v, w)) .
Then

and types (ay, ..., @3

b, b

(:clPxM3+R><Ml;ylSXM3+y2RXMh; zPx M +S5xH)

are product designs of order mn and types

(wbl » vay

s eens VAL ubl, vb2; wb2, UCYs «ees ucj) .
Proof. By straightforward verification.

A very useful form of this theorem is obtained by using the amicable
orthogonal designs of order 2 and types ((1, 1); (2)) (see [1]). We

state this particular case in the following corollary.
COROLLARY 2.4. Let (M3 Yy Mty My N) be product designs of order
n and types (ajs -+.5 a,3 by Bys gy ee, cj] . Then there are product

designs of order 2n and types
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(® s @y b, by b

10 al,... - 2c ...,20] .

2’ 2’ l, j

In Theorem 2.3 and Corollary 2.4 we may have Mé or ML equal to

zero. In this case, however, the next theorem gives a better result.
THEOREM 2.5. If (Ml; My N) are product designs of order n and

types (al, s a3bye . cj] and if S and y R+ P are amicable

1 e
orthogonal designs of order m and types

((uys «ovs ug)s (o, %))
then there are product designs of order mn and the following types:

(i) (val, cees V@ Vby Uy, eee, cug, bu

13 15 e
(it) (val, Sees Va3 vb; UC s eeey ucj, bwl, cens bwk] s

bwk) » and

where u and ¢ are the sums of the ui's and ci's respectively.

Proof. We consider

(Rx M3 RxMy; S XN +PxHM,)

with the appropriate variables equated.

The next result gives us a way of obtaining product designs from
amicable orthogonal designs.

THEOREM 2.6. If 5, and xR, + x,P, are amicable orthogonal
designs of order n and types ((uys ..., u;)s (v, W)}, and 5, and
Y B, + y,P, are amicable orthogonal designs of order m and types
((og0 -ees 83 (ar P)) , them

(5, x B, + @R x P,; By x S, + yP, % Ry3 P X P,)

are product designs of order mm and types
(q'ul, Cees QUys VD3 VS, ..., U8, UG; wp) .
Proof. By straightforward verification.

In the following lemma, We give an example of product designs which

will be used in the next section to produce a very useful orthogonal
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design.

LEMMA  2.7. There are product designs of order 2t , t=h , and
types

t-3 t-2 2t—2)

(1,1,2,1,2, 4, ...,2%, 2, 2%, 2, 4, ..., 2777, 2¥7°,

Proof. The product designs of order 4 and types (1, 1, 1; 1, 2; 1)
produce product designs of order 8 and types (1, 1,1, 1; 2, 2; 2, 2)
(Corollary 2.4). This design in turn produces product designs of order 16
and types (1,1, 1,1, 2; 2, 4;2, 4, L)

By repeated use of Corollary 2.4 we obtain the required result.

In [3] we give a list of product designs of orders 4, 8, 16, 32 , and

64 which are obtained by using the results given in this section.

3. Constructing orthogonal designs from product designs
We now produce a generalization of Construction 1.1.
THEOREM 3.1. Let S and YR + P be amicable orthogonal designs of
order m and types ((ul, ey uz]; (v, Wy ey wk)) and let
(M5 M5 N) be product designs of order n and types
(al, cees @y bys on, bh; Cys wues cj] . Then there exist orthogonal
designs of order mm and types

ces Wb, UG, .u, uC.)

() (va;, ..., va,,, wbl, . 2

1

(1) (val, Sees VA, wbl, vees Wh , U, ey uzc) >

(iit) (va,, ..., va

1 w.b, ..., wkb, UC, s sony uc.] 5

r®> 1

(iv) (val, ooy va, wlb, ey Wby we, .., uzc] R

where b, ¢, u , and w are the sums of the bi's, ci's, ui’s , and wi's
respectively.
Proof. We consider

M. X R+ M

1 5 X P+ N XS

with the appropriate variables equated.
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As an example of the use of this theorem, we give the following lemma.

LEMMA 3.2. There is an orthogonal design of order 2t , t= 2, and
type (1,1, 1,1,2, 2,04 4, ..., 2572 2073 |

Proof. If ¢ = 5 we apply the above theorem with the product designs
of order 2°71 and types

(1,1, 1,1, 2, b, ..., 254 2, 2873, 2, u, ..., 2P, 2873, ot-3)

(Lemma 2.7) and amicable orthogonal designs of order 2 and types
((1, 1); (2))

The orthogonal design of order 16 and type (1,1, 1,1, 2, 2, b4, 4)
may be obtained in a similar manner by using the product designs of order

8 and types (1, 1,1, 1; 2, 2; 2, 2) (see Proof of Lemma 2.7).

