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In t roduc t ion . Th i s note c o n c e r n s a countably addi t ive 
m e a s u r e on a Boo lean r ing of s u b s e t s of an a b s t r a c t se t , th i s 
m e a s u r e be ing r e a l - v a l u e d , admi t t i ng oo.as a p o s s i b l e v a l u e . 
We a r e i n t e r e s t e d only in unique e x t e n s i o n s , so we suppose the 
m e a s u r e to be a* - f in i t e . The following we l l known r e s u l t wi l l 
be r e f e r r e d to a s the " ex t ens ion t h e o r e m " : "Every <r - f ini te 
m e a s u r e on a r ing ex tends uniquely to a cr - f in i te m e a s u r e on 
the g e n e r a t e d o r - r ing . " B e s i d e s the f a m i l i a r proof us ing 
o u t e r m e a s u r e , t h e r e i s a B o r e l - t y p e proof us ing t r a n s f i n i t e 
induct ion [4] . We a t t e m p t h e r e to r educe the B o r e l - t y p e proof 
to i t s u l t i m a t e s imp l i c i t y , r educ ing the p r o b l e m to the bounded 
c a s e . 

P r o o f for a bounded m e a s u r e . In t h i s sec t ion u i s a 
m e a s u r e ' ' on a r ing A? (of s u b s e t s of a fixed a b s t r a c t se t X) 
which is bounded above by a fixed r e a l cons tan t M : 
0 £ fi(R) £ M < oo , a l l R z/Z. The b o u n d e d n e s s of u wi l l be 
app l ied in the t r an s f i n i t e induct ion . 

If a s equence R , n = 1, 2, . . . (R €/?) c o n v e r g e s s e t -
n n 

t h e o r e t i c a l l y to R € /? , then JJL(R ) , n = 1, 2, . . . c o n v e r g e s 
n 

to fi(R). T h i s is e x p r e s s e d symbol i ca l ly : 

(1) R - R —>u(R ) - u ( R ) ( R , R c y? ) . 
n n n 

(1) The t e r m " m e a s u r e " wi l l imply countab le add i t iv i ty . 
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A s s u m i n g the ex t ens ion t h e o r e m , (1) i s a c o n s e q u e n c e of the 
countab le add i t iv i ty ; but we wi l l p r o v e it i ndependen t ly , then 
use it a s b a s i s for proof of the e x t e n s i o n t h e o r e m . It wi l l 
suffice to p r o v e the p a r t i c u l a r c a s e : 

(Z) R -> 0 —) u(R ) -* 0 (R ' € /\ ) . 
n n n 

(2) 
In fact , the h y p o t h e s i s of (1) a s s e r t s tha t R AR -*- 0 , 
and applying (2), 

H(R ) - u(R) < | i (R -R) < u(R AR) -> 0 . 
n — n — n 

But t h i s i m p l i e s l im sup JJL(R ) < JJL(R) , and we show 

s i m i l a r l y that l im inf (JL(R ) > |JL(R) . 

To p r o v e (2), a s s u m e i t s h y p o t h e s i s , and se t S = O' R. 

(3) ^ i = n 

so tha t R C S I 0 . The S need not be long to / ? , but 
n - n ^ n & 

it wi l l be shown in the nex t p a r a g r a p h tha t they m a y be 
a p p r o x i m a t e d by m e m b e r s of /\ a s fo l lows: To a r b i t r a r y 
€ > 0 t h e r e c o r r e s p o n d s a s e q u e n c e T , n = 1, 2, . . . such 

n 
tha t 

(i) T € R , S ) T | 0 
n n — n 

n ! 
(ii) S 3 R € / f _> ,j,(R) - p,(T ) < € 2 — . 

n — n — ^i i=l 2 

A s s u m i n g t h i s , u(T ) j , 0 by (i) , then l im sup u(R ) £ € 

by ( i i ) , and s ince € i s a r b i t r a r y (2) wi l l be p r o v e d , h e n c e 
a l s o (1). 

