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The Homology of Abelian Covers
of Knotted Graphs

R. A. Litherland

Abstract. Let M be a regular branched cover of a homology 3-sphere M with deck group G 2 74 and branch
set a trivalent graph I'; such a cover is determined by a coloring of the edges of I" with elements of G. For each
index-2 subgroup H of G, Mg = M/H is a double branched cover of M. Sakuma has proved that H; (M) is
isomorphic, modulo 2-torsion, to @ n H1(Mp), and has shown that H; (M) is determined up to isomorphism
by @y Hi(Mp) in certain cases; specifically, when d = 2 and the coloring is such that the branch set of each
cover My — M is connected, and when d = 3 and I' is the complete graph K4. We prove this for a larger
class of coverings: when d = 2, for any coloring of a connected graph; when d = 3 or 4, for an infinite class of
colored graphs; and when d = 5, for a single coloring of the Petersen graph.

1 Introduction

In this paper we are concerned with invariants of graphs embedded in 3-space, which are
known as knotted or spatial graphs. Although knotted graphs have been studied for some
time, they have received more attention in the last ten years or so because of their poten-
tial applications to stereochemistry; a reader interested in these applications may consult
Simon [6] or Kinoshita [2].

For our purposes, a graph is a 1-dimensional polyhedron I'. A vertex of I is a point at
which I' is not a 1-manifold, and an edge is the closure of a component of the complement
of the set of vertices. A component of I' that contains a vertex is naturally a graph in the
combinatorial sense (possibly with loops or multiple edges). A component without vertices
is a single edge homeomorphic to S', which we call a circular edge (as opposed to a loop,
which is homeomorphic to S!, but contains a vertex).

Remark None of our theorems apply to graphs with circular edges, but they are needed
for some lemmas.

All the graphs we consider are trivalent; this does not exclude circular edges. IfI' is a
trivalent graph the number V' of vertices and the Euler characteristic x(I") are related by
V = —2x(I"), and the number of non-circular edges is —3x(I"). By a cycle in a trivalent
graph we mean a (possibly empty) subgraph homeomorphic to a disjoint union of circles;
these are in one-to-one correspondence with the elements of H;(I';Z,). A cycle with one
component is called a circuit. If "' is a subgraph of ', we use I'\ I'’ to denote the closure of
the set-theoretic complement I' — I"'. We call a graph simple if it has no loops or multiple
or circular edges.

Let d be an integer greater than 1, and let G be a (multiplicative) group isomorphic to 7.
Let M be a homology 3-sphere and let 7: M — M be a regular branched cover with deck

Received by the editors April 30, 1998; revised July 22, 1999.
AMS subject classification: Primary: 57M12; secondary: 57M25, 57M15.
(©Canadian Mathematical Society 1999.

1035

https://doi.org/10.4153/CJM-1999-046-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1999-046-7

1036 R. A. Litherland

group G and branch set a graph I' C M. A point in the inverse image of a vertex of I' of
valence 7 has a neighborhood that is a cone on a cover of $* branched over n points, and by
the Riemann-Hurwitz formula any regular branched cover of $? by itself has 2 or 3 branch
points. Thus M is a manifold iff I is trivalent; we assume that this is the case. For each edge
e of T, the stabilizer G, of a lift of e to M is a subgroup of G of order 2 (and is independent
of the lift since G is abelian). We color e with the non-trivial element of G,. The colors g,
£ and g of the edges at a vertex v are the non-trivial elements of the stabilizer of a lift of
v (a group isomorphic to 7, @ 7,), so they satisfy the relation g;g,¢; = 1. Conversely, any
coloring of the edges of I' by non-trivial elements of G satisfying this relation at each vertex
defines a homomorphism H;(M — I';Z;) — G sending each meridian of an edge to the
corresponding color. The corresponding branched covering is connected iff the colors of
the edges generate G; we shall always assume this is so, and call I' a G-colored graph. We
regard two G-colorings of I as identical if they differ only by automorphisms of G and I'.
We sometimes write G(d) for G to indicate the value of d under consideration. When we
refer to a basis of G, or to independent elements of G, we are considering G as a 7, vector
space.

Remark Any coloring of the edges by elements of G satisfying the above relations defines
a homomorphism from H!(I';Z,) to G, and vice-versa, so we can choose such a coloring
with the colors generating G iff the first Betti number b, (I') of T is at least d. However, this
may fail to be a G-coloring as just defined since some of the colors may be the identity. If
G has a bridge e, the color of e must be 1 since e represents zero in H'(I'; Z,). If T does not
have a bridge, the existence of a G-coloring is not guaranteed; when d = 2, a G-coloring
is just a Tait coloring, and the question of which bridgeless trivalent graphs have a Tait
coloring has a long history.

Let C* = C*(G) be the set of all subgroups of G of index 2, and let € = €(G) = C*U{G}.
IfI' is a G-colored graph, for H € C we let I'yy be the union of the edges of I" whose colors
are notin H; thisisacyclein I'. If I is embedded in a homology 3-sphere M with branched
cover m: M — M, let My = M/H for H € €. If H € C*, there is a 2-fold branched
covering py: My — M whose branch set is the link I'yy. There is also a branched covering
7 M — My with group H, whose branch set Ay is the inverse image of I \ I'y. When
H = G, Mg = M and we let 7¢ = 7 and pg = id. Sakuma showed that H;(M) and
®Hee* H;(Mp) are isomorphic modulo 2-torsion [5, Theorem 14.1], and determined the
2-torsion of H,;(M) when d = 2 and each I'yy is connected, and when d = 3 and I" = K,
[5, Theorem 14.2]. Our first theorem generalizes part (1) of [5, Theorem 14.2], because
Prce- Hi(Mp) has odd order when all the I'y; are connected, so the exact sequence of the
theorem is split.

Theorem 8.1 Ifd = 2 and T is connected, then there is a short exact sequence

0— P Hy) 5 B0 — 2807 o,
HeC*

andﬂ(@Hee* HI(MH)) = 2H1 (M)

There are infinitely many G(2)-colorings of connected graphs for which the I'y; are not
all connected; see Example 1.2. In this case, the above sequence does not split; nevertheless,
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H;(M) is determined up to isomorphism by & nee- Hi(Mp). This is a consequence of the
case p = 2 and e = 1 of the following proposition, whose proof is a simple application of
the structure theorem for finitely generated abelian groups, and is omitted.

Proposition 1.1 Let A and B be finitely generated abelian groups, p a prime, and e a positive
integer. If p°’A = p°Band A/p°A = B/p°B, then A = B. [ |

Example 1.2 Let I" be an n-rung Mobius ladder. Recall that this graph consists of a 2n-
circuit (the rim) together with its diameters (the rungs). (It is usual to require n > 3, but
the cases n = 1 or 2 make sense; when n = 1 we have the theta-curve, and when n = 2
we have Ky.) When n > 2, I is simple, and we take the vertices to be vy, . .., v,,—; and the
edges to be o; = {v;, vix1} and 73 = {v;, visn }, the subscripts being taken modulo 2n. The
o; form the rim, and the 7; are the rungs. Let I'’ be a non-empty cycle in I that contains k
rungs. If k = 0, T is the rim; otherwise, I'/ is connected if k is 0odd, and has % components
if k is even.

Now take d = 2, and let the non-trivial elements of G be g1, & and g;. Give all the rungs
the color g;, and give the edges of the rim the colors g, and g3 alternately. If H = (g;) then
Ty is the rim, while if H = (g,) or (g3) then T'y; contains all # rungs. Thus every 'y is
connected iff n is odd or n = 2.

We say that a G-coloring of a graph I is unsplittable if, for any ¢ € G, deleting the edges
of I'' with color g leaves a connected graph. If I' has an unsplittable coloring, then either I
is the theta-curve (in which case d = 2), or I is connected and simple. First, taking g = 1
shows that I is connected, and in particular has no circular edges. Since I" has no bridges, it
has no loops. If I is not the theta-curve and has a pair of multiple edges, these are adjacent
to two distinct edges with the same color. Deleting these edges disconnects I, contrary to
the definition.

A circuit C in a G-colored graph I' will be called special if there is some H € €* such
that 'y = C and I" \ C is connected. Note that if this is so then I' is unsplittable iff the
result of deleting from I \ C all edges with color / is a forest whenever 1 # h € H.

Theorem 8.2 Let I' be a trivalent graph with an unsplittable G(3)-coloring with a special
m-circuit. Then 3 < m < by(I), there is a short exact sequence

00— @ H,(Mpy) i) H,(M) — ZT‘3 @Zg(blm_’") o,
Heer

and B(@yece- Hi(My)) = 4H,(M).

This implies part (2) of [5, Theorem 14.2], since K4 has a unique G(3)-coloring, which
is unsplittable and has a special 3-circuit. Once again, when Theorem 8.2 applies, Proposi-
tion 1.1 shows that H; (M) is determined up to isomorphism by @He e Hi(Mp). We now
show that Theorem 8.2 applies to infinitely many colored graphs.

Proposition 1.3 Let m and b be integers with 3 < m < b. Then there is a graph I" with
b(I') = b and an unsplittable G(3)-coloring of I which has a special m-circuit.
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Figure I: x,y,z € G,xyz =1

Proof First we show that for m > 3 there is a graph I'' with b; (I') = m and an unsplittable
G(3)-coloring of I" which has a special m-circuit. Let T be a tree with m vertices of valence
1 (its leaves) and m — 2 vertices of valence 3 (its forks); such trees exist for any m > 2. Form
I' by adding an m-circuit C through the leaves of T. Pick Hy € C*and gy € G — H,. It
is easy to color the edges of T with non-trivial elements of Hy so that the required relation
holds at each fork. Further pick an edge ¢, and a vertex vy of C. Give e the color gy. There
is then a unique way to color the other edges of C so that the required relation holds at
every vertex except perhaps v,. If we take the product over all vertices v of the product
of the edge-colors at v, the result is 1, since each edge-color appears twice. It follows that
the required relation holds at v, as well. Since m > 3, T has at least one fork, and so all
non-trivial elements of Hy are used to color T, and the edge-colors of I' generate G. Also,
all the colors of C are in G — Hy. It follows first that they are non-trivial, so we do have a
G-coloring, and second that I'y, = C, so that C is a special m-circuit. Since deleting edges
from a tree always leaves a forest, this coloring is unsplittable.

Now, if I' is any unsplittable G(3)-colored graph with a special m-circuit, performing the
operation of Figure 1 at any vertex not on that circuit yields a graph I'” which is unsplittable,
has a special m-circuit, and has b; (I'') = b;(T") + 1; the general case follows. [ |

We give some specific examples of such colorings.

Example 1.4 Let I be an n-rung Mobius ladder (n > 2). It is possible to determine all
unsplittable G(3)-colorings of I' with a special circuit; we shall describe them but omit the
verification that there are no others. First, an (n+ 1)-circuit consisting of one rung together
with half the rim has complementary graph a tree. By the first part of the above proof, there
is an unsplittable coloring for which this circuit is special. Next, suppose that n > 3 and let
{x1,x2,x3} be a basis of G. Color the rim edge o with x;, the rung 7, with x,, the rung 7
with x,x}~", and all other rungs with x3. There is a unique way to complete the coloring,
and there is a special 4-circuit corresponding to the subgroup (x;x,, x3); unsplittability is
easily checked. Finally, there is an exceptional coloring when n = 4: color the rung 7,
with x;x,x3, 7; with x; for 1 < i < 3, and the rim edge oy with x,. This determines an
unsplittable coloring with a special 4-circuit corresponding to (x, x,).

Example 1.5 In [7], the generalized Petersen graph P(n, k) was definedfor 1 <k <n—1

and n # 2k as follows. It has 2n vertices ug, ..., u,—1,vo, ..., Vy—1, and edges of three
kinds, namely o; = {u;, uis1}, 77 = {vi, virr} and p; = {u;, v;}, where the subscripts are
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taken modulo n. The edges o; form an n-circuit (the outer rim); if k is coprime to # (as
we shall assume), so do the edges 7; (the inner rim). The edges p; are called rungs. Pick
Hy € C* and gy € G — H,. Color the edges of the inner rim with non-trivial elements of
H, so that adjacent edges receive distinct colors and all three elements appear. This forces
colors on the rungs. If one edge of the outer rim is given the color g, there is a unique
way to complete the G-coloring. Then I'y, is the outer rim, whose complementary graph
is connected; it is easy to see that this coloring is unsplittable. This example does not arise
from the construction of Proposition 1.3.

If n = 2m + 1 and k = 2 there is also an unsplittable coloring with a special (n + 1)-
circuit; the complementary graph to the circuit uju; - - - Uy Va2, v1 1 is a tree, so there is an
unsplittable coloring for which this circuit is special.

We have one other theorem in the case d = 3.

Theorem 8.3 Let I be an n-rung Mobius ladder (n > 2) with a G(3)-coloring, and let g, be
the product of the colors on the rungs. Suppose that gy # 1, and let k be the number of rungs
with color gy. If k = 0, there is a short exact sequence

0 — @ HiMy) L H0D) — 772 — 0,
Hecer

while if k > 0 there is a short exact sequence

0— @ HMy) L HOD — 77 e 2 0.
Heeg*

In either case, 3(@yee. Hi(My)) = 4Hi(M).

There is considerable overlap between Theorems 8.2 and 8.3; all the colorings of Exam-
ple 1.4 apart from the exceptional coloring for n = 4 satisfy the hypothesis of Theorem 8.3.
However, it is easy to see that there are infinitely many colorings satisfying that hypothesis
that do not have a special circuit.

Next we consider some G(4)-colorings of Mdbius ladders.