The design of order 4 and type (1, 1, 1, 1) is given in [1] and
the design of type (1, 1, 1, 1, 2, 2) is obtained from the orthogonal
design of order 8 and type (1, 1,1,1, 1,1, 1, 1) (see[1]).

We note that the above orthogonal design has 2¢f variables. If
t=0k +1, p(t) =8k +2 =2t , and if t =Lk + 2 ,
p(t) = 8k +4 = 2t ., Therefore, if ¢t =4k +1 or Lk + 2 , the above
design has the maximum number of variables allowed. We also note that the

above design is full. That is, the design contains no zeros.
By equating variables in the above design we obtain:

COROLLARY 3.3. All orthogonal designs of type (1, 1, a, b, e) ,

a+b+ec = ot _ 2 , exigt in order ot , t= 3.

We now give another example of the use of product designs in the form

of a lemma.

LEMMA 3.4. There is an orthogonal design of order 64 and type
(2, 2,3, 4, 5,5,9,9, 10, 15)

Proof. Theorem 2.6 gives product designs of order 32 and types
(3, 5, 5, 103 2, 2, 4, 15; 9) by considering the amicable pairs
({2, 1, 2); (1, 3)) ana ((2, 2, 4); (5, 3)}) . The result is then
obtained by using this product design with the amicable orthogonal design
of order 2 and type ((1, 1); (1, 1)} in Theorem 3.1.

https://doi.org/10.1017/50004972700023327 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700023327

304 Peter J. Robinson

We now give two results to show how product designs may be used to

obtain orthogonal designs in orders other than powers of 2 .

LEMMA 3.5. There are product designs of order 12 and types
(r,1,2;1,1, 4; ), (1,1, by1,1,2;1), (1,1, by 1, Lk, 4; 1),
(1,1, 4; 1, 1, 4; W), (1, &, 432, 4, 4;1) ,and (1,1, 1; 1, 1,1; 9) .
Proof. Wolfe[4] gives amicable orthogonal designs of types
((x, 1)5 (1, 4)) and ((1, 4); (1, 4)}) in order 6 . By using these
designs in Theorem 2.6, we obtain the first 5 designs. The last is given

in Example 2.2.
By using Theorem 3.1 with the above designs, we obtain:
COROLLARY 3.6. There are orthogonal designs of order 24 and types

(l’ l’ l, 1’ l’ l’ 9’ 9) > (l’ l’ l’ l, h’ )4’ h’ h) >
(l, l, l’ l, 1’ h, h, h) > (l, l’ l’ 1’ l’ l’ h, h) .

4. Applications

In [3] we give a 1list of orthogonal designs of orders 32, 64 , and
128 . By using these designs, we are able to obtain the following results.

LEMMA 4.1. All 6-tuples of the form (a, b, ¢, d, e, 32-a~b-c-d-€) ,
O<a+b+c+d+e< 32, are the types of orthogonal designs of order
32 except posstbly (1,1, 1, 1,1, 27)

COROLLARY 4.2. All S-tuples, except possibly (1,1, 1, 1, 27),
are the types of‘ orthogoral designs of order 32 .

LEMMA 4.3. 411 S-tuples of the form (a, b, e, d, 2t—a=-bv-c-d] S

L

O0<a+b+c+d< 2, are the types of orthogonal designs of order ot s

t=6 and T .

COROLLARY 4.4. A1l possible n-tuples, n =1, 2,3, b, are the
types of orthogonal designs of orders 32, 64 , and 128 .

https://doi.org/10.1017/50004972700023327 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700023327

]

[2]

[31

(4]

Orthogonal designs 305

References

Anthony V. Geramita, Joan Murphy Geramita and Jennifer Seberry Wallis,
"Orthogonal designs", Linear and Multilinear Algebra 3
(1975/1976), 231-306.

Anthony V. Geramita and Jenﬁifer Seberry Wallis, "Some new
constructions for orthogonal designs", Combinatorial Mathematics
IV, 46-54 (Proc. Fourth Austral. Conf., University of Adelaide,
1975. Lecture Notes in Mathematics, 560. Springer-Verlag,
Berlin, Heidelberg, New York, 1976).

Peter J. Robinson, "Concerning the existence and construction of
orthogonal designs", (PhD thesis, Australian National University,
Canberra, 1977).

Warren W, Wolfe, "Orthogonal designs - amicable orthogonal designs -
some algebraic and combinatorial techniques", (PhD Dissertation,

Queen's University, Kingston, Ontario, 1975).

Department of Mathematics,
Institute of Advanced Studies,

Australian National University,
Canberra, ACT.

https://doi.org/10.1017/50004972700023327 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700023327