(2) The s y m m e t r i c d i f fe rence E A F = ( E - F ) w ( F - E ) i s the 
r ing addi t ion , i n t e r s e c t i o n be ing the r ing m u l t i p l i c a t i o n . 

(3) The s y m b o l s | , j , i nd i ca t e m o n o t o n e i n c r e a s i n g , 
d e c r e a s i n g c o n v e r g e n c e . 
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To e s t a b l i s h the sequence T , se t E = (J R w h e r e n ' 
n n l 

i=n i s a fixed index > n of sufficiently high r a n k tha t 

m / n' 
À wR.I - ji \<J R. 

\ i=n ' \ i^i / 
< — for a l l m > n ' 

2 n 

The T a r e defined induct ive ly : 
n 

T = E , T = E ^ T t for n > l . 
1 1 n n n - 1 

Since S 3 E 3 T (i) i s sa t i s f i ed , and (ii) i s sa t i s f i ed for 
n — n — n 

n = 1. In fact , if S 0 R € A? then R ^ u R. , m = 1, 2, . . . 
i=l 

i n c r e a s e s mono tone ly to R , so that 

m m € 
u(R) - JJL(T ) = l im u ( R ^ w R.) - u(E ) < l i m u ( w R.) - u(E ) < -

1 . 1 1 . 1 1 L 

m-*oo i=l m-*oo i=l 

It r e m a i n s to show tha t (ii) i s sa t i s f i ed for n , a s s u m i n g it for 
n - 1 . A s s u m i n g the hypo thes i s of ( i i ) , 

m m 
U(R)-JJL(E ) = l i m u ( I W ^ R , ) -u (E ) < l im |JL( W R.) - u(E ) < — 

n i n — . i n — n 
m-**oo i=n m-*oo i=n 2 

u(E ) -u(T ) =HL(E - T ) = u ( E - T ) = u(E KJ T ) - u(T ) 
n n n . n n n - 1 n n - 1 n - 1 

Since E C S C S and t h e r e f o r e S 4 ) E u T A € AT , 
n— n— n - 1 n - 1 ~ n n - 1 

by the induct ion h y p o t h e s i s , 

n - 1 

n - 1 n - 1 - . = 1 2 i 

The combined i nequa l i t i e s give the r ight m e m b e r of ( i i ) , t hus 
comple t ing the induct ion and so e s t a b l i s h i n g (1). 
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The defini t ion of s e t - t h e o r e t i c a l c o n v e r g e n c e c a r r i e s 
o v e r , wi thout e s s e n t i a l mod i f i ca t i on , to M o o r e - S m i t h s e q u e n c e s 
of s e t s . F o r d o u b l e - i n d e x s e q u e n c e s we have the fol lowing 
ana logue of (2): 

(3) R - * 0 — > ! J L ( R ) -> 0 (R € / f ) 
m n m n m n 

In fact , if the r ight m e m b e r of (3) w e r e fa l se t h e r e would e x i s t 
€ > 0 and two s u b s e q u e n c e s of the pos i t i ve i n t e g e r s : 
m < rn < . . . , n < n < . . . such tha t u(R ) > € for 

1 2 1 2 m . EL — 
k k 

k = 1, 2, . . . , But b e c a u s e of (2) t h i s would c o n t r a d i c t the 
c o n v e r g e n c e l i m R = 0 i m p l i e d by the left m e m b e r of (3). 

i m i n i 

k-> oo k k 

We now show tha t if R -* E (R €/(') , t hen u(R ), 
n n n 

n = 1, 2, . . . c o n v e r g e s to a l i m i t wh ich depends only on the 
l imi t set E . Applying (3), we e s t a b l i s h (JL(R ), n = l , 2 , . . . 

n 
a s a Cauchy s equence : 

| | i (R ) - U ( R ) | = m a x {|i(R )-LJL(R ), LJL(R ) - U ( R )} 
m n m n n m 

< m a x { j j L ( R - R ), u(R - R )} 
— m n n m 

< LJL(R - R ) + | i (R - R ) = n ( R A R ) ^ 0 . 
— m n n m m n 

Given a second s equence c o n v e r g i n g to the s a m e l im i t : R 
R' -> E (R1 € A ) , we have R ' A R -* 0 , so tha t 

n n n n 

n(R' ) - u(R ) < u(R' - R ) < u(R' AR ) -* 0 . 
n n -~ n n — n n 

T h e r e f o r e l im JJL(R' ) < l i m LJL(R ) and , by s y m m e t r y , we have 
n — n 

the i n v e r s e inequa l i ty , c o m p l e t i n g the proof of the a s s e r t i o n . 