Example 1.6 Letd = 4, and let {x, x;, x3, x4 } be abasis of G. Let I" be an n—rung Mébius
ladder with n > 3. Give the colors x;, x; and x;x,x% to one rung each, and give all other
rungs the color x;. If we give any rim edge the color x4, there is then a unique way to color
the remaining edges with elements of G so that the required relation holds at each vertex,
and this does give a G-coloring. Here every I'yy is connected; this can be seen by listing all
the I'y, but it is easier to make use of the following lemma.

Lemma 1.7 Letey,...,e, bedistinct edges of a G-colored graph I" with colors g1, . . . , gn. For
H € C*, the number of these edges contained in I'yy is even iff g - - - g, € H.

Proof Let dy be the homomorphism from G to 7, with kernel H, and let k of the edges

ey, ...,e, be contained in I'yy. Since ¢; is contained in I'y iff 6y (g;) = 1, 0g(g1---g) =
k mod 2, and the result follows. [ ]
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For the colorings of Example 1.6, the product of the colors on the rungs is x;. Let
H € C*. Ifx; ¢ H then I'y contains an odd number of rungs by the lemma, while if
x3 € H then I'yy contains at most three rungs; in either case, ['y is connected.

Theorem 8.7 Let d = 4 and let I" be an n-rung Mobius ladder with n > 3. Give I the
G(4)-coloring of Example 1.6. Then

Drce- Hi(Mp) © 7, ifn=23;

H,(M) = 4
: {@HG@ Hi(Mpy) @ Zs & 23", ifn > 4.

Our final theorem deals with a particular coloring of the Petersen graph.

Example 1.8 'We use the notation of Example 1.5, and let I be the Petersen graph P(5, 2).
Let d = 5, and let G have a basis {xy, . .., x4}. Color the edge o; with x;, the edge 7; with
Xi—1Xi+2, and the edge p; with x;_1x;, all subscripts being taken modulo 5. We leave it to the
reader to check that this is indeed a G-coloring. This graph has six disconnected cycles, all
of which contain an odd number of the edges 7;. Since the product of the colors on the 7;
is 1, it follows from Lemma 1.7 that every I'yy is connected.

Theorem 8.8 Let d = 5, and let I' be the Petersen graph with the G(5)-coloring of Exam-
ple 1.8. Then

H\(M) = D Hi(My) & Zis 9 73 © 73,
HeeC*

The rest of this section sets out some notation. In the next section we give the plan of
the proof and explain the organization of the rest of the paper.

We deal often with direct sums @), o, Ay, where the Ay are abelian groups indexed
by a subset €’ of C. It is convenient to regard an element of @, Ay as a formal linear
combination ZHGG, AgH with Ay € Ap. When all the Ay are equal, we use the notation
A® for Drces A As in the proof of Lemma 1.7, for H € C, we let 0y be the homomor-
phism G — Z, with kernel H; we also let ey the homomorphism with kernel H from G to
the group {41} of units of Z (a character of G).

If X is a polyhedron, C(X; A) will denote the simplicial chain complex of some fixed but
anonymous triangulation of X, with coefficients in the abelian group A. When the coeffi-
cient group is omitted, it is understood to be Z, except in Section 7, where it is understood
to be 7Z,. We assume that the simplices of the triangulation have been oriented, and by a
simplex of X we shall mean a simplex of the triangulation with the chosen orientation; thus
the simplices of X form a basis for C(X). We let S(X) be the set of all simplices of X, and
Si(X) the subset of i-simplices. If f: X — Y is a simplicial map, the induced maps on chain
complexes and homology will also be denoted by f without further decoration. If f is a
regular branched covering and the triangulation of X is obtained by lifting that of Y, we
have the transfer map C(Y) — C(X); recall that this sends a simplex ¢ to Zke x k&, where
K is the deck group and & is one lift of o. This map and the induced map on homology will
both be denoted by f'. We let b;(X) be the i-th Betti number of X.
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2 Outline of the Proof

Consider a regular branched covering m: M — M of a homology 3-sphere M, with deck
group G and branch set a G-colored graph I'. Triangulate M so that I" is triangulated by a
subcomplex, and lift this triangulation to triangulations of the My and M. We have various
transfer maps pj;: C(M) — C(Mpy) and 7rj;: C(My) — C(M). We define chain maps

a: C(M)E — EBC(MH)
HeC

by a( Z CHH> = Z (pl!{(cH)H— cHG) forcy € C(M),H € G,
Heer Heer

and

8: @ CMy) — C(M)

Hece
by B(DduH) =Y i) fordy € C(My), H € €.
Hee HeC

We also let v: C(M) — C(M;7Zy—1) be the composite of 7: C(M) — C(M) and reduction
of the coefficients modulo 291,
Consider the sequence

@D 0—cn® - @My L c) L5 CM; Zpa 1) — 0.
Hee

This is not exact, but we do have the following result.
Lemma 2.2 The chain map « is injective, B = 0, v3 = 0, and +y is surjective.

Proof Definea’: @y e C(My) — C(M)® by
o (Y dutt) = > putdmH.
Hee Heer

Then

o/a(z CHH) = Z prpy(c)H = 2 Z cyH,

HeeC~ Hee~ Hee*

so « is injective. Next,

ﬂa( > CHH) =Y (maphi(cn) = 7'(cw)) =0,

Hee* Hee*

so Ba = 0. Further,

7B( D" duH) = > prmimy(di) = 3 [Hlon(dn),

HeeC HeeC HecC
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s0 v = 0. Finally, 7: C(M) — C(M) is clearly onto, and hence so is 7. [ |

The sequence (2.1) thus decomposes into four short exact sequences:

(2.3) 0 — C(M)® - Ker 8 —> Ker 3/Ima — 0;

(2.4) 0 — Ker § < @D C(My) 5 Im g — 0;
HeC

(2.5) 0 — Imp < Kery — Kery/Imf3 — 0; and

(2.6) 0 — Kery < C(M) -5 C(M; Zyi—1) —> 0.

The last of these relates the homology groups of M and the complex Ker ~; the first homol-
ogy is all we need.

Lemma 2.7 We have H;(Ker ) = H,(M).

Proof Since M is an integral homology sphere, it is also a Z,.—1 homology sphere, so part
of the long exact sequence of (2.6) is 0 — H;(Kery) — H;(M) — 0. [ |

To extract information from the exact sequences (2.3)—(2.5), we need to study the com-
plexes Ker 8/ Im« and Kery/Im 3. This leads us to consider certain chain complexes
associated to a G-colored graph I'. These chain complexes are defined and studied in Sec-
tion 4, after some preliminary results on the graded ring of G in Section 3. In Section 5,
we determine the complex Ker 3/ Im «, and in Section 6, we determine the quotients of a
filtration of Ker v/ Im (3. In Section 7 we prove some results on the 7, homology of 2- and
4-fold branched covers, and in Section 8 we prove our theorems.

3 The Graded Ring of G

As always, G is a group isomorphic to 74, but in this section we do not assume that d > 2.
For H € C, the character ey extends to a ring homomorphism ey : Z[G] — Z on the group
ring of G. The fundamental ideal I = I[G] of G is the kernel of eg; we also let ] = J(G)
be the ideal of those A\ € Z[G] for which eg(A\) = 0 (mod 2). Note that ] = I & 27Z. We
consider the associated graded rings A = A(G) = G/(Z[G]) and B = B(G) = G,(Z[G]).
(See [8, p. 248].) Consider first the ring B. The group of homogeneous elements of degree
kis By = J*/J**!, and B is an algebra over By = Z[G]/], which we identify with 7,. We
denote the image in By of A € J* by [A];; the product is given by [Alx[ul; = [Aplks
Turning to A, we have (1 — g)* = 2(1 — g) forg € G, so 2I < I?. Let k > 1. It follows that
2% < %1 and hence J* = I¥@2%7. Therefore we may identify Ay with its image in By, and
By is the direct sum of Ay and a copy of 7, generated by [2*];. Note also that AxB; = Ajy.
Of course Ay = 7; below, when we refer to Ay, it is to be understood that k > 1.

We shall determine the structure of the algebra B, and hence that of A. (The structure of
G;(Z[G]) when G is free abelian was determined by Massey in [4].) We define a function
w:G— A byw(g) =[1—gh-
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Lemma 3.1 The function w is an isomorphism, and for any A = Y
W(ngcg)‘g) = [)\]1

qeG A8 € I we have

Proof We compute
1-9+0-h-(1-gh)=1-g—h+tgh=(01-g(1—-h €L,

so [1 —gly +[1 — h]; = [1 — gh];, and w is a homomorphism. The function [A]; +—
I1 ¢€G g is a well-defined homomorphism A; — G sending w(g) to g. For A € I we have

A= — dec Ag(1 —g),s0 [A]} = dec Aw(g) = w(HgGGg)‘g), and the result follows.
| ]

For 0 < I < d, we let J; be the set of I-tuples 7= (iy, iy, . .., ;) of integers with 1 < i; <
ih<---<ip<d.

Lemma 3.2 Let {xy,...,xq4} be a basis of G, and (for k > 0) let By be the set consisting
of the elements (1 — x;) -+ (1 — x;,) fork <1 < d and7 € 7, together with the elements
2kl — X)) (1 —x3) for0 <1< k1 <dand7 € J. (Whenl = 0, the empty product
(1 —x3,) -+ (1 — x;3,) is taken to be 1.) Then By is a basis of]k (as a Z-module). Further, an
element \ of Z|G] is in J* iffeg(X\) = 0 (mod 2F) forall H € C.

Proof Everyelement g of G can be written uniquelyin the form g = x;, - - - x;, for0 <[ < d
and 7 € I call ] the length of g. Then g is the unique element of maximal length appearing
in(1—x;)---(1—x;),and it follows that the (1 —x; ) - - - (1 —x;,) are linearly independent;
therefore so are the elements of By. Let Vi be the additive subgroup of Z[G] spanned by
By, and let Wy be the subgroup of those A € Z[G] such that e;(\) = 0 (mod 2¥) for all
H € C. Clearly V}, < JE. Since e(\) = e6(\) (mod 2), we have ] = W, and it follows
that J* < Wy for all k > 0.

It remains to prove that Wy < Vi. Let A = dec A¢g be a non-zero element of Z[G].
Let I be the maximum length of those g with A\, # 0, and let 1 be the number of those g of
length Iwith A, # 0. Call the pair (I, #) the weight of A, and order weights lexicographically.
Suppose that Wi £ Vi, and let A be an element of Wy, — Vj of minimum weight (I, n). Let
h = xj ---xj, G € J)) have A, # 0. If [ > k, then A — (=DM (1 — xj,) - (1 —x;,) is
an element of Wy — Vi of smaller weight than A, a contradiction. Suppose that | < k. Let
G’ be the subgroup of G generated by xj,,...,xj, and G’ the subgroup generated by the
other x;,50 G = G’ @ G'’. Since A € Wy,

Z e (Wemrge(A) =0 (mod 25).
H'eC(G")

Now

> e Menacr N => (D ew(Wenac (@) A
)

H'€C(G") g€G H/€C(G

Letg = ¢'¢”, with g’ € G’ and g’" € G". Then ey/(h)ey g (g) = ens(hg’), and
Y reewenr(hg') is 0if g' # h, and 2lifg’ = h. Ifg’ = handg” # 1, then \; = 0
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by our choice of h. It follows that 2!\, = 0 (mod 2%, or A\, = 0 (mod 2¥). Now
A — (—1)’()\;,/2"_1)2"_’(1 —x;j,) -+ (I — xj,) is an element of W} — V} of smaller weight
than A, and this contradiction proves that Wy < Vj. [ |
As an immediate consequence of this lemma, we have bases for Ay and By.
Lemma 3.3 Let {x,...,x4} be abasis of G. The elements

R —x) - (= x) e = 21w, - - wix,)

for 0 < I < min{k,d} and7 € J; form a basis of By (as a 7, vector space), and those for
1 <1< min{k,d} form a basis for Ay. [ |

Note that this implies that multiplication by [2]; defines injections By — By fork > 0
and Ay — Ayy1 for k > 1, and that these are onto for k > d.

Lemma 3.4  The graded algebra B is the quotient of the symmetric algebra of By by the
relations a> = [2],a fora € A,.

Proof The given relations do hold in B: by Lemma 3.1, any element of A; equals w(g) for
some g € G, and w(g)®> = [(1 — g)*], = [2(1 — 9)], = [2]1w(g). Therefore, if B is the
quotient of the symmetric algebra of B, by these relations, there is an epimorphism B — B.

Butif {xi,...,x;} isabasis of G, then By is generated by the elements [2]11‘_l<,u(xi1 ) w(xg)
for 0 < I < min{k,d} and 7 € Jj, and these map to independent elements in By by
Lemma 3.3. |

The 7, vector space Z5 is a commutative algebra under componentwise multiplication.
Its identity element ) |, . H will be denoted by 1¢". We may define a linear map Q: B, —
Zze by Q(w(g)) = ZHGG* 0n(g)H for g € G, and Q([2];) = 1¢". Since x2 = x forall x €
75", it follows from Lemma 3.4 that Q extends (uniquely) to an algebra homomorphism
Q:B— Zze*.

Lemma 3.5 The map ) restricts to an injection on Ax for 1 < k, and on By for0 < k < d—1.
Further, Q) maps each of Az and B4_, onto Zg

Proof We show first that 2 maps A, isomorphically onto Z$". For any gi,...,g; € G,
we have Q(w(gl) . -w(gd)) = ZHEG* 0n(g1) -~ - du(ga)H. Given Hy € C* we may find a
basis {x1,...,x7} of Gwith x; ¢ Hp for 1 < i < d. Then dy,(x) -0y, (xs) = 1 and
0p(x1) - -+ dp(xg) = 0 for any H # Hy, so Q(w(xl) o -w(xd)) = Hy. Thus {2 maps A, onto
75" Since dim Ay = 27 — 1 = dimZ§", Q is also injective on A,

Next, let {x,...,x;} be any basis of G, and consider the basis elements b; =
[Z]f_lw(xi]) cew(xg) (0 <1 <d,7 € 7)) of By. Let s be the sum of all £2(b;). For each
H € C*, the coefficient of H in Q(by) is 1 if x;,, . . ., x;, ¢ H, and 0 otherwise. Therefore the
coefficient of H in s is the number of subsets of {x1,...,x;} N (G — H), taken modulo 2.
Since {x1,...,x4} N (G — H) is non-empty, this number is even, so s = 0. It follows that
Q maps the subspace of By spanned by the b; for I < d isomorphically onto Z§". Since
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multiplication by [2]; maps B;_; isomorphically onto this space and Q([2],b) = Q(b) for
all b € B, Q also maps B;_ isomorphically onto Z$ . Since multiplication by [2]; maps By
injectively into By, it follows that €2 is injective on By for 0 < k < d — 1, and therefore on
Agfor 1 < k < d — 1. Finally, multiplication by [2]; maps A isomorphically onto Ay, for
k > d, and hence  is injective on Ay for k > d. |

There is an inner product on Z$" given by

(Z aHH> . (Z bHH> = Z apby.

Heer Heer Heex
Note that for any x and y in Z$ ", x - y = 1€ - (xy).

Lemma3.6 Forl < k < d— 1, we have Q(Ay) = Q(By_s_1)+, where - denotes the
orthogonal complement with respect to the above inner product.

Proof Since dimA; = Z:;l (’f) and dimBy_y_; = Z?;Okfl (’f) = Z?:kﬂ (’f), we have
dimAg+dimBy_;_; = 2¢—1 = dim Zze Therefore it suffices to prove that Q(a)-Q(b) = 0
fora € Arand b € By__;. Since Q(a) - Q(b) = 1€ - Q(ab) and ab € Ay_y, it is enough
to show that 1¢" - Q(A4_;) = 0. For g,.--,8-1 € G, 1€ Q(w(gl) . -w(gd,l)) is the
number of H € C* that contain none of g1, . .., g1, taken modulo 2. Since g, ...,g:—1
do not generate G, this number is even, and we are done. ]

Now let G’ be a subgroup of G, and set G’ = G/G’. We have an epimorphism Z[G] —
Z[G"'] inducing epimorphisms I[G]* — I[G"']* and A (G) — Aw(G"') for all k > 1.
We denote the kernels of these maps by Z[G, G'], I*[G, G'], and Ax(G,G’). For k = 1,
A1(G, G') is just the image of G’ under the isomorphism w: G — A;(G).

Lemma 3.7 LetG' < Ganda € Ax(G) (1 <k <d). Let Q(a) = EHGG*(G) agH. Then
a € Ax(G,G") iffag = 0 whenever H > G'.

Proof Let G = G/G'. There is a linear map 75 @ — Zf*(c//) sending H € €*(G) to
H/G'if H > G, and to zero otherwise; its kernel consists of all EHGG*(G) agH such that
ay = 0 whenever H > G’. We also have the algebra homomorphism Q’: B(G"") —

Zf 6, Restricting to Ax(G), we have a commutative diagram

AG) —— 7§

l |

Ak(G//) Q Zg*(G”).

By Lemma 3.5, "’ is injective, and the result follows. [ |
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4 Homology Groups of Colored Graphs

Let I" be a G(d)-colored graph (d > 2), and fix a triangulation of I'. In this section we
study chain complexes C(T" | k) (for k = 1,2,...,d) of Z, vector spaces associated to this
triangulation. (Why we should want to do this will emerge in later sections.) Let o be a
simplex of I'. If o is a vertex of I', we let G, be the subgroup of G generated by the colors
of the edges of I incident to o, which is isomorphic to 7, @ Z,. If o is any other simplex
of I, then ¢ is contained in a unique edge of I, and we let g, be the color of this edge, and
G, the subgroup of G generated by g,. We also set A] = Ax(G,G,). Welet C(I" | k) be
the subcomplex of C(I'; Ax) generated by all chains of the form ac where o is a simplex
of I"and a € Aj. (This is a subcomplex because if 7 is a face of o then A7 < A7.) We let
bi(T" | k) be the dimension of the i-th homology group H;(T" | k) of C(T" | k). Of course, the
homology groups are zero except in dimensions 0 and 1, and H,(T" | k) is equal to the space
Z1(T' | k) of 1-cycles. Welet x(T' | k) = bo(T" | k) — b1(T" | k) be the 7, Euler characteristic
of C(T" | k). It is clear that the homology of C(I" | k) is unchanged by subdivision, and
therefore independent of the triangulation.

Lemma4.1 We have x(T' | k) = —(Z:f)x(f‘). (In the case k = d we are using the
convention that (") = 0 forr > n.)

Proof By Lemma 3.3, the dimension of A7 isa = ZLI ((‘?) — (d72)> if o is a vertex of

1 1

I'Nand b = Zk ((‘,i) — (dlfl)) otherwise. Therefore x(I" | k) = bx(T) + (a — D)V,

i=1 i
where V is the number of vertices of I'. Since I is trivalent, V = —2x(I"), so x(I" | k) =

—(2a — 3b)x(I"), and it is easy to compute that 2a — 3b = (Z:f) [ |

Lemma 4.2 Wehave by(T' | 1) = b1(T') and by (T | 1) = by(T).

Proof Leta = Zaesl(r) a,0 (a, € A7) be a 1-chain of C(T" | 1). For each 1-simplex o of
I, A] =2 G, 2 Z,, with non-trivial element w(g,). If g1, &, and g; are the colors of three
edges meeting at a vertex, w(g;) + w(g) + w(g) = w(gigg3) = 0. It follows that a is a
cycle iff, for each component I'” of T, the a,, for 1-simplices o of '/ are either all zero or all
non-zero. This proves that H,(I" | 1) & Zg”m, or bi(T | 1) = by(T'), and it then follows
from Lemma 4.1 that by (T | 1) = b;(T). [ |

Lemma 4.3 For 1 < k < d, there is an injection v;: By_1 — Z;(I' | k) defined by 1,(b) =
2 gesin) W(g)bo.

Proof It is clear that the given formula defines a linear map from Bi_; to C;(I" | k). Let
b € Bi_1, and let 7 be a 0-simplex of I'. If 7 is not a vertex of I, it is clear that the
coefficient of 7 in Juk(b) is zero. If T is a vertex and the adjacent edge-colors are g1, ¢& and
g3, this coefficient is Z?:l w(gi)b = w(g1gg)b = 0. Thus () is a cycle. It remains to
show that ¢ is injective; suppose that ¢x(b) = 0. Then w(g,)b = 0 for every 1-simplex o
of I'. Since the g, generate G, this implies that ab = 0 for every a € A,, and therefore for
every a € Ag. Now Q(a) - Q(b) = 1¢" . Q(ab) = 0. Since maps A, onto Zg*, it follows
that Q(b) = 0; since (2 is injective on By_;, we have b = 0. |
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We call T' k—taut if ¢4 is an isomorphism; by Lemma 3.3, this occurs iff b;(T" | k) =
Z:-:Ol ('f) By Lemma 4.2, I is 1-taut iff it is connected. To give examples of k-taut graphs
for k > 1, we use a different description of the chain complex C(T" | k). For 1 < k < d, the
injection : Ay — Zze* induces an injection Q: C(I'; Ax) — C(F;Zg*), which is onto for
k = d. We identify C(T’; Zze*) with C(T';72,)¢". Since Q([2]1a) = Q(a) and [2],Ax < Aji1,

we have a chain of subcomplexes
QC(T3A) < QCT54) < -+ < QC(3A0) = C(T522)°

A chain of C(I';7,)¢" is of the form EUGS(F),HEG* a, yoH with coefficients a, iy in Z,. It
belongs to QC(I'; Ay) iff, for each simplex o, } ;e do.nH € Q(Ar). Welet C'(T' | k) be
the subcomplex QC(T" | k) of QC(I'; Ay). For1 < k < d — 1and a € Ay, we have a € A]
iff [2]1a € Af,}; it follows that C'(T" | k) = QC(I;Ax) NC/(T' | k+ 1). By Lemma 3.7,
a chain ZJGS(F)’HG@ asqoH € C(;7,)¢ belongs to C'(T" | d) iff a, gy = 0 whenever
H > G,. Now H > G, iff o is not a simplex of I'y, so we may identify C’(I" | d) with
Drce- C(Tus Zy). Tt follows that a 1-chain ZmH a, goH of C'(T" | k) is a cycle iff, for each
H € C*, a, p is constant on each component of I'y. We let W(I" | k) be the subspace of
Z{(T' | k) consisting of all 1-chains of C’(I" | k) such that, for each H € C*, a, y is constant
onall of I'y.

Lemma4.4 Forl <k<d W({I|k) = Qu(Br1).

Proof We first prove the case k = d. Q maps B,_, isomorphically onto Z§, and there is
an isomorphism 7§ — W(I' | d) sending 3", c. byH to > e > es, oy buoH. We
show that the composite is equal to Qug. If b € By and Q(b) = >} e byH then

Qad) = > Quwgdb)o= > Sulg)buoH=>_ Y buoH,

oes(T) oesI),HeC HeC* 0€85(Tn)

and this case is proved.

Now let k < d. Since W(T' | k) = W(T' | d) nC'(T" | k), it is enough to prove that
Qui(Br—1) = Qug(Bi—1) N C'(T | k). Suppose that by € By_; and by € B;_; are such that
Q(by) = Q(by). Then

Qub) = > Qw(g))Ubo = > Q(w(gr))Uba)o = Qua(ba).

oesi(T) oesi ()

Since, for any b € By_1, [2]97%b € By4_; and Q([2]97*b) = Q(b), it follows that Qux(Bs_;)
is contained in Q¢4(Bs—1)NC’(T" | k). Conversely, for b € B;_;, we have Qu(b) € C'(T | k)
iff, for each o € S;(I), Q(w(gg)b) € Q(Ay) = Q(By_t_1)* (using Lemma 3.6). For
b’ € Bi_k—1, Q(w(g,)b) -Qb") = Q(b)-Q(w(g,)b’). Since the g, generate G, the elements
w(g, )b’ generate AjBy_r_1 = Ag_x. Therefore Quy(b) € C'(T' | k) iff Q(b) € QA1) =
Q(By_1), and the proof is complete. [ |

Thus I is k-taut ifft W(T' | k) = Z{(T' | k). Since W(I' | k) = W(I' | k+1)NC'(T | k)
for k < d, we have:

https://doi.org/10.4153/CJM-1999-046-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1999-046-7

1048 R. A. Litherland

Lemma 4.5 Forl <k <d,ifI"is (k+ 1)-taut then it is k-taut. [ |

Since C'(T' | d) = @yyce- C(Ty37Z,), we have:

Lemma 4.6 A G(d)-colored graph I is d-taut iff I'y is connected for all H € C*. ]

Thus the G(d)-colored graphs of Theorems 8.7 and 8.8 are d-taut. Those of Theo-
rems 8.1, 8.2 and 8.3 are not, in general, but they are (d — 1)-taut. For Theorem 8.1 this is
clear; for the remaining cases we need the following description of C'(T" | d — 1).

Lemma4.7 Leta = des(r)ﬂee* a, o H be an element of C'(T" | d). Thena € C'(T' |
d—1)iff ) pees o = 0 for allo € ).

Proof We know thata € C'(I" [ d — 1) iff ) 0. o yH € Q(Ag—y) forall o € S(I'). By
Lemma 3.6, Q(A4_,) = Q(By)*. Now By is generated by [1], and

Q([1]o) - Z agnH = Z Ao H-

Heex Hee*

The result follows. ]
If a G(d)-colored graph I is (d — 1)-taut, we shall say simply that I is taut.

Lemma 4.8 Ifd = 3 and I' has an unsplittable G-coloring with a special circuit, then I is
taut.

Proof Since I' is simple, we may use the natural triangulation in which the 0-simplices
are the vertices and the 1-simplices are the edges. Let Hy € C* be such that I'y = I'y, is
a special circuit, and let the non-trivial elements of Hy be hy, h, and h;. The remaining
elements of C* fall into three pairs depending on their intersections with Hy; we let H; and
H/ be those for which H; N Hy = (h;) = H/ N Hyp. We also letI'; = 'y, and I’/ = L.
Let > ;;ya(o, H)oH be any 1-cycle of C'(I" | 2), the sum being over edges o and H € C*.
Since I'y is connected, a(o, Hy) is constant on I'y. For notational simplicity, we show only
that a(o, Hy) is constant on I';.

Let S be the set of all edges colored h;. If 0 € S, we have a(o,H,) = a(o,H;) =
a(o,H3) = 0and

(4.9) a(o, Hy) + a(o, H{) + a(o,H,) + a(o, H;) = 0.
Define an equivalence relation ~ on S by setting o, ~ o, if
Cl(O'l, Hl) + a(allel) = 0(0'2, Hl) + [1(0'2, Hll)

Suppose that o; and o, are in S and each have a vertex in common with an edge 7 of
'\ T'. If the color of 7 is h, then o and o, lie in the same component of I';, and in the
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same component of I'{. Therefore a(o1, H;) = a(oy, H;) and a(oy, H{) = a(o,, H{), so
o1 ~ 03. Now, by (4.9), 01 ~ o, iff

a(o1, Hy) + a(o1, Hy) = a(oy, Hy) + a(o2, Hy),

and it follows similarly that o; ~ o if 7 has color h;. Since T \ Ty is connected, it follows
that oy ~ 0, forany o; and o, in S.