Le t /?* be the c l a s s of l i m i t s of c o n v e r g e n t s e q u e n c e s 
R , n = 1, 2, . . . (R € / f ) ; t h i s i s a r ing e x t e n s i o n of /? , 

n n 
which we r e f e r to a s the " l i m i t r i n g " of / ? . The a s s e r t i o n of 
the p r e c e d i n g p a r a g r a p h i m p l i e s that a funct ion (j.* i s we l l 
defined on /? * by the f o r m u l a : 
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u*(R*) = lim u(R ) , where R -* R* (R €/P, R*eA*). 
n n n 

It follows from (1) that u* extends JJL , and that any measure 
extension of JJL to /f7* must coincide with u* . To prove the 
finite additivity of JJL* , consider a disjoint union'4 ' of two 
member s of / ? * : R* + S* . We have 

R - * R * , S - > S * , R ^ S - * 0 (R , S € /? ) . 
n n n n n n 

Applying (2), 

|i*(R*+S*)=lim u(R ^JS )=lim(a(R )+u(S )+u(R r$ )) =JJL*(R*)+^*(S*) 
n n n n n n 

So u* will be a measure if we show, further, that 

(4) R* j R* —> |i*(R*) Î u*(R*) (R* , R* € >f *) . 

In order to prove (4) we introduce the c lass U consisting 
of all finite or countable unions of members of /\ : 
A! C Z/C A? *. We begin by proving that 

(5) U t U —> u*(U ) t u*(U) (U f U c # ) 
n n n 

We have: U = U R (R € / ^ ) , U = U U R . 
n m nm nm n m nm 

We may r e - o r d e r the R as t e rms of a simple sequence 
mn 

(with indices 1,2, . . . ) then take the part ial (finite) unions as 
the t e r m s R of a sequence increasing to U : 

n 

R Î U ( R c ^ ) , u(R ) î u * ( U ) . 

Then (5) follows from the fact that each R is contained in 
n 

some U . Now assume the hypothesis of (4), and let € > 0 
m 

be a rb i t r a ry . Considering R* as the superior limit of a 

sequence converging to R* whose t e rms belong to /? , we see 

(4) We substitute + or 2 for KJ to indicate a disjoint union. 
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tha t t h e r e ex i s t s e t s U € 2^ such tha t 
n 

U 3 R* and u*(U ) - u*(R*) < — . 
n — n n n n 

n 
Then U' = w U. , n = 1, Z, . . . i s an i n c r e a s i n g s e q u e n c e of 

i=l 
s e t s of Z/ having a l i m i t U € Z/ , so by (5) , 

fjL*(U! ) T M * ( U ) > |i*(R*) . 

n ^ n 
But u*(U' ) - u*(R*) =M.*(w U. - R*) < 2 u.*(U.-R*) < € . 

n n . , I n — . ' 1 1 
i=l 1=1 

Then , s ince € i s a r b i t r a r y , l i m JJL*(R*) >_ |i*(R*) , and the 

i n v e r s e inequa l i ty i s obv ious , p r o v i n g (4). T h i s e s t a b l i s h e s JJL* 

a s the unique m e a s u r e e x t e n s i o n to /? * of the o r i g i n a l m e a s u r e 
JJL on /^ . 

We define induc t ive ly the t r a n s f i n i t e s e q u e n c e of r i n g s : 

A" = /? c /? c A\ c . . . a/? c .. . c /? 