Now define an equivalence relation = on S by setting oy ~ o, if a(oy, H;) = a(o,, Hy).
If 01 and o0, belong to the same component of I'y then o, ~ o,. Since o1 ~ o,, we
have o) &~ o, iff a(oy, H{) = a(o,, H{), and so 01 ~ 0, if o) and o, belong to the same
component of I']. Now I'} UT'] is the result of deleting all edges colored h; from I', which
is connected since I' is unsplittable. It follows that o; =~ o, for all o, and 0, in S; i.e., that
a(o, Hy) is constant on S. Now any component of I'; contains an edge of S, so a(c, H) is
constanton I';. |

Lemma4.10 Let d = 3, and let I' be a Mobius ladder with a G-coloring in which the
product of the colors on the rungs is non-trivial. Then I is taut.

Proof We make C into an (additive) abelian group by setting H + K = Ker(dy + dx). For
H e C,weletwy = Zaesl(FH) o= Zaesl(r) 0u(gs)o € Z1(I';Z,). Then wryx = wy+wg,
and the wy form a subgroup of Z,(T'; Z,) isomorphic to €. A 1-cycle of C'(T" | d) may be
written in the form z = ), . zyH, with zy € Z(T'y;7Z,). Then (by Lemma 4.7) z is in
C'(T' | d—1)iff e e. 2z = 0 (the sum being taken in Z,(I'; 7)), while z is in W(T' | d)
iff each zy is a multiple of wy. Therefore I is taut iff, given zy € Z,(I'y) for H € €* with
> nees 2a = 0, each zy is a multiple of wy; since I'g is empty, we may replace C* by € in
this statement.

Now let gy be the product of the colors on the rungs. If the color of a rim edge o; is
g, then the color of the edge o;;, (where n is the number of rungs) is ggo, s0 § # -
Since G is generated by the colors on the rungs and a single edge of the rim, at least two
distinct elements appear as rung colors. Thus the edges colored g, form a proper subset
of the rungs, and deleting them leaves a Mébius ladder I''. The G-coloring of T induces
a G’-coloring of T/, where G’ = G/{(gy) = 73. Since I'’ is connected, it is taut. Let
C’ be the set of H € € such that gy € H. There is a bijection €’ — €(G’) given by
H — H' = H/(g), and I'j;, = I'y. By Lemma 1.7, I'y contains an even number of
rungs iff H € €'. Suppose now that zy € Z(T'y;7Z,) for H € Cand ), o zy = 0, and
setz = Y pce 2 = Ypee_cr2u- I H ¢ €', T'y is connected, so zy is automatically
a multiple of wy. It follows that z is equal to wx for some K € €. For H € €, each
component of I'y contains zero or two rungs, and so the sum of the coefficients of the
rungs in zy is zero. Therefore the same is true of wg, which implies that K € C’. Now
(zx +wi)+>. Hee'—{K} 2H = 0, and it follows from the tautness of I"/ that zy is a multiple
of wy for H € @ as well. Therefore I is taut. [ |

Much of the approach outlined in Section 2 goes through for any taut G-colored graph,
but not for non-taut graphs. This raises the question of how extensive the class of taut
graphs is. For Mobius ladders, one can determine all the taut colorings. If d = 3 then any
taut coloring satisfies the hypothesis of Theorem 8.3, apart from the exceptional coloring
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of the 4-rung ladder in Example 1.4. (Actually, there is a coloring of the 3-rung ladder
for which the product of the colors on the rungs is 1, but an automorphism of the graph
takes it to one for which the product is non-trivial.) For d = 4, apart from the colorings
of Example 1.6, all taut colorings are obtained as follows. Suppose that n > 4, and let
{x1,x2,x3, x4} be a basis of G. Give the colors xi, x,, x3, and x1x2x3x2’_1 to one rung each,
and give all other rungs the color x4. It is possible to complete the coloring, and the result
is taut (but not 4-taut). For d > 5, there is no taut coloring of any Mobius ladder.

Also, the operation of Figure 1 takes taut graphs to taut graphs, and so generates in-
finitely many further examples for d < 5; I know of no taut graphs for d > 6. Even for
taut graphs, one encounters some difficulties which will be discussed after Lemma 6.6, and
which I have been unable to overcome for the added examples just mentioned.

5 The Chain Complex Ker 3/ Im o

We now return to the consideration of a regular branched covering 7: M — M of a ho-
mology 3-sphere, with deck group G and branch set a G-colored graph I', and of the chain
maps a, 3 and «y defined in Section 2. For each simplex o of M, choose a lift & of o to M,
and for H € Clet oy = my(6). (In particular, 06 = o.) Let G, be the stabilizer of 5, and
let A7 = Ax(G, G,). If o is a simplex of I', these definitions agree with those of the previous
section; otherwise, G, = 1 and A7 = 0. Also let C, be the set of H € € such that H > Gy,
and C; = C, — {G}.

Lemma 5.1 (@Hee C(MH))/ Im « is generated by the oyH for o € S(M) and H € C,
and Im 3 is generated by the m};(op).

Proof If H = Gor H ¢ C,, then oy is the unique lift of o to My, while if H € CJ there is
one other lift o, of o to My. In the last case, a(cH) = (o + of;)H — 0G. This gives the
first statement, and the second follows since Im v < Ker 3. [ ]

Foro € S(M) and g € G, the simplex g& of M depends only on the image of g in G/G,.
We fix once and for all a right inverse for the projection G — G/G,, and thereby identify
G/G, with a complement of G, in G. A basis for C(M) is given by all g5 for o € S(M) and
g € G/G,. Note that there is a bijection €, — C(G/G,), namely H — H/G,.

Lemma5.2 For each o € S(M), the elements ntj;(ocy) € C(M) for H € C, are linearly
independent. For H € C — C,, 2m}(oy) = Wé(O'G).

Proof For H € C,, we have

mhlon) =Y he =[G,| > he =|G,| Y i(en(g)+1)gs.

heH heH/G, 9€G/G,

Let T be the matrix with rows indexed by H € C,, columns indexed by ¢ € G/G,, and
entries £y(g), and let ] be the matrix with all entries 1. To prove the first statement, we must
show that det(T + J) # 0. Now T is just the character table of G/G,, and the orthogonality
relations show that det T # 0 (in fact, that det T = £n"/? where n = |G/G,|). Expand
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det(T + J) by multilinearity in the rows. Since the row of T corresponding to G € C,
consists entirely of ones, all but two of the terms are zero, and the remaining two are equal
todetT,sodet(T + J) =2detT # 0.

Now let H € € — C,. Then p};(c6) = 20u, so ni(og) = mhpi(o6) = 2w (ow). [ |
Lemma 5.3  The chain complex Ker 3/ Im « is isomorphic to C' (T | d — 1).

Proof The complex C'(T" | d — 1) was defined as a subcomplex of C(T}; 7,)¢", which is in
turn a subcomplex of C(M; 7,)% . Asa subcomplex of C(M; 7,)¢, c'(T | d — 1) consists
of those chains ZJES(M),HEG* a,,noH such that, for each 0, ) 0} e do.r = 0and ap p = 0
if H € C} (because these equations imply that a, y = 0 whenever o is notin I").

Let py: C(My) — C(M;7Z;) be the composite of py: C(My) — C(M) and reduction
of the coefficients modulo 2. Define (: @Hee C(My) — C(M;7,)% by

<(Z dHH) =Y puldy)H fordy € C(My),H € €.
Hee Hee*

Then
Ca( Z cHH) = Z pHpI!{(cH)H =0 forcg e C(M),H € C*.
Heer Heer

Thus ¢ induces a map from (@Hee C(MH))/Ima to C(M;7,)¢"; we shall show that
Ker 8/ Im v is mapped isomorphically to C’'(T' | d — 1). By Lemmas 5.1 and 5.2, any
element of Ker 3/ Im « has a representative of the form

c= Z (CLUO'G-I— Z boyHO'HH> fora,, b,y € Z,
oceS(M) H¢e,

and such an element is in Ker 3 iff 2a,+> Hée, b,y = 0for each o. It follows immediately

that the image of Ker 8/ Im « in C(M; 7,)¢ isC'(T | d—1). Further, the chain cis in Ker ¢
iff each b, y is even, and then

a( Z %bgﬁHJH> = Z (bg_,HJHH — %b07H0G>

oEeS(M),HEC, oEeS(M),HEC,
= Z (QO-O'G'F Z bo‘7H0’HH) =c
geS(M) H¢C,
provided ¢ € Ker (3. This completes the proof. ]

Lemma 5.4 There is a short exact sequence
0 — 7% — Hy(Ker 8) — Ho(T' | d —1) — 0,

and Hi(Ker 8) 2 Hi(' | d — 1).
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Proof By Lemma 5.3, the sequence (2.3) becomes
0— CM® 5 Kerf— C'(T'|d—1) — 0.

In the long exact homology sequence, the map H(I' | d — 1) — Ho(M )€™ is zero since
Hy(T | d — 1) is torsion and Hy(M) = 7. Therefore the long exact sequence gives exact
sequences

0 — Hi(Ker) — H;(I'|d—1) — 0 and

0 — Z° — Hy(Ker 8) — Ho(T' | d — 1) — 0. -

We now turn to the sequence (2.4). Note that the map induced on first homology by
the map 3: @ ce C(My) — Im 3 from that sequence may be regarded as a map from
Drece- Hi(Mp) to Hi(Im 3) since H;(Mg) = H (M) = 0.

Lemma 5.5 If I is taut, the map (3 from @He@ H,(Mgy) to H (Im 3) is injective.

Proof By Lemma 5.4, part of the long exact sequence of (2.4) becomes

H(T |d-1) = @ HMMy) 2 H(1m ).
Hee*

We must show that the map ¢ in this sequence is trivial. Any element of H1(I' | d — 1) =
Z{(T' | d — 1) has the form z = > nees zuH, where zy € Z)(Up; 25) and ) e 20 = 0
in Z;(I';7,). Let py: C(My) — C(M;7Z,) be as in the proof of Lemma 5.3. The in-
verse image of I'y in My is a link Ly, and we may take wy € Z,(Ly) < Z;(Mpy) with
pu(wy) = zy. Then ZHGG* pu(wy) = 0, so there is an element wg of Z;(M) with
2wG + D yee- pr(wr) = 0. Letw = > owyH € @yce Z1(My). For H € €,
! . .« e
pipu(wy) = 2wy since wyy is in Z;(Ly). Therefore

0= (2we+ Y pulwin)) = 2w (we)+ > whoison (i) =23 whwir) = 28(w),

HeC* HeC* Hee

so w € Kerf. It follows from the proof of Lemma 5.3 that the element of H;(Ker )
represented by w corresponds to z under the isomorphism H;(Ker 8) = H;(I' | d — 1) of
Lemma 5.4, and so ¢(z) is the element of @He@* H;(Mp) represented by w.

Since I is taut, for each H € C*, zy is a multiple of the mod 2 fundamental class of 'y,
and we may take wy to be a multiple of the fundamental class of Ly for some orientation
of Ly. Since Ly bounds a lift of a Seifert surface for I'y, wy represents zero in H;(Mp), and
s0 ¢(z) = 0 as required. [ |

Lemma 5.6 We have Hy(Im 3) = 7.

https://doi.org/10.4153/CJM-1999-046-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1999-046-7

Homology of Abelian Covers 1053

Proof The end of the long exact sequence of (2.4) shows that

B: €D Ho(My) — Ho(Im 3)

HeeC

is surjective. In fact the restriction of 3 to @Hee* Hy(Mp) is surjective since 7ré factors
through 7}, for any H € C*. Let H € C*. For 0 € Sy(M), the 0-simplices o all repre-
sent the same generator of Hy(My) = 7. The image xp of this generator in Hy(Im f3) is
represented by /(o) for any o € Sy(M). Define an equivalence relation on C* by setting
H ~ K if xg = xg. Suppose that there is some o € Sy(M) such that neither H nor K is in
C,. Then, by Lemma 5.2, };(oy) = %ﬂ'é(dc) = 7mi(ok), and so H ~ K. Now suppose
H, and H, are any two elements of C*. For i = 1 or 2, there is some color g; ¢ H; (since
the colors generate G), and a 0-simplex o; of I with g; € G,,,. Thus H; ¢ C,,. We may find
K € C* containing neither g, nor g;. Then K ¢ C,,, so H; ~ K for i = 1 or 2. Therefore
H, ~ H,, and there is only one equivalence class. This shows that Hy(Im () is cyclic.

On the other hand, the image of x5 under the map Hy(Im 3) — Hy(M) = 7 induced
by inclusion is 297! times a generator, and therefore Hy(Im 3) = Z. [ |

Lemma 5.7 If T is taut, there is a short exact sequence
0— @ HMy) 5 Himp) — 250~ — 0.
Hece*
Proof By the previous lemma, part of the long exact sequence of (2.4) is

58) @ HMy) 5 Hi(Imp) — Hy(Ker §) 28 — 7 — 0,
HeC*

and the first map is injective by Lemma 5.5. It remains to prove that Ker ¢ = Zg‘(r)fd. We
show that there is a commutative diagram

¢ Tld—1)

— 0

0 7€ Ho(Ker 8) —2— 7%

T ]

0 YA ¢ —— 72en —— 0

! l

Z —_— Z

0 0

in which the rows and the central column are exact. The central column is part of (5.8),
and the top row is the short exact sequence of Lemma 5.4. The composite t¢: 26 — 7€
is the map Ho(M)®" — Drce Ho(My) induced by a, so it is given by tp(D e anH) =
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ZHe e 2agH — (ZHGG* ap)G. This is injective and has cokernel isomorphic to 7 @Z\zekz)

so we obtain the exact second row. The maps in the right-hand column may now be defined
to make the diagram commute. Diagram-chasing shows that the right-hand column is

exact, so that Im6 = Zle‘ % and Ker = Zb0 PA=D=1€1+2 N ore diagram-chasing shows
that ¢ maps Ker ¢ 1somorph1cally onto Ker 6. Since I is taut, b;(I" | d — 1) = dim By, =
24 —d —1andT is connected. By Lemma 4.1, x(I' | d — 1) = —x(I') = by (") — 1. Hence

b(T|d—1)—[€+2=2"-d—1+b,(T)—1-27+2=1b() -

and we are done. |

6 The Chain Complex Ker v/ Im 3

We may regard C(M) as a Z[G]-module. As such, it is generated (though not freely) by the
& for o € S(M). For 1 < k < d — 1, we let D(k) be the subcomplex of C(M) consisting of

chains ¢ = EUES AeG (As € Z[G]) satistying, for all o,

ec(A\,) =0 (mod 2% ") and
en(As) =0 (mod 2%) for H € C*.

This is well-defined because, for A\ € Z[G] and ¢ € S(M), the chain \é determines the
image A of A in Z[G/G,], and hence determines eyy(\) = e/, (A) for H € C,. By
Lemma 3.2, IKC(M) < D(k). Recall that we have identified G/G, with a subgroup of G,
and hence Z[G/G,] with a subring of Z[G].

Lemma 6.1 WehaveKery = D(1) andIm B = D(d — 1).

Proof From the definition of~, ZJES A6 € Keryiffeg(\,) =0 (mod 2%71) for each
0. Sinceeg(N\) = eg(A) (mod 2) for allH € Cand A € Z[G], it follows that Ker v = D(1).
For o € S(M), let (Im 3), = Im 8 N Z[G]é&. To show that Im 8 = D(d — 1), it is enough
to show that A6 € (Im ), iff ey (A) = 0 (mod 297 1) forall H € C,. We may assume that
A= dec/Gg Ag € ZIG/G,], and so ep(N) = epyq, (A) for H € C,. Consider the chain
Y Hee, en(N)mh(oy) € C(M). We have

> enNmilon) = Y ene, VG| Y he

Hee, Hee, heH/G,

=16l Y e W (e @+ 1)go

¢€G/G,,HEC,

= 1Go1 3 (X (e 09 +2ms6, ) )go

geG/G, HEeC,

=1G,| Y 1G/Gal(Ag + A1)gE.
g€G/G,

https://doi.org/10.4153/CJM-1999-046-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1999-046-7

Homology of Abelian Covers 1055

That is,

(6.2) > enNmilon) = 297106 + 1[G/G | imi(o0).
HeC,

Suppose first that G, = 1. Then C, = C, and by Lemmas 5.1 and 5.2, a basis for (Im 3),
consists of the 7}, (o) for H € €. In this case, (6.2) gives

> enWmplon) =27 (A6 + Mg (o)),

HeC

and it follows that \6 € (Im 8), iff eg(A) = 0 (mod 2971) for all H € €. Now suppose
that G, # 1. Then a basis for (Im 3),, consists of the 7};(cy;) for H € €% and ﬂ,lio (om,) for
any one Hy € € — C,, and (6.2) gives

2ec(N) (o, + Z en(Nmp(on) = 297106 + |G/ G, | My, (om,)-
Hee;

In this case, A\ € (Imf), iff eg(A) = 0 (mod 2¢71!) for all H € C; and 2eg(N)
|G/Gy| A1 (mod 2%71). But |G/G, |\, = ZHEGU eg(A), so this is true iff eg(\) =
(mod 2%~1) for all H € C,, as required.

m ol

Thus we have a filtration Im3 = D(d — 1) < --- < D(1) = Ker, and instead of
dealing directly with the complex Ker v/ Im 3, we consider the quotients of this filtration.

The following notation will be used in the proofs of the next lemma and Lemma 6.5. Let
o € S(M), and let do = ZTES(M) iy 7. Thusi,, = £1if risaface of o, and i, , = 0
otherwise. If 7 is a face of o, there is a unique element g, , of G/G,; < G such that g, -7 is
a face of 6; we set g, ; = 1 otherwise. Then 96 = ZTeS(M) oo T

Recall that C(T" | k) was defined as a subcomplex of C(I'; A), which is in turn a sub-
complex of C(M; Ay). C(I' | k) is the subcomplex of C(M; Ay) generated by all chains ao
where o is a simplex of M and a € A7, because A] = 0if ¢ is not a simplex of I'.

Lemma 6.3 Forl <k <d—2,wehave D(k)/D(k+1) = C(M;Ay)/C(T | k).

Proof Since C(M;Z[G]) is the free Z[G]-module on the simplices of M, there is a unique
Z[G]-module homomorphism 7 from C(M;Z[G]) to C(M) sending ¢ € S(M) to &; of
course, 7 is not a chain map. Nevertheless, its kernel is a subcomplex; it is generated by Ao
for o € S(M) and X € Z[G, G,]. The subcomplex C(M; I¥) is sent by 1 to I*C(M) < D(k);
the kernel of p | C(M; I¥) is the subcomplex E(k) generated by Ao for ¢ € S(M) and
A € I'[G, G,]. For 1 < k < d — 2, we may identify C(M; I¥) /C(M; I**!) with C(M; Ay),
and E(k)/E(k + 1) with C(I" | k). Then we have an induced map 7 from C(M;A) to
D(k)/D(k + 1), whose kernel contains C(T" | k). For A € I and o € S(M), we have

00— (Ao) = Y g Al — g, ;)7 € I'C(M) < D(k + 1),
TES(M)
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which shows that ) is a chain map.
Suppose that A6 € D(k). We may assume that A € Z[G/G,]. For any H € C, there is
some H' € €, with HN G/G, = H' N G/G,, and so ei(A\) = ex:(\) = 0 (mod 2F).

By Lemma 3.2, A — eg(A) € I%; also 17(()\ — EG()\))J) = X6 — eg(A)G. Buteg(A) =0

(mod 2971), and so e6(A\)& € D(k + 1). Therefore 7 maps C(M; Ax) onto D(k)/D(k +1).

Next, suppose A € I*and o € S(M) are such that [A]o is in the kernel of 7; that is,
A6 € D(k +1). Take p € Z[G/G,] so that u6 = A6. As before, for H € C, there is
some H' € €, with HN G/G, = H' N G/G,, and so ey(p) = e () = eg/(A) =0
(mod 2%1). Also eg(p) = eg(N\) = 0, so it follows from Lemma 3.2 that u € I**!. Since
A6 = pé, A — p € I"[G, G, ], 50 [A]x = [A — pl is in A7. It follows that the kernel of 7
is equal to C(I" | k), and so 7 induces the desired isomorphism of chain complexes from
C(M;Ax)/C(T | k) to D(k)/D(k + 1). [ |

Lemma 6.4  For1 < k < d — 2, we have Hy(D(k)/D(k + 1)) = 0, H, (D(k)/D(k + 1)) =
Zzzmmk)—dimAk) and Hy (D(k)/D(k + 1)) = Hy(T | k).

Proof Lemma 6.3 gives a short exact sequence
0—CT|k) — C(M;Ay) — D(k)/D(k+1) — 0.
The long homology sequence gives exact sequences
0 — H,(D(k)/D(k+1)) — H,(I" | k) — 0 and
0 — H; (D(k)/D(k + 1)) — Ho(T | k) — Ax — Ho(D(k)/D(k + 1)) — 0.

The map Ho(I' | k) — Ay in the second of these has image containing w(g)b for any
b € By_; and any g € G that appears as an edge color. Since the colors generate G, this
map is onto, and the result follows. |

Lemma 6.5 If1 <k <d—2andl isk-taut, there is a short exact sequence

-2 o
0 — H; (D(k + 1)) — H (D(k)) N sz,l (b (D) =1)— ()41 o

Proof By Lemma 6.4, part of the long exact sequence of
0 — D(k+1) — D(k) — D(k)/D(k+1) — 0
is
Hy (D(K)) 25 Hy(T | k) — Hy (D(k+ 1)) — Hy (D(k)) 2% 70T 10-dim A
— Hy(D(k+ 1)) — Ho(D(k)) — 0,

whether or not I is k-taut. Suppose that Hy (D(k + 1)) = 7. It follows that v is onto,
and that Hy (D(k)) = Z. Since Hy(D(d — 1)) = Z by Lemmas 6.1 and 5.6, a downward
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induction on k shows that ¢ is onto for 1 < k < d — 2. Now, since I is k-taut, by (T" | k) =
dim B;_; and
X(T [ k) = —(ZHx@ = (123) (D) — 1),

and so
bo(T' | k) — dim A = ({Z7) (b1(T) — 1) + dim B, — dim Ay
= ()@ =1) = () + 1.

It only remains to prove that ¢y is onto.

In the rest of the proof, o always denotes a 3-simplex of M, 7 a 2-simplex, and v a 1-
simplex, so that, for example, ) indicates a sum over o € S3(M) and 7 € S,(M). We
assume that the orientations of the 3-simplices of M are induced by an orientation of M, so
that c = ) _ o represents a generator of H;(M). Consider the chain¢ = )__6 € Cs(M).
We have 9¢ € Ker(C(M) — Cy(M)) = IC,(M). Let A € J*'. Then AI < I, so
\OE € IFC,(M) < D5 (k), and the cycle AOC represents an element x of H, (D(k)). Now

NOE =N igr8esT =1 (A > iwgﬂ”)’

where 7 is the map C(M; Z[G]) — C(M) from the proof of Lemma 6.3. It follows that
or(x) is the image in C;(M; Ax) of ¢’ = O(A ZU’T igr8s+T). Now

= Z ia,Ti‘r,ng',‘rU =A Z MU where Moy = Z io’,‘rir,vga,‘r S Z[G]

o,T U v o,T
Fix a 1-simplex v of M. Let the 2-simplices of M having v as a face be 7y, ..., 7,, and
the 3-simplices o1, ...,0,. Let 09 = 0,, and choose the numbering so that 7; is a face
ofojyand oj for1 < j < n. Leti; = iaj—lﬂ'jiTjﬂ} = =1. Then l'a,»;jirj,u = —ij,

SO fy = Z;‘lzl 1j(80;1.7, — 8o;m;) € 1. By Lemma 3.1, [ ] = W(H;‘lzl 8o 1,7i80;,m)-
Considering a lift to M of a meridian of v, we see that H?Z 1 80i_1.7,80;.7; 18 the color g, if v
is a 1-simplex of I', and 1 otherwise. Therefore

¢k = D Iorw(@o)v = ul[Ak-1)-

veS(T)

Since I' is k-taut, this shows that ¢ is onto. |

Lemma 6.6 If T is taut, there is a short exact sequence

0— @ HMy) 5 HGT) — A — 0,
HeC*

where A satisfies 27" 'A = 0 and |A| = 2" form = 2972(by(I') — 5) +d + 1.
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Proof Since D(d—1) = Im 3, D(1) = Ker v and H; (Ker v) = H,;(M), Lemmas 5.7 and 6.5
give an exact sequence as claimed with 29~1A = 0 and |A| = 2" where m is the sum of
bi(T)—dand ({23) (by(T)—1) — () +1for 1 < k < d—2. Since ({_7) (b(T) - 1) — (§) +1
isequalto b;(I') —dwhenk =d — 1,

U

—1

(=) amy = 1) = () +1)

1

272(by(0) — 1) =2+ d+1=29"2(b(I) —5) +d + 1. n

3
I
T

Even accepting the limitation to taut graphs, Lemma 6.6 is unsatisfactory in two re-
spects. First, it gives incomplete information about the group A. (Theorem 8.2 and Propo-
sition 1.3 show that, at least for d = 3, A may be any group satisfying the conditions of the
lemma.) Second, it gives no information at all about the extension of @He e Hi(Mp) by
A. All the examples I know are consistent with the conjecture that § (EBHG e Hi (MH)) =
29=1H, (M) whenever I' is taut, but I have been unable to prove this. The following lemma
suffices in some cases.

Lemma 6.7 Let I' be taut and suppose that, for every H € C* such that 'y is discon-
nected, the cover my: M — My can be factored through 2-fold covers M = My — -+ —
M, — M, = My so that each transfer map Hy(M;;7,) — Hi(Mjy157,) is trivial. Then
B(Bpyee- Hi(Mp)) = 2971 H, (M).

Proof Lemma 6.6 implies that 27 H, (M) < 3(@ce- Hi(My)), so it is enough to show
that 7/, (H1 (MH)) < 2471 (M) forall H € C*. If 'y is connected, H; (Mp) has odd order
and there is nothing to prove. If I'y is disconnected and 7 is factored as above then the
image of the transfer H;(M;) — H;(M;4+1) (1 < i < d) on integer homology is contained
in 2H;(M;;1), and the result follows. |

7 The Mod 2 Homology of 2- and 4-Fold Branched Covers

In this section, the coefficients for homology will always be 7Z,, and will be omitted from
the notation. Let L be a link in a closed, connected, orientable 3-manifold N. There is
a double cover of N with branch set L iff L represents zero in H;(N); suppose this is so.
Let 0: H{(N — L) — 7, be a homomorphism sending each meridian of L to 1, and let
p: N — N be the corresponding branched cover. We wish to allow the possibility that L is
empty (i.e., p is unbranched); in this case we insist that § be onto, so that N is connected.
There is an intersection pairing H; (N — L) x H(N,L) — 7, inducing an isomorphism
H,(N,L) — hom(Hl(N — L), Zz); we let ' € Hy(N, L) correspond to 6. There is also an
intersection pairing H>(N) X Hy(N,L) — H;(N, L), and we let 8”’: H,(N) — H;(N,L)
be given by intersection with 6.

The transfer map with 7Z, coefficients, p': C(N) — C(N), kills C(L), so there is an
induced map p': C(N,L) — C(N). More generally, if X is any subcomplex of N and
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X = p~1X), there is a map p': C(N,L U X) — C(N,X). It was observed by Lee and
Weintraub [3, Theorem 1] that the sequence

(7.1) 0— C(N,LUX) 25 c(N,X) 5 C(N,X) — 0

is exact. When N is a 7, homology sphere, it follows (taking X = @) that p*: H,(N,L) —
H,(N) is an isomorphism, which gives a different proof of Sublemma 15.4 of [5], that
dim H;(N) = by(L) — 1. The following lemma generalizes this to other manifolds.