F o r a > 0 , an o r d i n a l of the f i r s t k ind, / ? = /f* , the l i m i t 
a a - 1 

r ing of /\ . F o r an o r d i n a l a of the second kind, 5 <*-l 
A9 = U /?„ ° The o r d i n a l cr i s the s m a l l e s t such tha t 

P<or K 

X^* = , so /f7 i s the cr - r i n g g e n e r a t e d by X. . (The symbo l 
or o" cr 

cr deno te s t h i s o r d i n a l and a l s o s e r v e s a s the s ign of the g e n e r a t e d 
cr - r i n g . ) In the c a s e cr = 0 , /x i s a l r e a d y an cr - r i n g and t h e r e i s 
no m e a s u r e e x t e n s i o n p r o b l e m . An o r d i n a l a(Q < a < cr ) wi l l be 
ca l l ed " a c c e s s i b l e 1 1 if 

(i) The o r i g i n a l m e a s u r e JJL on ex t ends uniquely to a 
m e a s u r e u on / p , u. be ing bounded by M , the bound of u.. 

a a a ' 

(ii) F o r a r b i t r a r y € > 0 and S € /c , t h e r e e x i s t s U € Z/ 
a 

( c l a s s of f ini te o r coun tab le unions of m e m b e r s of / f 7 ) such tha t 
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t O S and JJ. (U) - JJL (S) < e . 
-^ a a 

To c o m p l e t e the proof of the ex tens ion t h e o r e m for the bounded 
c a s e , it wi l l suffice to p rove induct ive ly tha t e v e r y a 
(0 < a < (T ) i s a c c e s s i b l e . Since 0 is a c c e s s i b l e , it suff ices 
to p r o v e a> 0 a c c e s s i b l e , a s s u m i n g e v e r y p < a a c c e s s i b l e . 

F i r s t , l e t a be of the f i r s t kind so tha t a-1 i s 
a c c e s s i b l e . A s h a s been shown, u ex t ends uniquely to a 

a - 1 
m e a s u r e a on X' * = /\ which is obviously bounded by M. 

a a-1 a 
But p. , the unique m e a s u r e e x t e n s i o n of u. , , i t se l f the 

a a-1 
unique m e a s u r e ex t ens ion of u. to A , i s the unique 

a-1 
m e a s u r e e x t e n s i o n of u. to /\ , so (i) i s sa t i s f i ed for a. 

^ a 
The c l a s s 2/ of finite o r countable unions of m e m b e r s of 

a-1 
/\ , i s r e l a t e d to /\ a s i s /U to /fy . So, for a r b i t r a r y 

a-1 a 1 
€ > 0 and S € / ( , t h e r e e x i s t s V € IV such tha t 

a a-1 

VOS and u (V) .- u (S) <~ . 
— a a 2 

By the defini t ion of ?/ and the fact tha t /\ t i s a r ing , 
a -1 a - 1 

we m a y e x p r e s s V a s a d i s jo in t finite o r countab le union of 
m e m b e r s of 

a-1 

V = S T (T € /? J . 
n n a - 1 

Since a - 1 i s a c c e s s i b l e and u. ex tends u. M , t h e r e e x i s t s 
a a-1 

U € 2 / such tha t 
n 

U 3 T and u. (U ) - u. (T ) < 
n — n a n a n ^n+1 

2 

Set t ing U = U U , we have S C V C U c ^ 
n n — — 

u (U)~n (S) =|x (U)-HL (V)+u (V)-HL (S) < p (U) -^ (V) + ~ 
a a a a a a a a 2 
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Bat s ince u i s a f ini te m e a s u r e on A , 
a a 

u (U)-| i (V) = u (U-V) < |i { U U - T )} < S |i (U - T ) < ^ . 
^a a a — a n n n — a n n 2 

The combined i n e q u a l i t i e s e s t a b l i s h (ii) for a . 