Lemma 7.2  In the above situation, let n = dim H;(N), let r be the rank of the map
Hi(L) — H(N) induced by inclusion, and let s be the rank of 0"'. Then r < s < n,
dimH(N) = by(L) — 1+ 2n — r — s, and the rank of the map p‘: H(N) — H;(N)
equals n — s.

Note a special case of this lemma: if H; (L) — H;(N) is onto then dim H; (N) = by(L)—1
and p': H;(N) — H;(N) is the zero map.

Proof Certainly s < dim H,(N) = n. To see that r < s, consider the composite of 6’

and the connecting homomorphism H; (N, L) — Hy(L). This is the map H,(N) — Hy(L)

given by intersection with L, which is dual to H;(L) — H;(N); therefore it has rank r.
From (7.1) with X = @ we get an exact sequence

Hy(N) -2 Hy(N) -2 Hy(N, L) — H(N) — H,(N) — Hy(N,L) —s 0.

We claim that the connecting homomorphism labelled 9 in this sequence is equal to 6.
We may take a (possibly non-orientable) surface F in N with boundary L representing 6’ €
H,(N, L). Then N may be constructed by gluing together two copies of N cut open along F.
Let x € H,(N), and represent x by a surface F’ transverse to F. Then p~!(F’) is the union
of two copies of F’ cut open along F N F'. Either one of these carries a 2-chain mapping to
F’ under p, and their common boundary is the image under p' of the element of C, (N, L)
carried by F N F’. Therefore (x) is represented by F N F’, which represents 6’/ (x) by the
definition of 8"/, and the claim is proved. It follows that dim H,(N) = dim H,;(N,L) + n —
s — dim Hy(N, L), and that the map p: Hy(N) — H,(N) has rank n — s. Now the exact
sequence

HI(L) — HI(N) — HI(N,L) —>H0(L) — Zz — H()(N,L) — 0

shows that dim H; (N, L) = by(L) — 1 + n — r + dim Hy(N, L), so dim H; (N) is as claimed.
Also, the map p': H;(N) — H{(N) is dual to p: Hy(N) — H,(N), and so has rank n — s.
| ]

Now let I' be a G(2)-colored graph embedded in a 7Z, homology sphere M. Just as
when M is an integral homology sphere, this determines a branched covering 7: M — M.
We let the non-trivial elements of G be g, & and g, and set H; = (g;) € C*. Where
H; would appear as a subscript, we just use i; thus we have 2-fold covers p;: M; — M
branched over I'; and 7;: M — M; branched over A; for 1 < i < 3. IfI' = == '(ID),
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the map 7: H{(M — I') — H;(M — T) kills each meridian of I, so it induces a map
7 H{(M) — H(M -T).

We wish to determine dim H; (M). We deal first with the case where I' is connected,
since here we need some additional information.

Lemma 7.3 WhenT is connected, dim H,(M) = by(T') — 2 and 7t} : H\(M;) — H,(M) is
the zero map for 1 < i < 3. Further, the map #: Hy(M) — H;(M — T') is injective.

Proof Let 1 < i < 3. Since M is a Z, homology sphere, pl-!: H (M,T;) — H;(M;) is
an isomorphism. Since I' is connected, every element of H;(M,I';) is represented by a
chain of T" \ T';; since A; is the inverse image of ' \ T'; in M;, the map H,(4;) — H;(M;)
induced by inclusion is onto. Since A, is a link of b;(I') — 1 components, the first two
claims follow from the special case of Lemma 7.2 noted above. The image of 7 is the kernel
of the homomorphism H, (M —I') — G corresponding to 7; since this kernel has the same
dimension as H, (M), it follows that 7 is injective. [ |

Now let the components of I' be I'* for 1 < k < by(T'). Welet A = {1,...,by(I")} be
the index set for these components. For 1 < i < 3, we partition A into two sets A; and A/,
with k € A; iff T* is a circular edge colored g;. We also set I‘f =TkNT;. (IfT* is a circular
edge, then T is empty if I'* has color g;, and equal to I'* otherwise.) If y is a 1-cycle of
M — T*, we have Zle Lk(v,T¥) = 0, where Lk denotes mod 2 linking number. Hence,
for k # I,

Lk(T'},T%) + Lk('%, T}) = (Lk(T'§,T%) + Lk(I', T)) + (LK(T'5, T') + Lk(T'5, T%))
= Lk(I'%, T%) + Lk(I'%,T%),

and similarly Lk(F’g, 1"’3) + Lk(I";7 I‘lz) = Lk(l"’;7 I‘ll) + Lk(I"f, I‘é); we let Ay € 7, be this
common value. Note that if k € A; then \y = Lk(Fk,Ff), and if also I € A; then Ay
equals Lk(P*, ") if i # jand 0if i = j. We also set Ay = 3 1 A and let A be the
symmetric matrix [Akl]k,leA-

Lemma 7.4 We have dim H,(M) = by(I") + b;(I') — 3 — rank A.

Proof We shall prove this by applying Lemma 7.2 to the covering 7;: M — M. First we
establish some notation.

(a) IfA’ and A" are subsets of A, we let A(A’, A"’) be the submatrix [Aylkeas jearr of A.
Note that A(A;,A;) is a diagonal matrix with diagonal entries A\ = Lk(T*, T,) for
ke A

(b) We let F be a surface in M with OF = I';. Then M, can be constructed by gluing
together two copies of M cut open along F.

(c) We denote the connecting homomorphisms in the exact sequences of the pairs (M, I),
(M,T)and (M,T\T') by 8;: Hiy1(M,T) — Hy(T'), ! Hix1 (M, Ty) — H;(T'y) and
9!": Hiy(M,T'\Ty) — H;(I' \ T';). (Here H denotes reduced homology.) We need
these maps only for i = 0 or 1, where they are isomorphisms.
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(d) The case of (7.1) for the cover M; — M with X = & is

0 — C(M,T) o, c(M,) 25 c(M) — 0.
The long exact sequence shows that
o = p{(0))7"' Hy(Ty) = Hi (M)
is an isomorphism for i = 0 and an epimorphism for i = 1.
(e) Thecaseof (7.1) for M} - M with X =T \T' is
0 — C(M,T) -, C(My,Ay) 25 (M, T\ T}) — 0.
Denote the connecting homomorphisms in the long exact sequence by

8‘/”: Hi+1(M)F \ Fl) — Hi(Mv F)

1

We get an exact sequence

H(T) 25 Hy(M;, Ay) 25 Hy(T\ Ty) -5 By(T)
205 Hy(My, Ay) -2 Hy(T\T) — 0,

where 8 = 009{""(8]")~", 7 = p{0; ' and §; = 9/'p1.

The isomorphism ag: Hy(I'y) — H;(M;) gives
(75) dlmHl(Ml) = bo(rl) — 1.

Next we determine by(A;) and the rank of the map H,(A;) — H;(M,). Consider a non-
circular edge e of I' with color g;; the number of such edges is b;(I'") — by(I"), and the
inverse image p; ' (e) is a single component of A;. The image under a; ' of the homology
class of p; ! (e) is represented by Je, and the subspace of Hy(I';) spanned by such elements is
Hy(T)) = @keA{ Ho(Flf), which has dimension by(T';) — |A]]. The remaining components

of I'\ T are the I'¥ for k € A,, and such a T’ is covered by a single component of A, if
Ak = 1, and by two components if A\iz = 0. The number of k € A; with Ay = 1 is the
rank of the diagonal matrix A(A;,A;), and so

(76) bo(A]) = bl (F) — bQ(F) + 2|A1| — rank A(Al,Al).

For k € A; with A = 1, the component of A; covering I'* is null-homologous. Let B be
thesetofk € A; with A\ix = 0,and k € B. The two components of A; covering ¥ represent
the same element of H; (M), which we call x}. We may assume that the surface F is disjoint
from I'%, and take a surface F’ with boundary I'* which is transverse to F. Then pfl(F 0
is the union of two copies of F’ cut open along F N F’, either one of which shows that x;
is the image under p| of the element of H;(M, T'}) represented by F N F’. Thus o ! (x,i) is
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represented by (F N F’). Now HO(FI)/I-AIO(I‘I) has a basis with one element x? for each
I € A{, and the image of o 1(x,l) in this quotient is Zle " )\kzx?. Therefore the rank of
Hi(A)) — H (M) is dim Hy(T";) + rank A(B, A}). But rank A(B, A!) = rank A(A;,A) —
rank A(A;,A;), so

(7.7) rank(Hl(AI) — Hl(Ml)) = by(T;) — |A]| + rank A(A}, A) — rank A(A},A}).

The 2-fold covering 7r; : M — M corresponds to a homomorphism : H;(M; —A;) —
75, to which are associated ' € H,(M;,A,) and §'': H,(M,) — H;(M;, A;); we must
determine the rank of §"'. We first identify 6’. Forx € H;(M —T"), Lk(x, T;) is well-defined
for1 <i < 3,and Zf’:l Lk(x,I';) = 0. Define a homomorphism ¢: Hj(M —T') — G
by ¢(x) = Hf;l giLk(x"F"). Then ¢ sends the meridian of an edge of I to the color of that
edge, so it is the homomorphism corresponding to the cover M — M. Let I* = py (D),
and let .: H{(M; — ) — H;(M; — A;) be the surjection induced by inclusion. For
y € Hy(M; —T'), we have p;(y) € H{(M —TI') and ¢p,(y) = gfL(y). It follows that
Lk(pl(y),l"z) = Lk(pl(y),]."3), Lk(pl(y), 1"1) =0,and 0u(y) = Lk(pl(y),l"z). There are
intersection pairings H; (M; — Ay) X Hy(My, A1) = Zy and Hi (M —T') x H,(M,T") — 7,
and a linking pairing H;(M — I') x H;(I') — 7, and they are related by

uy) @) = uy) - pid7 " (2) = pi(y) - 07 ' (2) = Lk (p1 (1), 2)

for y € Hi(M; — I and z € H (). Fork € A, let z € H,(') be represented by 1'"2‘.
Then ZkeA zy is represented by I';, and so ¢(y) - 71 (ZkeA zr) = 0u(y) fory € Hi(M; — D).
Therefore 0" = 1 (D4 20)-

We have an epimorphism «;: H;(I'1) — Hy(M,). For k € A], let y; € H;(I') be
represented by F’f, and let A, (T';) be the subspace of H,(T';) generated by these elements.
Also let &; be the restriction of a; to Hy(T';). We shall show that Ker(6”'«;) < H(T;),
from which it will follow that

rank 0" = rank(0"'«;) = rank(0’'&;) + dim H,(I";) — dim H,(T',),
or
(7.8) rank "' = rank(6"'&;) + by(Ty) — |A7].

Consider the composite 60"’ : Hy(T';) — Hp(T' \ T';). This may be described geomet-
rically as follows. If x € H;(T';) is represented by a circuit C, take surfaces F’ and F"/
with OF' = C and OF"' = T, that meet transversely except along the common part of
their boundaries, C N T',. Then the closure of (F' N F'') — (C N T';) represents an el-
ement y of H;(M,T). Now 0" a;(x) € H;(M;,A,) is represented by p; '(F’ N F'"),
and is therefore the sum of p{(y) and the element represented by pfl(C N I';). Since
p1pi(y) = 0, 010" ay(x) € Hy(M,T \ T)) is represented by C N T',. Hence 6o0" cv; (x) is
represented by 9(C N I'y), which is just the sum of the vertices of I" lying on C. It follows
that 500"’ o (x) = 0 iff x € A ('), so Ker(8" ;) < H,(T'}), as claimed.

We let the elements of the natural basis for Hy(I') be yg for k € A, and define ,6’
H(I')) — Hy(T) by B(y,i) = D iea Aay) for k € A]. We claim that B = 0"éy:
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H(T,) — H;(M;, ). Letk € Ajand ] € A. We have dl(y,l) € H,(M;) and v,(z;) €
H,(M;, A1), with intersection oll(y,i) -v1(z;)) € Hi(My,A;). Suppose k # 1. Then
(81’)_1(%) € H,(M,T'y) and 81_1(21) € H,(M,T") may be represented by transverse sur-
faces F’ and F’' with boundaries I'f and I'}, respectively, and & (y}) - 7i(z) is the image
under p;: H;(M,T) — H;(M,, A;) of the class represented by F N F'’. Since the image of
this class under 9y: H; (M, T') — Hy(T) is Lk(T¥, T%) (52 + ?), we have

aa(yp) @) =7 (Lk@T],TH(GL + ) forke Al,l€ Ak #1.

Now ZkeA{ (0))~'(y}) is represented by F, whose inverse image in M, is null homologous,
50 D eas @1(yi) = 0. Therefore, for k € Aj,

o) @)= D, ) m@ = Y k@, THOL+1),
IEA! Ik I€A,I#k

where in the last term we may sum over A since I'} is empty for [ ¢ A]. Hence, again for
ke Af,

0" an(y) = aa(y) - 0" =D dalyh) - m(a)
leA

= > O+ D) =Y 0uy)) = wB0),

I€A,I£k IeA

and so indeed 'yoB = 0'"'&;. Thus we have a commutative diagram

A (@T) —%—  HyM)
2| -
Hi(T\Ty) —2— HyT) — H (M, A)
in which the bottom row is exact. Therefore
rank(0"'é) = rank(7,83) = dim(Im 8 + Im ) — rank (3.

For k € Ay, I'* represents an element y,l of H;(T' \ T';), and these form a basis. We claim
that 5(y;) = > c4 Ay for k € Ay, from which it will follow that

(7.9) rank(0’'&;) = rank A — rank A(A;, A).

Fork € Ay, (9]")~'(y}) is represented by a surface F’ with boundary I'¥, which we may take
to be transverse to F. Then p; ' (F’) is the union of two copies of F’ cut open along F N F.
The boundary of either one is the union of p; ' (F N F’) and part of p; '(I'*) C Ay, so it
represents the same element of C, (M, A) as p; ' (F N F'). It follows that 9;"'(9]")~" (p)
is represented by F N F’, and hence that

By = 00{"(0) " (yh) = D LK@, THOL + ) =D Xyt

leA leA
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as claimed.
The proof of the lemma is completed by applying Lemma 7.2 to the covering M — M;
and using the equations (7.5)—(7.9). [ |

In applying Lemma 7.4, we compute the matrix A using the following result, which is
implicit in the proof of Lemma 1 of Flapan [1].

Lemma 7.10  Let K be a knot in a 7, homology 3-sphere N, and let A and B be disjoint arcs
in N meeting K in their endpoints. Let N be the 2-fold cover of N branched over K, and let A
and B be the inverse images of A and B in the 7, homology sphere N. Then Lk(A, B) = 1 iff
the endpoints of A separate those of B on K. ]

8 Proofs of Theorems

Recall that in the statement of each theorem, I' is a G(d)-colored graph embedded in a
homology 3-sphere M, with corresponding branched cover M.

Theorem 8.1 Ifd = 2 and I is connected, then there is a short exact sequence

0 — @ HMy) 5 H@) — 25D 0,
HeC*

andﬂ(@Hee* Hl(MH)) = 2H,(M).

Proof Lemma 6.6 gives the exact sequence, while Lemma 7.3 shows that the mod 2 transfer
7y Hi(Mys7,) — Hi(M;7,) is zero for H € C*, which implies the second assertion by
Lemma 6.7. [ |

Theorem 8.2  Let I be a trivalent graph with an unsplittable G(3)-coloring with a special
m-circuit. Then 3 < m < by (L"), there is a short exact sequence

0— @ HMy) L HWD) — 777 @720
Hece*

lll’ldﬂ(@Hee* Hl(MH)) = 4H1(M)

Proof Let Hy € C* be such that I'y = I'y, is a special m-circuit, and let My = My, and
Ay = Ap,. Since the coloring is unsplittable, I" is simple, so any circuit has length at least
3. Further, T" is connected, so x(I'\ T'y) = 1 — by (T") + m; since I" \ Ty is connected, this
gives m < by(I"). By Lemma 4.8, I' is taut, so Lemma 6.6 gives an exact sequence

0— @ HMy) 5 HOD — 2825 — 0
HeC*

for some a and b with 2a + b = 2b,(I") — 6.
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Suppose 1 # h € H € C*. There is a cover M/(h) — M with group H/(h) = 73; its
branch set is obtained from I" by deleting all edges with color h. Since I is unsplittable, we
may apply Lemma 7.3 to this cover to show that the transfer H, (My;Z;) — Hy(M/(h); Z5)
is zero. By Lemma 6.7, to show that ﬁ(@He@* H,; (MH)) = 4H;(M) it is then enough to
show that, for each H € C*, there is some non-trivial & in H such that H,(M/{h); Z,) —
H;(M;7,) is zero. Now consider the cover M — M, with group Hy = 73 and branch
set Ag. Since Ty is a circuit, M is a 7, homology sphere. Since T \ Ty is connected, so
is Ay, and Lemma 7.3 applies to this cover, showing that H;(M/(h);Z,) — H;(M;Z,) is
zero whenever 1 # h € H,. Since H N Hy contains a non-trivial element for all H € C*,
the proof that ﬂ(@HeG* H, (MH)) = 4H;(M) is complete. It follows that H,(M;7Z,) =
H,(M)/2H,(M) = 75, On the other hand, Lemma 7.3 applied to M — M, also shows
that dim H,(M;7Z,) = b;(Ay) — 2. Since b1(Ag) = 2b;(T) —m — 1, we havea + b =
2b1(I") — m — 3. It follows that a = m — 3 and b = 2(b;(I") — m), and we are done. [ |

Theorem 8.3  Let I be an n-rung Mobius ladder (n > 2) with a G(3)-coloring, and let g, be
the product of the colors on the rungs. Suppose that gy # 1, and let k be the number of rungs
with color g. If k = 0, there is a short exact sequence

0 — @ HMy) L HOD) — 772 — 0,
HeC*

while if k > 0 there is a short exact sequence

0 — @ HMy) L HOD) — 77 e 2 — 0.
HeC*

In either case, 3(yce- Hi(My)) = 4H;(M).

Proof By Lemma 4.10, I is taut, so Lemma 6.6 gives an exact sequence

00— @ H](MH) i) H](M) — Zi @Zg —0
Hee*

for some a and b with 2a + b = 2n — 4. Consider the cover 7’: M/(g,) — M with group
G' = G/(g) = 73. Tts branch set is the (n — k)-rung Mobius ladder '’ obtained by
deleting the rungs colored gy, so Lemma 7.3 shows that Hy(My;7,) — Hi(M/{g);7>) is
zero whenever gy € H € C*. By Lemma 1.7, 'y is connected if gy ¢ H, so Lemma 6.7 will
imply that 3(@yce. Hi(My)) = 4H;(M) provided that H,(M/(g); Z,) — H\(M;Z,)
is also zero. Lemma 7.3 also gives dim H;(M/(go);7,) = n — k — 1. The 2-fold cover
M — M/(go) has as branch set a link L, which is the inverse image of the rungs of I'
labelled go. Let r be the rank of Hy(L; Z,) — Hy(M/(go);Z). If k = 0 then L is empty and
r = 0. Suppose k > 0, and consider a rung e labelled go. The endpoints of e lie on two
edges of I'" with the same color in the G’-labelling determining 7’. Hence, if D C M is a
2-disk containing e in its interior and meeting I'” only in the endpoints of ¢, then (7/) (D)
consists of two annuli. This shows first that () ~!(e) has two components, so by(L) = 2k.
It also shows that under the map #': H;(M/(go); Z2) — Hy(M —I'';Z,), each component
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of (')~ !(e) is sent to the element of H;(M — I'’;7Z,) represented by dD. This element
is non-trivial and independent of the choice of e. By Lemma 7.3, 7’ is injective, and it
follows that r = 1. Using the Kronecker delta, we may say that in all cases by(L) = 2k and
r = 1 — k. It now follows from Lemma 7.2 applied to the cover M — M /(g,) that

(8.4) dim H, (M; Z,) — rank (H;(M/(g0); Z,) — Hi(M;2,)) = n+k — 3 + .

Now choose H € C* with gy ¢ H. Then My is a Z, homology sphere, and we may
compute dim H;(M;Z,) by applying Lemma 7.4 to the cover my: M — Mpy. We must
compute the matrix A of that lemma. Suppose that I'y contains the m rungs 7;; for 0 <
j < m,where0 <ip <--- <ip_; <n,andletthecolorofr; beh; € G—H. ThenT'\T'y
has m components Cy, . . . ,C,,—1, and the components of Ay are pﬁl(Co), ey pﬁl(Cm_l).
We may choose the numbering of the C; so that 7;; has one vertex on C; and the other on
Cjs1. (The subscripts on the C; are to be taken modulo m.) By Lemma 7.10, all the off-
diagonal elements of A except A; ;1 are zero. Also, if the edges of C; and C};, that meet 7;
have colors h; and h]", then A\jj; =1 iffh]’- + h;’. However, h;h;’ = gohj,s0 Ajjy =1
iff hj # go. Since exactly k of the h; are equal to go, it follows that rank A = m — k — .

The trivalent graph Ay has 2(n—m) vertices, so x(Ay) = m—n, and since by(Ay) = m
we have b;(Ay) = n. Now Lemma 7.4 gives dim H,(M;7;) = n + k — 3 + §. Com-
paring this to (8.4), we see that H;(M/(g); Z2) — Hi(M;Z,) is the zero map, and hence
ﬂ(@HEG* H, (MH)) = 4H,(M). It then follows that a+b = dim H,(M; Z,) = n+k—3+6,
givinga =n—k — 1 — 0y and b = 2(k — 1 + 6y0), completing the proof. [ |

Suppose that I' is taut. By Lemmas 5.7 and 6.5, we may identify ;.. Hi(My) and
H,(Im (3) with their images in H,(M); thus @, Hi(Mpy) < Hy(Im 8) < H;(M). For
any x € H\(M), 29" x € @Dice- Hi(Mp). In the proofs of the remaining theorems, we
need to show that we may choose x so that 2972x ¢ @;ce. Hi(My). Now 297 2x is in
H;(Im (3), and so it is in @Hee* H,(Mp) iff it is in the kernel of the map H;(Im () —
Zé" =4 from Lemma 5.7. From the proof of that lemma, the kernel of this map is equal
to the kernel of the composite of the maps H;(Im 3) — Hy(Ker 8) from the long exact
sequence of (2.4), and Hy(Ker 3) — Hy(I" | d — 1) from Lemma 5.4.

Lemma 8.5 Suppose that I is taut, and lete, . . . , e, be edges of I with colors gy, . . . , g, such
thatg ---g, = 1. For 1 < i < n, pick a vertex v; of e;. Then there is an element x of H; (M)
such that the image of 2=*x in Hy(T' | d — 1) is represented by > :_, > nee: Ou(g)viH €
CyT|d-1).

Proof Consider an element x of H;(M) represented by a cycle of the form z =
ZUGSI(M)(l — hy)é for some h, € G. Let S’ be the set of those o for which h, # 1,
and for each o € §', define an element ¢, of ) ;o C1(My) by

o ==2"20G+ Y 1(1—eulh,))onH.
Hece
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Then
Bleg) = =223 go+ Y L(1—en(hy) > ho
gEeG Hee heH

= Z(—zd—2 3 (1 —enlh) L (1 + EH(g)))g&
g€G Hee

=33 Henle) — enlhy) - enlghy))ge
geEG HeC

=2972(1 — h,)6.

Therefore 3(3 cs/ ¢) = 2972z, and so the image of 29~2x in Hy(Ker 3) is represented by
Zaes' 0c,. From the proofs of Lemmas 5.4 and 5.3, the image of 297 2x in Ho(T |d—1)is
represented by

= ) uh)@)H= Y ulh,)(90)H

c€S! HeR c€S, (M), HEC*

(since (1 — £x(g)) mod 2 = d4(g)).

We now construct a specific 1-cycle. Take a disc D in M meeting I" transversely in n
points py,..., p,, where p; lies on the edge e;. Take disjoint arcs Ay, ... A, on D, where
A; joins p; to a point g; of @D and g; is adjacent to g;4; on OD. (Here and in the rest of
the proof, subscripts are to be taken modulo n.) We may assume that D and each A; are
triangulated by subcomplexes of M (and hence the p; and g; are 0-simplices of M). Let
¢i € C1(M) be a 1-chain carried by A; with O¢c; = g; — p;. Also let d; € C;(M) be carried
by one of the arcs into which the g; divide D, with 0d; = ;41 — ;. Let ¢; and d; be the
images of ¢; and d; under the Z-module homomorphism C(M) — C(M) taking o to &
(o € S(M)). Now ~'(D) is the union of 2¢ copies of D cut open along the A;; let D be
one copy. If o is either p; or a 1-simplex of D, there is just one lift of & lying in &D; we
take this to be &. If o is either g; or a 1-simplex of A;, there are two lifts of o lying in 8D,
and g; takes one to the other. We may choose & to be one of these lifts in such a way that
ad;, = gi+1di+1 — gi and 0G = §; — p;. With these choices, z; = Z?zl(c} — g6 + d)
is a 1-cycle of M carried by OD. Set g/ = H;Zl gjs & depends only on i mod n since
g g = lLandsoz, = 1 | g/d; is another 1-cycle of M. (It is carried by a single lift of
dD.) Letx € H; (M) be represented by z = z; —z, = > ((1 — g)& + (1 — g/)d;). By the
previous paragraph, the image of 2~2x in Hy(I" | d — 1) is represented by

7 = Z Z (61 (g)(qi + pi) + 0 (g )(qis1 + 1)) H

i=1 HEC*

=3 3" (Guleps + (3ue) + Gua(e) + dua(g_ )i ) H

i=1 HEC*

= Z Z ou(gi)piH (because gig/g/ | = 1).

i=1 HeC*
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Now Y7 | > e 0u(gi) piH is homologous to Y7 | > e. 0r(gi)v;H, and the proof is
complete. ]

The next lemma will be used in the proof of Theorem 8.7 to show that the 0-chain of the
previous one is not a boundary.

Lemma 8.6 Let I' be an m-rung Mobius ladder, and let 0 < i} < i, < --- < i < m,
where either m is odd and k is even, or m = k = 2. Let the two circuits of I that contain all
the rungs be I'y and I'», and for oo = 1 or 2, let ¢, € C1(T's;7,) be such that Oc, = Zl;':l Vi
Let a € 7, be the sum of the coefficients of the rungs 7 in ¢, for 1 < j < kand o = 1 or 2.
Thena = 1iffm = 2.

Proof Since each I, contains all the rungs Ti;> ais independent of the choice of ¢; and c;.
Suppose first that m = k = 2, and so i; = 0 and i, = 1. If '} is taken to be the circuit
containing oy, we may take ¢; = og and ¢; = 79 + 01, and soa = 1.

Now suppose that m is odd. We show that for 1 < j < %k, there are chains ¢,; €
C1(Las22) with Ocaj = vi,_, + viy; such that

izj*l

Cjt e =Ty 4T+ > (0i+ Ti),

i=iyj_

the sum being taken in C, (I'; Z). Then we may set ¢, = Z’;/jl ¢oj and conclude that a = 0.