Now let a be of the second kind. B e c a u s e of the induc t ion 
h y p o t h e s i s , a function u i s we l l def ined on /\" by the 3 a a 
fo rmula u (S) = u (S) , w h e r e p < a i s such tha t S e /\:' 

<* P P 
(S € /\ ). It m u s t be shown tha t , in v i r t u e of t h i s def in i t ion, 

a 
a i s a c c e s s i b l e . A l r e a d y , by the induct ion h y p o t h e s i s , (ii) i s 
sa t i s f i ed , u, i s f ini tely add i t ive and bounded by M . Since 

a 
any m e a s u r e ex t ens ion of u to / would sa t i s fy the defining 

a 
fo rmula for u , u i s the only p o s s i b l e such e x t e n s i o n . It 

a a 
r e m a i n s only to p r o v e the countab le add i t iv i ty of JJL . Suppose 

oo a 

tha t S = 2 S ( S , S 6 / ) . B e c a u s e of the f ini te add i t iv i ty , 
±

 n n a 

oo 

u (S)> S u (S ) . 
a — x a n 

1 

Applying (ii) for a , for given € > 0 t h e r e e x i s t s e t s U € '£( 
such tha t 

U 3 S and u (U ) - u (S ) < — . 
n — n a n a n n 

B e c a u s e u , r e s t r i c t e d to A , i s the m e a s u r e u , 
a 1 ' l 

( oo \ oo oo 

v^U < S | i ( U ) < S u ( S ) + 6 . 
1 nf- l a n l a n 

Since € i s a r b i t r a r y the c o m b i n e d i n e q u a l i t i e s give 
00 

ji (S) = S p. (S ) . 
a a n 

1 

T h i s c o m p l e t e s the induct ion , and t h e r e f o r e the proof of the 
ex tens ion t h e o r e m for the bounded c a s e . 
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P r o o f for a cr - f in i te m e a s u r e . Hencefor th JJL i s a 
0"-finite m e a s u r e on the r ing A\ . Applying the ex tens ion 
t h e o r e m for the bounded c a s e , we show in th i s sec t ion tha t 
the cr-f ini te m e a s u r e \i ex tends uniquely to a or-finite 
m e a s u r e on the g e n e r a t e d c r - r i n g /C . Let X be the 

0" O 

subr ing of A cons i s t i ng of the s e t s of X of finite m e a s u r e . 
B e c a u s e JJL is o - - f in i te the c r - r i ng g e n e r a t e d by S i s /" 

o <r 
T h e r e f o r e to extend JJL uniquely to a m e a s u r e on / it wil l 

or 
suffice to do the s a m e for i t s r e s t r i c t i o n to X . So we 

o 
a s s u m e hence fo r th , without l o s s of g e n e r a l i t y , tha t the o r i g i n a l 
m e a s u r e \x. on A i s f in i te . 

Be tween X and /{ we i n t e r p o l a t e the r ing X ' 
0" 

c o n s i s t i n g of a l l m e m b e r s of A con ta ined in some m e m b e r 

of A '. In o t h e r w o r d s , R' € /\ ' if and only if R' € /. and 
0" 

R' C R for some R e X (depending on R' ). Le t A be a 
given r ing (of s u b s e t s of X) and le t E be a given se t ( subse t 
of X). The " t r a c e " of A\ on E , denoted K\ r\E , i s 

1 1 
the r ing of s e t s of the f o r m RJ r>E , w h e r e R € X . 

1 1 1 Since a m e m b e r of /\ i s con ta ined in R € X if and only if 

it be longs to the t r a c e we have 

/ P • = KJ [A' O R ) , R c ^ ' c A7 

_. ^ cr — — cr 
R 6/V 

Our p r o c e d u r e wi l l be to f i r s t ex tend u uniquely to a f inite 
m e a s u r e u1 on A7 ' , then to extend u1 uniquely to a 
cr - f in i te m e a s u r e on X7 • 

F i r s t , we extend JJL uniquely to a finite m e a s u r e JJLT on 
A7f . F o r a r b i t r a r y R € /C, the r e s t r i c t i o n of JJL to X ' n R i s 
bounded, and the <r - r i n g g e n e r a t e d by A n R i s (5) 

(A'r^R) = AP r^R . 
cr (T 

(5) The left m e m b e r i s m e r e l y the no ta t ion for the g e n e r a t e d 
a*-r ing. I ts ident i ty with the r ight m e m b e r i s p r o v e d a s 
t h e o r e m E , s e c . 5 [3] . 
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The extension theorem for the bounded case a s s e r t s that this 
res t r ic t ion extends uniquely to a finite measu re JJL on 

R 
A r\ R . We will combine the m e a s u r e s fi , R € /A to 

cr R 

form a single measure JJ.' on / / ' . We observe that if 
R C R0 (R , R € A ) then JJL and the res t r ic t ion of JJL 

1 Z 1 Z R R 
1 Z 

to A r^ R must coincide on their common domain, since 
(T 1 

they are both measure extensions of the res t r ic t ion of \i to 
A r\ R (uniqueness of measu re extension in the bounded case) . 