Given j, let ', be that one of I'; and I'; that contains ;,,_,, and I'5 the other. If iy; — 15,
is odd, we may set

Caj = Oiy_y + Tiy;_y+1 + iy _y414n + Tiyy_ s+ + Tiy—1 + 04,1 and

€8j = Tiyj—y T Tigj_yn T Tigj_1+1 + Tigy_y+1 7+ Oiyj—14n + Tiyy
while if i5; — i5;_; is even, we may set

C(Ij = O-izj,1 + Tizj,ﬁ-l + O-izj,1+l+n + Ti2j71+2 et Uizj—1+n + Tiz}' and

C3j = Tirjy Y Oigj i T Tigj_ 41 T Ty 417+ Tiy 1+ 04y 1.

Theorem 8.7 Let d = 4 and let T" be an n-rung Mobius ladder with n > 3. Give I the
G(4)-coloring of Example 1.6. Then

®HE€* HI(MH) SY ZZ? lfl’l = 3;

H\(M) =
0 Brce HMp) ©Zs ® 25", ifn > 4.
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Proof This coloring is 4-taut, so Lemma 6.6 applies and @He e« Hi(Mp) has odd order.
Therefore
H\(M) = €D H\(My) & 2 74 & 75
Hee*

for some a, band cwith3a+2b+c=4n—11,anda+ b+ ¢ = dim H,(M;7Z,). If n = 3,
we must have a = b = 0 and ¢ = 1, which proves this case of the theorem. From now on
we assume that n > 4.

Let Hy = <X1,X2,X3> € G andsetT'y = FH@) M, = MH()) and AO = AHU; note that I'y
is the rim. The chain of subgroups 1 < (x3) < Hy < G determines a chain of coverings
M — M, — My — M, of which the middle one has group Hy/(x3) = 73 and the others
are 2-fold. The branch set Ay of M — M, is a link of n components, any two of which have
linking number 1 by Lemma 7.10. The branch set of M; — M, is a 3-component sublink
Ly of Ay, lying over the three rungs whose color is not x3, and it follows from Lemma 7.4
that H,(M;;7;) = 7,. Also, each component of Ay — Ly is covered by four simple closed
curves in M;, so M — M; is branched over a link A; of 4n — 12 components. Each
element of H,(M; Z,) represented by a component of A; has non-trivial image under the
map Hy(M;;7,) — Hi(My — Ly) defined just before Lemma 7.3, and is therefore non-
trivial. Hence H,(A};7,) — H(My;7,) is onto, and the special case of Lemma 7.2 shows
that dim H,(M;Z,) = 4n — 13. It follows that 2a + b = 2. If we show that a > 0, it will
follow that a = 1, b = 0 and ¢ = 4n — 14, completing the proof.

Let g; € G be the color of the rung 7;. Since n > 4, there is at least one rung with color
x3, which we may take to be 7. Then g, - - - g.—1 = 1, and applying Lemma 8.5 to the rungs
T, ..., Ty—1 We see that it is enough to show that

n—1
2= Y Sulg)viH € C(T' | 3)

i=1 HeC*

represents a non-zero element of Hy(I' | 3). Recall that C’(T" | 3) is a subcomplex of
C'(T'|4) = EBHEQ* C(Ty;7,). Since, for each H € C*, 'y is a circuit and there are an even
number ofi (1 < i < n—1)withdy(g) = 1,zisaboundaryinC’(T" | 4). Letc € C'(T | 4),
with ¢ = >° ¢ ) nee- €(o, H)oH, and set ¢(c) = S Y ee (T H) € 7y, I cisa
cycle, then ¢(c) = 0, so if ¢; and ¢, both have boundary z, then ¢(c;) = ¢(c;). On the other
hand, if ¢ lies in C’(T" | 3), then ¢(c) = 0. Thus if we can find ¢ € C'(T" | 4) with 9c = z
and ¢(c) = 1, it will follow that z represents a non-zero element of Hy(T" | 3).

For H € C* letzy = 21":_11 Ou(gvi € Co(Tw;7,), 50z = ) yce-zuH. A chain
c € C'(T' | 4) with dc = z has the form ¢ = > nees caH with cg € C1(Tys7Z;) and
Ocy = zy for H € C*. Now zy, = 0 and we may take cy, = 0. The remaining elements
of C*(G) are in 2-1 correspondence with the elements of C*(Hy). For H € C*(H,) let H,
and H, be the two elements of C*(G) with H; N Hy = H = H, N Hy. Then I'y, and
I'y, contain the same rungs; let my be the number of these rungs, and ky the number
of them distinct from 7y. The union of I'y, and I'y, is an my-rung Mobius ladder. If
cy, € C1(T'y,37,) and ¢, € C1(I'y,;7Z,) both have boundary zy, = zp,, we may compute
the sum ap of the coefficients of the 7; for 1 < i < n — 1in ¢y, and cy, using Lemma 8.6
(provided that my and ky satisfy the hypotheses of that lemma, as we shall see they do),
and then ¢ = ZHEG*(HU)(CHIHI + ¢, Ha) is an element of C{(I" | 4) with Oc = z and
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Xi  Xit1 i+ i+3  Xitd4
Hy: 1 0 0 0 0
Hy,: 0 1 1 1 1
Hs: 1 1 0 0 0
Hy: 0 0 1 1 1
Hs: 1 0 1 0 0
Hgi: O 1 0 1 1
Table 1

o) = ZHEC*(HO) ap. Now, for any n and H = (x1,x3), {x2,%3) or (x;xz,%3) we have
my = ky = 2,and soag = 1. For n even we have my = n — land ky = n — 2
for H = (x1,x%3), (x3,%1%3) or (x1x,x1%3), and my = n — 3 and kg = n — 4 for
H = (x1,x,); while for n odd we have myy = n —2and ky = n— 3 for H = (x1,x,),
(x1,%%3) or (x2,x1%3), and myy = nand ky = n— 1 for H = (x;x3, X,x3); in all these cases,
ag = 0. This gives ¢(c) = 1, completing the proof. ]

Theorem 8.8 Letd = 5, and let I be the Petersen graph with the G(5)-coloring of Exam-
ple 1.8. Then

Hi{(M) = @ H (My) ®Lis DLy & 15.
Hee*

Proof Let S = @HEC* H,(Mpy). This coloring is 5-taut, and therefore taut. By Lemmas

5.7 and 6.5, we may identify S and H; (D(k)) (1 < k < 4) with their images in H; (M), so
we have a filtration

S < H;(Im ) = H;(D(4)) < H(D(3)) < H(D(2)) < H;(D(1)) = H(M).

Moreover, H; (D(4)) /S 22 7, and there are exact sequences

(8.9) 0 — H;(D4))/S — H;(D(3))/S — 75 — 0,
(8.10) 0 — H,(D(3))/S — H,(D(2))/S — 725 — 0, and
(8.11) 0 — Hy(D(2))/S — H{(M)/S — Z, — 0.

We show first that H, (M) /S has an element of order 16. Applying Lemma 8.5 to the edges
To, - - - y T4, We see that it is enough to show that

4

2= Y Sulxi-ixia)viH € C(T' | 4)

i=0 Heer
represents a non-zero element of Hy(I' | 4). Now C/(I' | 4) is a subcomplex of

C'(T' | 5) = @yee- C(TusZy). For each H € €, dp(xi_1Xi12) is non-zero for an even
number of i (0 < i < 4), and so z is a boundary in C'(T" | 5). Let c € C'(T" | 5), with
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Ti  Ti+1  Ti+2  Ti+3  Ti+4  Pi Pi+l Pi+2 Pi+3 Pi+4
Hy,Hyi: 0 1 0 1 0 1 1 0 0 0
Hs;,Hyi: O 1 1 1 1 1 0 1 0 0
Hs;, Hg; : 1 1 0 0 0 1 1 1 1 0
Table 2

c= ZJESI(F),HGG* c(o,H)oH, and set ¢(c) = Z?:o > nees c(1i, H) € Zy. If cis a cycle,
orifc € C'(I' | 4), then ¢(c) = 0. Thus if we can find ¢ € C'(T" | 5) with Oc = z and
@(c) = 1, it will follow that z represents a non-zero element of Hy(T" | 4).

For H € G, let zg = Z?:O On(xi_1xi2)v; € Co(Ty;7,). It cyg € Ci(T'y;7,) has
Ocy = zy, thenc = Y 0. cyH € C'(I' | 5) has Oc = z. Let Hy € C* have 0y, (x;) = 1
for all i. Then I'y, is the outer rim and zy, = 0, so we may take cy, = 0. The remaining
elements of €* may be numbered as Hj;, 1 < j < 6and 0 < i < 4. In Table 1, we list for
H = Hj; the values of 5 on the basis xo, . . . , x4; it will be apparent from the table that we
have listed every H # Hy. The x; are the colors on the o;; in Table 2 we list the values of the
dy on the colors of the other edges. We can read off the 0-chains zj; from these tables; we
list these below, together with ¢y € C1(I';7Z,) with Ocy = zp; reference to the tables will
show that in fact cy € C1 (T3 7Z,).

H=H: zg ="V +Viss, CH = Ti+1;
H=H,: zg=vVis1 +Vit3, g = Ti+1
H=Hsi: zg = Vi1 +Visa + Viss + Visg,  CH = Tiv1 + Tivs
H=Hy: zg ="V +Viea +Vies+Viea, €= Tixl + Tix2s

H=Hs: zg=vi+vi, cg=pit+toitpi;

H =Hej: zg=vi+Vis, =T+ pixa+Oiy1 + pig1.

Now ¢(ZHE€* cgH) = 1, and the proof that H;(M)/S has an element of order 16 is
complete. It follows that H; (D(3)) /S has an element of order 4. Since H, (D(4)) /S = Z,,
the sequence (8.9) gives H;(D(3))/S = Z4 @& 73. Also, H;(D(2))/S has an element of
order 8, so the sequence (8.10) gives H, (D(Z))/S =Ls LD Zg for some a and b with
2a+ b = 10, and then (8.11) gives H;(M)/S = 7,5 B 75 @ Zg Since S has odd order, we
have Hy(M) = S @ 7,6 & 75 & 75.

Consider the tower of coverings M — M, — M; — M, — M corresponding to
the chain of subgroups 1 < (xox1,x4%0) < {(xox1,%2%3,%4%0) < Hy < G. Here M —
M, has group (xox1,x4%) = 73 and the others are 2-fold. Now M, is a Z, homology
sphere, and the branch set Ay, of M — M, depends on the mod 2 linking number of
the inner and outer rims of I' in M. If this number is 0 then Ay, is a graph with ver-
tices wo, . . ., Wa, WJ, - . ., Wy and edges {w;, wis2 } colored x;_1x;12, {w!, w/,, } also colored
Xi—1%i+2, and {w;, w/} colored x;_,x;. If the linking number is 1 then Ap, is obtained from
that graph by replacing, say, the edges {wy, w, } and {w{, w3} by {wo, w3} and {wj, w,}. In
either case, the branch set of M; — M, is a Hamiltonian circuit in Ap,, and the edges not
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on this circuit are {ws, wj}, {wi, wi}, {wo, w}}, {wa, ws} and {w}, w;}. Therefore M, is a
7, homology sphere and the branch set of M — M; isalink L! of 5 components. We num-
ber the components as L}, L}, L}, L}, and L},, where L} has color x,x3, L{ has color xox;, L}
has color x4x9, and L3; and L}, have color x,x,. By Lemma 7.10, we have Lk(L}, L} ;) = 1 for
0 <i<2andj = 1or2,and the linking number of any other pair of components except
for {L},,L},} is 0. Now the branch set of M, — M, is L}, so M, is a Z, homology sphere.
Fori = 1 or2, L! is covered by two simple closed curves L and L% in M,, while L}, is cov-
ered by a single curve L3,. The branch set of M — M, is the link with these six components.
There is a surface F in M; with OF = L} and disjoint from L}. Its inverse image in M, shows
that Lk(L?,,L3,) = Lk(L%,,13,) and Lk(L3,,L%,) = Lk(L3,,L%,). Switching the roles of L
and L} shows that all four of these linking numbers are equal. Now, for i, j = 1 or 2, there
is a surface F' in M, with OF = L} j that meets L! in a single point. Its inverse image shows
that Lk(Lfl,Lg j) = Lk(L%z, L% j) = 1. These linking numbers determine the matrix A of
Lemma 7.4 for the covering M — My; it has rank 2, and it follows that H,(M; 7Z,) = Zg
Hencea+ b = 6,s0a = 4and b = 2, and we are done. ]

References

[1] Erica Flapan, Symmetries of Mobius ladders. Math. Ann. 283(1989), 271-283.

2] Shin’ichi Kinoshita, On the three-fold irregular branched coverings of spatial four-valent graphs and its applica-
tions. J. Math. Chem. 14(1993), 47-55.

[3] Ronnie Lee and Steven H. Weintraub, On the homology of double branched covers. Proc. Amer. Math. Soc.
123(1995), 1263-1266.

[4] W.S. Massey, Completion of link modules. Duke Math. J. 47(1980), 399-420.

[5] Makoto Sakuma, Homology of abelian coverings of links and spatial graphs. Canad. J. Math. (1) 47(1995),
201-224.

[6] Jonathan Simon, A fopological approach to the stereochemistry of nonrigid molecules. Graph theory and topol-
ogy in chemistry (Athens, Ga. 1987), Elsevier, Amsterdam-New York, 1987, 43-75.

[7] Mark E. Watkins, A theorem on Tait colorings with an application to the generalized Petersen graphs. J. Combin.
Theory 6(1969), 152-164.

[8] Oscar Zariski and Pierre Samuel, Commutative Algebra, Vol. 1I. Springer-Verlag, New York, 1975; originally
published by Van Nostrand, Princeton, NJ, 1960.

Department of Mathematics
Louisiana State University

Baton Rouge, LA 70803

USA

email: lither@marais.math.lsu.edu

https://doi.org/10.4153/CJM-1999-046-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1999-046-7