1 
Hence, for any two m e m b e r s R , R of A', JJL , JJL 

1 2 R l R 2 
coincide on /. r\ (R o* R ). Therefore a function JJL1 is 

cr 1 Z 

well defined on /\'y by the formula 

fi1 (R! ) = u_(R' ) , where R is such that R' C R € /( ' (R! e /,; ' ) . 
R 

It is already obvious that JJL' is a finite measu re on X ! which 
extends every u , and so also extends (j. . But any m eas u re 

R 
on A ' which extends u. must also extend every JJL (R € / ' ) 

R 
(uniqueness of measu re extension in the bounded case) , so ji1 

is the only possible measu re extension of JJL to /\ ' . 

We now extend JJL' uniquely to a cr -finite m e a s u r e on /A . 
cr 

Every member of A may be expressed as a disjoint, finite or 
countable, union of m e m b e r s of /\ ' . Consider two such 
representat ions of the same set E € A\' : 

E = S S = 2 T (S , T € X9 ' ) • 
n m n m 

Since JJL' is a measu re on /Ax , 

S | i !(S ) =Z n,'(S ^ S T ) = 2 2 , J L ' ( S ^ T ) = S u ' ( T ) . 
n n n m n i n m

M ' n **i m ^ m 

Therefore a function u. is well defined on /A by the formula 
n cr <r 

fx (E) = 2 JJL' (S ), where E = S S (S € / ^ ' ) is any representat ion 
c n n n 
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The funct ion jx ex t ends jx' , i t i s f ini te ly addi t ive and , if i t 

i s shown to be a m e a s u r e , it wi l l b e <r - f in i t e . But any m e a s u r e 
on / r ex tending JX! m u s t sat isfy the defining equa t ion for 

<r 
u » so ix i s the only p o s s i b l e such ex t ens ion . It r e m a i n s 

a* o° 
only to p r o v e the countab le add i t iv i ty fof JX . Suppose tha t 

E = S E (E € /f7 ) . 
. n n cr 
1 

E a c h t e r m of the union h a s a r e p r e s e n t a t i o n of the f o r m 

oo 
E = S S (S € X7») . 

n à n m n m 
m=l 

In the spec i a l c a s e w h e r e E € X 7 ' we have 

oo oo oo oo oo 

p ( E ) = f x ! ( E ) = H L ! ( S S S ) = S S pL1 ( S ) = 2 fi ( E ) 
cr , n m , M n m , o* n 

n=l m=l n=l m=l n=l 
00 

In the g e n e r a l c a s e we m a y e x p r e s s E : E = 2 S (S 6 /?' ) . 
i n n 

We apply the s p e c i a l c a s e , t ak ing accoun t of the def ini t ion JX , 

and not ing tha t S rs E € /f9 ' : 
n m 

oo oo oo oo oo 

u. (E) = S LL'(S ) s S u f ( S H Z E ) - S 2 a ' ( S n E ) 
<r , n , n , rn , , n m 

n=d n=l m=l n=l m=l 

00 00 00 

= S S ji- (S ^ E ) = S a (E ) 
n m ô  m 

m=l n=l m=l 

T h i s e s t a b l i s h e s the countab le addi t iv i ty of jx , and so 

c o m p l e t e s o u r proof of the ex t ens ion t h e o r e m . 

(6) By adjoining, if n e c e s s a r y , an infinity of t e r m s equa l to 
the e m p t y se t , we m a y suppose a l l r e p r e s e n t a t i o n s to be 
countab ly inf in i te . 
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